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Chapter 1

INTRODUCTORY REMARKS

Ever since the enunciation of the Bloch’s theorem in. 1928 , considerable successful effort has
gone into the understanding of the electronic properties of crystalline solids with periodic
potential . However most solids around us are disordered . Deviation from crystallinity seems
the rule rather than exception .

Any deviation in a crystal from a perfectly periodic lattice arrangements of atoms is an
imperfection . Examples of common point imperfections are chemical impurities , vacant lat-
tice sites and extra atoms not in regular lattice positions . The crystal surface is a planer
imperfection .where lattice periodicity is broken in a direction normal to the surface . Real
crystals are always imperfect in some respect . Many important properties are controlled as
much by imperfections as by the nature of the host crystal , which may act as a vehicle or
solvent or matrix for the imperfections. The conductivity of some semiconductors are due to
trace amounts of chemical impurities . The colour of many crystals arise from the imperfec-
tions . The luminiscence of crystals is always connected with the presence of impurities. The
mechanical and plastic properties are usually controlled by defects.

The nature of the common point imperfections are fairly well understood for many solids.
The bulk of the recent work is concerned with disordered solids with high concentration of
such imperfections . Concerted and extensive effort began into the study of these disordered
solids only in the late sixties . Disordered solids encompass a rather extensive class . Broadly
speaking they can be grouped into following classes:

(1) Compositionally disordered solids like random alloys , both substitutional ( CuZn , CuPd ,
CuAu , FeTi, NiPt etc) and interstitial (PdH).

(2) Structurally disordered solids as in the case of amorphous materials like amorphous Si,
amorphous Se and the glasses.

(3) Magnetic alloys with compositional disorder ( AuFe , CuFe , FeNi etc) and structural
disorder like metallic glasses.
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(4) Amorphous alloys a-Au,Si;—, , La;—zS1,VO3 and doped semiconductors like Si:P with
associated localization effects. ‘

(5) Polymers.

The kind of problems one encounters when one turn to random systems are also multifarious .
Some of them are :

(1) The understanding and description of the nature of disorder-driven localization of the
electrons in random systems.

(2) The theoretical understanding of various electronic properties like density of states , photo-
emission , optical properties and electron related magnetic properties.

(3) The understanding of disorder linked transitions like compositional order-disorder transi-
tions.

In the present thesis we have made an attempt to address some of these problems related
to disordered materials. Chapter 2 is concerned with transport of electrons through random
media . Since Anderson’s suggestion in 1958 that sufficient disorder can localize electronic
states , the physics of quantum transport has received immense interest . Though exponential
localization in presence of weakest amount of disorder is an accepted fact in one dimension
, the situation is not settled for two dimensions. Analytic work on quantum transmittance
in two dimension has proven to be difficult and many results apply only to limiting cases .
The vector recursion technique (Godin and Haydock , 1988) provides a stable and accurate
method for numerical determination of transmittance and hence conductance via the Landauer
formula (Imry, 1986) of disordered system at T = O° K . We have applied this methodology
in conjunction with coarse-graining technique of real space renormalization procedure to study
the scaling behaviour of resistance in a two-dimensional tight-binding Anderson model with on-
site disorder . Same vector recursion method has also been used for detecting probabilistically
exceptional stochastic resonances in the localized regime, exhibiting high transmittance value in
a two-dimensional Quantum Percolation model characterized by random occupancy of bonds
with a given probability. Multifractal analysis has been applied for characterising internal
geometric structure of these resonating states . While in real materials , the situation is
complicated by the fact that electron-electron interaction masks the localization effect due to
disorder , these simple tight-binding models help in understanding the effect of disorder in
quantum transport in absence of correlation effect.

In Chapter 3 , we propose and demonstrate practical implementation of the augmented space
recursion method for obtaining configuration averaged quantities related to electronic structure
of disordered alloy systems . While in recent years , there have been attempts (Stocks et. al. ,
1977; Kudrnovsky and Drchal , 1990) at calculating the electronic structure of disordered alloys
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from first-principles , most of the works are based on mean-field approaches like the coherent
potential approximation (CPA) in conjunction with first-principle electronic structure methods
like the KKR , LMTO . Though these CPA-based first principle methods give reasonable
descriptions of disordered alloy systems in many cases it is expected to fail in describing effects
involving multisite scattering like clustering , local lattice distorsion , short-range ordering etc

The augmented space recursion method based on augmented space theorem (Mookerjee ,
1973) for general configuration averaging and the recursion method (Haydock et. al., 1972) ,
provides a theory extending beyond the CPA and is capable of handling effects arising from
multisite correlations . A first principle application of this methodology within the framework
of TB-LMTO method (Andersen and Jepsen , 1984) of electronic strcuture calculation has been
made to alloy systems like AgPd, CuPd, CuBe.

Knowledge of electronic structure also provides us with the information of phase forma-
tion and stability of substitutional alloy systems . It requires accurate approximations of the
configurational energy on one hand and the use of approximate statistical model on the other

Models are often formulated (Gonis et. al. , 1987) to represent configurational energy in
terms of effective pair interactions . The problem of stability analysis thus reduces to obtaining
ground states of the three-dimentional Ising model whose interaction parameters are obtained
by first-principle electronic structure calculations . An alternative viewpoint of phase forma-
tion is the instability of the disordered solid solution phase with respect to static concentration
wave perturbations corresponding to particular superstructure formation , indicated by min-
ima in the Fourier transform of the effective pair interaction . An augmented space recursive
approach in conjunction with the TB-LMTO method has been made in Chapter 4 for the first
principle study of phase stability and phase transition in PdV alloys where a number of ordered
super-structures are present at various concentrations and PdRh alloys which is a well-known
phase-segregating system throughout the concentration range .

For disorderd systems , the major issue is the concept of configurational averaging . The
question is whether or not the average of the physical quantity will be observed with a proba-
bility unity in the thermodynamic limit of infinite extension . If it is so then the quantity will
be called self-averaging . The situation encountered in magnetic alloys with quenched disorder
is that the partition function is not self-averaging but its logarithm is . Thus, depending upon
whether one is concerned with static or dynamic aspect of disorder , the configuration averaging
of thermodynamic potential has to be carried out differently (Ducastelle , 1991). Chapter 5
deals with a diagrammatic calculation based on the fermionic field theoretic approach of aug-
mented space formalism for obtaining averaged thermodynamic potential in quenched random
sytem along with its difference with usual annealed case .

In all our calculations ( leaving the analytic calculation of the fifth chapter ) we have made
use of the recursion procedure . Randomness destroys periodicity and for a disordered system
the Bloch wavevector k no longer remains a good quantum number . This is reflected in the
smearing out of the van Hove singularities in the density of states . As a result application of
k-space techniques demands introduction of some artifical periodicity via the mean field the-
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ories like coherent potential approximation . On the other hand the recursion method based
on real space technique has the power of exploring the true environmental effect . The recur-
sion processes define a hierarchy of environments with the relative influence of environments
explicitly displayed in the local properties one is interested in . Since the successively more
distant environments have lesser effects on local properties , the recursion process is dominated
by environments close to the local site and finite sized cluster calculations with terminators ap-
pended give reasonably accurate results . Furthermore , the numerical accuracy and stability
of the recursion method has been studied elaborately and can be controlled efficiently.

In all subsequent chapters we have started with an introduction defining the motivation ,
a brief discussion of previous works wherever possible , a presentation of our formalism and
results and we have ended with a summary of the content.



Chapter 2

QUANTUM MECHANICAL
TRANSPORT THROUGH
DISORDERED MEDIA *

2.1 INTRODUCTION.

Electrons interacting with lattice imperfections get scattered . The scattering manifests
itself as electrical resistance of the sample arising out of energy conserving momentum random-
ization. At finite temperatures , in addition to such elastic scatterings one also has phonon
assisted inelastic scatterings . In the present work we will consider the zero-temperature case,
so that only elastic scatterings are responsible for momentum randomization . Parametrizing
the degree of elastic scattering by the elastic mean free path length 1. , which is the mean
distance travelled by a conduction electron between two successive collisions , two asymptotic
limits can be identified , one the weak scattering limit i.e. , krl, > 1 (kr is the Fermi wavevec-
tor ) and the opposite dirty limit, i.e,krl. = 1. In the weak scattering limit , the interactions
are more or less adequately accounted for by the Boltzmann equation which describes tran-
sition between the states of the perfect crystal induced by the interactions giving rise to the
Boltzmann residual resistivity at T = O° K. On the other hand in the dirty limit of strong
scattering , quantum effects become predominantly important. An important consequence of
these quantum phenomena is coherent backscattering (Khmelnitskii,1984). As a general wave
phenomenon , what this effect states is that as long as all the scatterings are elastic and we have
time reversal invariance, the incident and back-scattered waves (those with scattering angle ©
= r) are always coherent and should therefore exhibit constructive interference . As a result
scattering in the backward direction is twice as probable as in the other directions leading to

1 * The contents of this chapter has been published in J.Phys.Condens.Matter 4 7865 (1992) and Phys.
Rev. B47 3097 (1993)
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a diminished diffusion constant. For strong enough scattering correction to diffusion constant
is correspondingly large. When the correction becomes equal in magnitude to the classical
diffusion constant the electron gets localized.

This fascinating phenomenon of electron localization caused by quantum interference effects
was first pointed out by Anderson (1958). He demonstrated that for a single band tight-binding
Hamiltonian on a three dimensional lattice having band-width B and a rectangular distribution
of width W of the site diagonal matrix elements of the potential all states are localized for

5> (3)
B B critical

Since then it has become increasingly clear that the presence of quenched disorder in an
otherwise crystalline system brings about an entirely new behaviour of electrons. This manifests
itself in effects like negative magnetoresistance , non additive and non self-averaging nature of
quantum resistances etc. The work we present in this chapter focuses on this strong disorder
regime with its associated quantum effects.

As is well known, an impurity may produce a bound state with the wavefunction falling off
exponentially away from the impurity site. This picture of localized impurity level is adequate
when concentration of impurity atoms is low but the natural question one can ask is what
happens when the impurities instead of being almost isolated are close to one another. In this
situation, there is sufficient admixture between localized orbitals bound by deep but statistically
probable fluctuations in the random potential. If the potential be of sufficiently random nature
then the states that are nearly degenerate in energy are in general very far apart in space
while the orbitals that are close to each other in space are in general very different in energy

Thus because of statistical repulsion of levels in space and energy the admixture of localized
states cannot produce in general an extended state composed of linear combinations of infinitely
many localized states. This argument is valid for strong enough disorder irrespective of the
dimensionality of the system.

The real impetus to the theory of quantum transport in disordered systems came from the
work of Thouless (1974) who gave the first ever microscopic definition of conductance G for a
finite sample of size L :

G = (e*/7h) (E/AE)

where AE is the level spacing at the Fermi level and SE is the level shift at the Fermi level
due to a change of the boundary conditions from symmetric to antisymmetric ones. e?/xh
sets the scale of the conductance. This formed the basis of the one parameter scaling theory of
localization. Based on the ansatz that the conductance is the only relevant variable , Abrahams
et. al. (1979 ) proposed that

_ Ologg

b= OlogL
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is an analytic function of the dimensionless conductance g given by

= (%)
alone and that the zero of the 8 function is an unstable fixed point characterized by con-
ductance g. . Thus for g > g. the conductance scales to the metallic regime , whereas for g <
g it scales to the insulating regime . An important consequence is that for dimensions D =
1 and D = 2, there is no truely metallic regime , while in D = 3 the conductance vanishes at
the mobility edge continuously . In other words , localization of electronic states arising out

of statistical repulsion of levels in space and energy , holds good for D = 1 and 2 for arbitrary
amount of disorder.

The microscopic basis of the scaling theory and critical behaviour is a subject of contin-
uing debate. The experimental results are complicated by the fact that the electron-electron
interactions are to be distangled from the localization aspects. By this time it is now more
or less universally accepted that in an one-dimensional crystal even the weakest amount of
disorder changes the nature of the electronic wave function from an extended Bloch state to an
exponentially decaying one and in three dimensions, beyond a critical value of disorder, there
exists a sharp mobility edge separating the localized states from the extended ones while the
situation for two dimension is not settled. In general, the analytic solution of the problem
proves to be difficult , nor are analytic attempts free from controversy. It is for this reason
there has been considerable emphasis on numerical studies. The numerical studies on two-
dimensional disordered systems have led to controversy. Some of them suggesting the presence
of a weak localization regime for small enough disorder while others suggesting all states to
be exponentially localized as in an one-dimensional disordered systems. However most of the
numerical methods that have been used either assumes exponential localization a priori or
involves numerically unstable procedures like divergent recursions and matrix inversions. This
motivates us to examine the problem of localization in two dimensional disordered systems
using the numerically stable vector recursion technique which is applicable for any geometry of
the system without any a priori assumption of exponential localization.

Another interesting feature of transport through random media is the presence of sharp re-
producible structures in conductance measurements in small devices and in tunneling junctions
at low temperatures. These structures have been interpreted in terms of resonant tunneling
via probabilistically exceptional states in localized regimes. The conductance of a macroscopic
system in strongly localized regime obey’s Mott’s law of variable-range hopping ( Mott ,1968)
and can be described successfully using percolation theory. Obviously this picture breaks down
when the sample length L is reduced so that it becomes comparable to the correlation radius
of the critical network. It has been proposed that in that case the conduction proceeds via
variable range hopping along isolated chains. Finally when the sample length becomes of the
order of most probable hopping length Ry , inelastic processes are no longer important and
the conduction is expected to occur via resonant tunneling, Theoretical understanding of such
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resonant tunneling in strongly localized structure has been put forward by Azbel (1983) .An
alternative veiwpoint was proposed by Pendry ( 1987 ).

Azbel’s theoretical interpretation of resonating states was based on the assumption of ex-
ponential localization of electronic states . For exponentially localized states with centre of
localization situated nearer one of the metallic contacts attached with two sides or corners of
the sample , intution tells that an electron jumping into the state from that particular side
will nearly always escape back to that side because the localized state overlaps most with the
contact on that side. Electrons incident from the opposite end will find it difficult to tunnel
into the state because of the relatively small overlap with contact on that side. Thus the trans-
mission coefficient will always be small , unless the state is localized near the centre of the
disordered material. This simple minded argument of identifying states near the centre of the
system as dominating the transport properties has been critised by Pendry on the ground that
far from either metallic contacts , they are very long-lived and contribute to the conductivity
over a restricted range of energies . Pendry proposed an altogether new mechanism of transport
in the localized regime. Such states are a necklace of quasi-extended states with approximately
equal energy streching from one side of the disordered sample to the other. The band-width
is determined by the overlap integrals between individual states so that such a necklace state
will serve as an effective contributor to transport process having a wider band-width for com-
munication than the Azbel states. These resonating states carry little probabilistic weight but
dominate the statistics. The measurements carried out. on series of multi-channel rectangular
metal-oxide-semiconductor field effect transistors at temperature below 0.1° K do indicate that
conduction occur via resonant tunneling through channels that contain more than one local-
ized state ( Popovic et. al. 1991). Numerical studies for resonating states in localized regime
have been carried out . Most of them seem to support Azbel’s idea. The remainder portion
of our work on study of transmittance in disordered medium will be devoted in detecting and
identifying the nature of such resonating states.

2.2 MODELS STUDIED

2.2.1 The Anderson Model

In his paper entitled The absence of diffusion in certain random lattices Anderson (1958)
considered a simple model for a random system in which the electron has an energy ¢; at
lattice sites i , spread with equal probobility in the range -W/2 < ¢; < W/2 . The excitation

propagates by hopping from site i to site j , for which the amplitude is V;;. The model called
the Anderson model , has the Hamiltonian

H= E e,-a;'a,- + E Wjafaj
{ 7]

where a,}f and a; are creation and annihilation operators for the electron at the site i. The
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hopping (or overlap) term is generally assumed to connect only the nearest neighbours with
amplitude V , so that the electron kinetic energy spread or bandwidth is B= 2ZV where Z is
the number of nearest neighbours. For W = 0 all the sites have the same zero energy, and
the model describes a perfect crystalline solid in the tight-binding approximation. For small
W electrons are weakly scattered by the random local energy fluctuations and diffuse rather
than propagating ballistically. It was believed prior to Anderson’s work that as W increases
, an electron in the random system continues to diffuse but more and more slowly. Anderson
showed that this is not true and that as W/B exceeds a certain critical amount , there is a

qualitative change in the nature of the electronic states. They become spatially localized or
non-diffusive.

There are a number of features which have been left out in this model.

(i) The hopping term V;; also may have distribution of random values.

(ii) There are often many orbitals at each site.

(iii) The fundamental and the most important fact missing is that interaction between elec-
trons. This introduces new effects like Mott transition (Mott , 1974) even for a system
without disorder.

In spite of all these, disorder is described in a particularly simple way in the Anderson
model. It gives the qualitative understanding of the effect of disorder taken alone. Futhermore
the model is applicable to wave propagation in general. This includes acoustical as well as
optical wave propagation. The latter is in a sense ideal in that it is free from the interaction
effect, the most fundamental point left out in Anderson model.

2.2.2 The Quantum Percolation Model

The well studied classical percolation model (Stauffer,1979) deals with clusters ( groups of
neighbouring occupied sites or bonds) that are formed on a lattice whose every site or bond is
occupied (unoccupied) randomly with probability p(q=1-p) and the phenomena of percolation
near the concentration p.(q.) where for the first time a cluster is formed connecting two ends
of the lattice. The singularities in the percolation model occur in the properties of the physical
clusters , rather than in quantities related to the thermodynamic properties. Though it is
a model of much utility in describing many physical situations ranging from dilute magnets
to polymer gelation , it fails in cases like low temperature electrical transport properties of
granular metal film, propagation of sound waves through random distribution of pipes etc.
The understanding of these phenomena needs the inclusion of quantum effects. The quantum
percolation model introduced by Kirkpatrick and Eggarter (1972) can be thought as the quatum
version of the classical model of occupied and missing links. In particular, it is a variant
of Anderson model where the hopping term becomes random, taking values 0 and V with
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probability q and 1-q, keeping the on-site term independent of lattice occupancy. This model
gives an understanding of interplay between the geometry and quantum effects.

Switching on quantum effects on the classical model of percolation theory , introduces a
number of differences compared to classical case. In the classical case, the backbone of the
infinite cluster (obtained by removing all the dead ends , namely the dangling bonds), plays
the central role for transmission. Whereas in the quantum-mechanical case the whole cluster is
relevant since wavelets are reflected from the dangling bonds and may coherently interfere. It
should also be emphasized that in the quantum-mechanical problem the energy of the incoming

electron is an additional parameter and the transmission occurs only within the energy band
or window.

2.3 PREVIOUS NUMERICAL ATTEMPTS

2.3.1 Scaling in the Two-dimensional Anderson Model

(i) Picard and Sharma (1981) ~ Picard and Sharma studied the problem of electron localiza-
tion in two-dimensional Anderson model by investigating the behaviour of a characteristic
length 1nax , defined as the inverse of the smallest Lyaponov characteristic exponent of
random transfer matrix products on strips. It represents the largest possible localization
length for an eigenvector if it exists at a given energy. Their study indicate that the
states are exponentially localized for disorder greater than a critical value and below the
critical disorder the states are singular , decaying to zero with a power law. However
these conclusions have critisized on the ground that the system size used were small.

(ii) McKinnon and Kramer (1981) - The methodology employed by McKinnon and Kramer
is based on the slice recursion technique. In this method one calculates the properties of
a long chain with finite cross-section ( width M for a 2D strip and M x M for a 3D block)
and studies how the properties of the chain scales with M . In practice the localization
length is calculated for the strip and then the characteristic length scale for the sample
of infinite cross-section which is identified as the 2D localization length is obtained by
assuming a scaling law in analogy with the critical phenomena.

With this method McKinnon and Kramer concluded that 2D systems display behaviour
similar to 1D system with universal exponential localization and a smooth variation of
the localization length in agreement with the scaling theory of localization.

However the methodology of slice recursion technique have several points that need further
consideration. Firstly as far as the scaling of the electronic state is concerned the work
Pastawski et. al. (1983) ( discussed below) reveal that a strip and a true two-dimentinal
block are expected to behave differently. In particular with the increase of strip width,
the exponential localization begins to break down in the weak disorder regime. They
find that the proportion of non-exponentially localized states increase as the width of
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the system increases. The second point is concerned with the numerical stability of the
method itself. Godin and Haydock (1988 ) noted that by defining recursion in terms
of slices, the method introduces an instability compared to 1D case. Quantities such as
Green function contain polynomials or ratio of polynomials in energy whose orders are
comparable to the number of basis states. Many numbers of greatly differing magnitudes
are added together creating errors that accumulate rapidly.

(iii) Pastawski et. al. (1983) — Pastwaski et. al. calculated the matrix continued fraction
expansion coeffcients of diagonal element of self-energy A and looked for the convergence
of continued fraction coefficients. They interpreted the convergence length £ as measure
of localization length. This is identical to the criteria that for state to be extended self-
energy has to be non-real for which the continued fraction expansion donot converge.
Their method involved the study of the statistical distribution of localization lengths
among different configurations. The exponential localization length is defined through
the assumption that the norm of the difference between successive convergents decreases
exponentially , namely ||AN) —AE-1)|| ~ ezp(—N/)) with ) the localization length equal
to the convergent length £ for exponential localization. Study on strip geometry indicate
that the number of systems for which exponential fit is good decreases as the width of
the strip increases . In other words the convergence procedure of using exponential fit
becomes invalid suggesting the breakdown of exponential localization. According to the
authors this suggests the setting of weak localization in accordance with the result of
Picard and Sharma (1981).

2.3.2 Stochastic Resonances In Disordered Systems

(i) Basu et. al. (1991) - Basu et. al. have used the transfer matrix formalism ( Liu and
Chao ,1986) for detection and study of resonating states in one-dimensional tight-binding
Anderson model. The transfer matrix relates the wavefunction at the n-th site to that
at (n+1) th site , so that the transmitted wave is given by ¥n(E) = tyto(E) , where
ty (E) carries information about the relative amplitude and phase of the transmitted
wave for a sample of length N. The authors then have used that set { Ty (E) = | ty (E)
|> } as a set of measurements on a collection of chains of varying length { N } . They
have supplemented their study with multifractal analysis. Their study indicated that the
resonating states detected by them are quasi-extended like states as proposed by Pendry.
This method has the advantage of being exponentially fast when one keeps on adding
length elements at the end of the original chain but has the disadvantage of being limited
to one dimension only.

(ii) Zhang and Sheng (1991) - Zhang and Sheng employing the recursive Green function
methodology predicted the presence of stochastice resonances in two-dimenisonal site
quantum percolation model . They calculated the conductance of a sample of size LxL
by connecting perfectly conducting two dimensional leads at two sides of the sample and
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imposing the hard wall boundary condition along the transverse direction in order to
fix the number of propagating channels. The conductance related to transmission and
reflection matrices via Landauer formula ( Imry , 1986 ) was obtained by expressing trans-
mission and reflection matrices in terms of retarded Green function G;;(n,n') with source
at n’ of the channel j and receiver at n of channel i. The same recursive Green function
method of calculating G,;(n,n") is also used to probe the wavefunctions of the resonating
states with the additional knowledge of eigenfunction projection along transverse direc-
tion in the pure lead. Plot of average probability density as a function of distance from the
centre of a resonating wavefunction where the probability density is maximum, seemed
to support Azbel’s idea. However since the determination of average probability density
involves directional averaging there remains high probability of necklace like nature of
wavefunction with non-isotropic character to be washed out. This fact is indicated in our
study. The same methodology has also been used by Xue and Lee ( 1988 ) to demonstrate
that two-dimensional Anderson model sustain Azbel like resonances.

24 METHODOLOGY USED IN PRESENT WORK

2.4.1 Determination Of The Transmittance and Wavefunction In
Random Media

The methodology to be employed for determining transmittance and wavefunction of electronic
states , the chief ingredients for understanding wave propagation in disordered system is the
vector recursion or block recursion technique (Godin and Haydock , 1988). The vector recursion
technique is a generalization of the scalar recursion ( Haydock , 1980) and the related Lanczos

methods. The high accuaracy and stability which can be achieved using this family of methods
is well undertstood (Haydock, 1989) .

Our system is a two-dimensional lattice with 2N sites. We shall describe the system by a
tight-binding Hamiltonian of the type described below.

Haample = E Cili) (ZI + Z Z ViJ") (JI

t JEN;

The tight-binding basis orbitals {|s}} is labelled by the sites on the lattice. N; are the
neighbours of i on the lattice. For the description of usual Anderson model with rectangular
distribution of on-site random potential and non random off-diagonal term we have V;; = V if
i,j are nearest neighbours and 0 if not.

The on-site probability distribution given by

1 -— , .
p(q):{WJ for W/?SG,SW/2,
0 otherwise.
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The model of quantum percolation is a variant of this and can be described by a Hamiltonian
given by

Haample = 26'2)(Z| + Z Z Vulz) (Jl

i JEN;

The diagonal non-random term e sets the zero of the energy scale. The nearest neighbour
off-diagonal terms V;; randomly take value V if the bond exists and 0 if the bond is broken.
The probability density of V;; is independent of the particular bond and is given by

p(Vij) = (1 = 9)8(V;; — 1) + ¢6(V;))

q being the probability of a bond not to exist between two sites labelled by i and j, that is a
broken bond.

The opposite sides of the lattice are coupled via matrix elements to orbitals at the ends
of periodic, semi-infinite one dimensional leads. We will describe the methodology for the
case of two lead , attached to opposite corners of the lattice. An immediate generalization for
the multi-lead case will be indicated. The lead basis states have constant nearest-neighbour
hopping V', which is adjusted to have lead band-width comparable to or larger than that of
the two dimensional sample. Incident waves can thus be reflected or transmitted by the sample
through the leads. Expressed in tight-binding form , the lead Hamiltonian are thus given by

Hin = S0V (1) + 1+ Ji + 1))

1=0

00

Howr= Y, V' (I}i+1]+ i+ 1))
1=2N+1

Determination Of Transmittance and Conductance.

Transmittance for the above mentioned two dimensional system coupled with leads can
be calculated as follows. Let |i;) and |isn) be two site orbitals located at opposite ends of
the lattice and |u;} denote 2Nx2 matrix whose two columns are the vectors which represent
i) and |ign) respectively. The first step is to generate from this a set of 2Nx2 matrices
{lu1}su2}, ..., |un}} which satisfy the recurrence relation

Hlun} = lun—l}BIu + Jun}An + |tUnt1} Bnyr (2.1)

where B! , A, and B, are two by two matrices and |uo} is taken to be |0}. The matrix
inner product is defined as {u|v},, = ¥ u,v, and the orthogonality as {u|v},, = I. It can be
easily shown that demanding the orthogonality of matrix basis sets {|u}} gives Ap, = {un|H|un}
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while Bp4+1 and |t,41} may be unravelled by using the Gram-Schmidt procedure to ensure that
the column vectors of the matrix |un41} B, are themselves orthogonal to one another. The
process is repeated by applying H to |u,4,} and so on.

The columns of |u,} are vectors which form a new basis in which the Hamiltonian is block
tri-diagonal , that is, the transformed Hamiltonian matrix can be divided into 2x2 blocks ,
only the diagonal and subdiagonal blocks are non-zero.

We now wish to find solutions of the time-dependent Schrédinger equation Hy = Et and
from them the scattering matrix for the disordered region. The solutions to the Schrédinger
equation in the leads are Bloch waves of the form I~ ezp(£in6)|n) where cos(d) = E/2V'. Now
in the input lead there will be a incoming wave of the form ¥ ezp(+in8)|n) and a reflected
wave of the form Y rexp(—inf)n) . In the output lead there will be a transmitted wave
¥ tezp(—inf)|n)? , r and t being reflection and transmission coefficients for wave incident with
energy E. The problem , then is to solve the Schrédinger equation in the disordered region
with these boundary condition. The solution of the Schrodinger equation v can be specified by
{¥n} , the projection of 1 on the basis orbitals ¥ = 3, ¥,|u,} The boundary condition can be
represented in terms of 1, as

w=("1")

e (0

Each v, can be written as

d’n = ano + Yn'l/"l

where X, and Y, are 2x2 matrices. By operating with the Hamiltonian on the 1, with the
Schrodinger equation , we find a three-term recurrance relation for the X,, and Y, indentical
to equation (2.1) with EI replacing H and also satisfying the boundary condition Xo = I, X;
=0andYo=0,Y1=1.

Since the vector recursion is basically a change of basis, the rank of the transformed Hamil-
tonian remains unchanged. The number of new basis sets is therefore N since we have clumped
the old basis sets two by two. This introduces additional boundary condition which can be
expressed in terms of Xy41 and Y4 as

3The process of vector recursion converts the lattice into an one-dimensional chain , which is then folded
to clump two sites of the chain together in order to define the basis set {|u,}} . For a chain with folded

configuration ( Figure. 2.1 ) both the reflected and the transmitted wave move in opposite direction to that of
the incident wave.
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Figure 2.1: The chain formed out of vector recursion process (reproduced from the ref. (Godin
and Haydock ,1988))
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XN41%o + Y =0

The above equation gives two linear equations which can be solved for t and r in terms of
Xn+1 5 Yny41 and exp(£i6) . If we now interchange the incoming and outgoing leads, we get
a similar pair of equations for t’ and t’ , the transmission and reflection co-efficients for waves
incident from lead 2. Time reversal symmetry demands that t must be same for waves of the
same energy incident from either lead so that t = t’. Solving these equations for scattering
S-matrix for the disordered region one have

§ = =(Xns1 + Yiesreon(=i8)) ™ (Xovss + Yioean(i0)) = (1) (2.2)
Generalization of this methodology for the multi-lead case with M number of incoming leads
and M number of outgoing leads is now a trivial task. The representation of new vector basis
states formed out of repeatative application of recurrence relation are now matrices of sizes
2Nx2M with the first member chosen as |uy} = ( |i1), |%2), ..+, |tm), |01), |02),. . ., loar)) , Where
|ix) and |ox) are the position at which the incoming and outgoing leads attach to the system.
The 2Mx2M matrices A, and B, are the block tridiagonal representations of the Hamiltonian
in the new basis. The termination of the new basis sets occur after v = N/M steps with the
scattering S-matrix given by

!
[ ™ ™2 ... TIM thma  -or tomar )
™™ r r t t
S = i1 M2 e MM M'+1,1 v M'+1.M (2.3)
tMir1 M2 o IMAM TM o o T
/
\ t2M.1 t2M.2 O tZM,M rll oo T;M /

We denote the reflection coefficient of the wavelet coming in from i-th incoming lead and
reflected into the j-th incoming lead by r;;(E) and transmission coefficient of the same wavelet
transmitted into the j'-th outgoing lead as t; . {rijt;} denote reflection and transmission
coefficients with interchanged incoming and outgoing leads. The reflectance into the i-th in-
coming lead is thus given by Ri(E) = T;er|ri;(F)|? and similarly the transmittance the i-th
outgoing lead is given by Ti(E) = T,¢o |ti;(E)|* Here I and O denotes the sets of incoming
and outgoing leads. The Landauer formula ( Imry , 1986) then gives the zero-temperature
conductance as

o- () [BABR



Quantum Mechanical Transport through Disordered Media 17

where v; is the velocity of the electrons carrying current in the i -th lead and p is the
chemical potential of the system . In our case all the leads are equivalent so that v; = vp , the
Fermi velocity of the system. The above equation then reduces to

G= (f;-) %}E)") (2.4)

T(E) = Z,T:(E) and R(E) = Y;R;(E) are the total transmittance and reflectance. The
resistance p = 1/G is given by

_7h R(p)
P @ MT ()

Determination Of Wavefunction.

Wavefunction or eigenstate at a given energy E is the solution of the Schrédinger equation
1 specified in tefms of projection {1} of % on basis orbitals |u,}

Y= Z¢n'un}

The knowledge about the total wavefunction of the system involves information about the
probability amplitude at each site of the two dimensional lattice. Once the reflection and
transmission co-efficient at the particular eigen energy are known , the probability amplitude
¥» at n-th new vector basis |u,} can be obtained utilising the relation

Yo = an/’o + Yoy

Now each component on the n-th new vector basis is a linear combination of the original
tight-binding basis vectors so that |ul} = ¥; Cl(i)|:) where C.(i) denotes the co-efficient of
linear combination and |u)} denotes 1 -th column of the n-th member of new basis sets {|un}}

If ¢! denotes the 1-th row of the projection amplitude then the wavefunction amplitude at
the i-th lattice site will be given by ¥, 3, ¢! CL(3).

2.4.2 Block Spin Analogy and Scaling In Two-dimensional An-
derson Model

The methodology we employed for obtaining the scaling properties of resistance in a two-
dimensional Anderson model closely resembles the real space renormalisation idea in the sense
that it involves croase graining but not followed by rescaling at each iteration step. We shall
divide the two dimensional square lattice into rectangular blocks My xM; in size as shown in
Figure. 2.2(a). For an isolated block as shown in Figure. 2.2(b)., the bonds attaching it to the
rest of the system appear as input and output leads into the block. The input leads bring in
electronic wave from the rest of the system into the block , the blocks then scatters the wave
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the output leads take the wave away from the block and it re-enters back into the rest of
the system. The vector recursion technique gives the scattering S-matrix which describes the
scattering characteristic of the block in terms of its reflectance, transmittance or resistance.
For energy conserving system with no inelastic scattering these three quantities are dependent.
The crucial step is to obtain an equivalent single-site scatterer of the same resistance as that of
the block. This single site scatterer is characterized by an effective Hamiltonian with diagonal
disorder €. Since we are interested only in the resistance as a physically observable quantity and
not in the detailed wavefunction characteristic within the system , this equivalence is justified.
In analogy with the block spin idea where we replace a block of spins by a single effective spin
and effective coupling such that the free energy remains invariant, here we replace a block of
scatterers by a single effective scatterer with an effective diagonal Hamiltonian term & , such
that the resistances of the block and scatterer remains invariant.

To obtain & we proceed as follows: to the effective single-site scatterer we attach two semi-
infinite , perfectly conducting leads ( Figure. 2.2(c) ) in exact analogy to the vector recursion
procedure described earlier. In this simple problem , the vector recursion equations can be
solved by hand to obtain

=y )
5= (4 ¥)
sra=(7 )
mr= (%0 ) 23

so that the S-matrix is given by

= —{B} X, + BYaeap(—i)} " {B}X; + B{Ysexp(i6)}

The various symbols have already been introduced earlier. The reflection and transmission
co-efficients are given by

(E — &)V'exp(—10) + V' Eexp(—if) — (E — &)E
A

T(E) = Su =

(2iV"sind)

t(E) = 521 = A
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with
A = det{B}X, + BlY;exp(—i0)}

Finally the relationship between the effective diagonal term é and resistance p defined in
units of E;E is given by

ér=1/p(4V"? — E?)

The newly defined effective Hamiltonian then takes the form
Hegy =3 &I+ 3 VIN|
I 1 J

Since the different blocks involve random Hamiltonian element, the new effective diagonal terms
{€r} are also random. The distribution of these é; may be determined from the distribution of
the block resistances. The above procedure may now be iterated by dividing the renormalised
lattice into blocks and reducing these by an identical procedure, obtaining a second level set
{&}. This will reduce the sample to a size N/(M;M,)? . At each stage of this procedure , the
vector recursion will always involve a fixed size M; x M, but will give information about systems
of increasingly larger sizes.

2.4.3 Detection Of Stochastic Resonances and Multifractal Anal-
ysis in Two-dimensional Qautum Percolation Model

(i) Detection Of Stochastic Resonances.

We choose 2-dimensional quantum percolation Hamiltonian as the model system for present
study on stochastic resonances. The model as already discussed is described by tight-binding
Hamiltonian with random occupancy of nearest neighbour bonds. The underlying lattice struc-
ture ( Figure. 2.3 ) suggests that we have indeed looked upon the problem of maze conduction
quantum mechanically.

The conduction here is not mainly along a single path of favorable links , as expected
classically. The percolation clusters are topologically complicated and provide many parallel
multiply connected pathways for the current . Because of coherent backscattering from these
paths one expects electronic states to be localized in two dimensional quantum percolation
model and numerical studies reveal that it is indeed the case. We measure the transmittance
of such a random maze using the vector recursion technique. The location of the stochastic
resonances has to be carefully carried out. We first plot the transmittance vs energy for a small
system with sufficiently fine energy mesh. We locate a transparent state. We next increase the
systems size, refine the energy mesh and scan the neighbourhood of the state energy. If the
state was a localized state with a localization domain larger than the original system size, the
transmittance in the enlarged size becomes smaller. If not, we again increase the size and further
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refine the energy mesh and continue our search. There seems to exist a distinction between
the high transmitting states arising out of finite size effect ( states whose transmittance rapidly
falls to zero with increase of system size) and the few probabilistically exceptional resonant
states. The positions of the resonant states with transmittance nearly equal to unity remains
almost fixed in energy scale with the increase of size. However the resonance widths rapidly
decrease with increasing size so that we have to carefully search for them in suitably refined
energy meshes. Once we have located a resonant state, the wavefunction corresponding to its

energy is obtained by repeating the vector recursion with the known values of the reflection
and transmission coefficients.

(ii) Multifractal Analysis.

Multifractal analysis provides a framework of studying the internal geometric structure of
the wavefunction amplitudes.

Different moments of a set may scale in different ways and one may therefore describe the set
in terms of a continuous set of scaling indices. The set is then called multi-fractal. This point
of view suggests new ways of computing fractal properties of sets. It has been used to describe
strange attractors , fully developed turbulance, diffusion-limited aggregation etc (Halsey et. al.
1986). We will use this approach of describing statistical properties of measures to investigate
the internal structure of wavefunction amplitudes in a random tight-binding model, clearly
differentiating between a localized state and a necklace state as suggested by Pendry.

The principal step in multifractal analysis is to obtain a- f(e) singularity spectrum . The o-
f(a) singularity spectrum provides a mathematically precise and naturally intutive description

of multifractal measure in terms of interwoven sets with singularity strength o , whose Hausdroff
dimension is f(e).

Determination of a-~ f(a) singularity spectrum is based on the box counting procedure .

For our case we devide the system into N boxes of linear size L and choose the probability
distribution of the wavefunction in the k-th box

|l
Al) L [nl?
as a suitable measure. The length L is so chosen that it encloses a single site. The local
singularity strength oj can then be defined as P(L) ~ L**. If we count the number of boxes
N(e) where the probability P, has singurality strength between o and o + da , then f(a) can
be defined as the fractal dimension of the set of boxes with singularity strength o given by N(a)
~ L=/ The generalized dimensions D, which correspond to scaling exponents for the g-th

moments of the measure provide an alternative description of the singularity measure. They
are defined as

_ 1 . log¥y Pi(L)
Dq—q—llx;l—l.réo logL

f(a) and D, are smooth functions of @ and q . f(e) is simply related to 7(¢) = (¢ — 1)D,
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by a Legendre transformation. This relationship reflects the deep connection with the ther-
modynamic formalism of equilibrium statistical mechanics where 7(q) and q are conjugate
thermodynamic variables of f(a) and « . In this case the D, curves can be easily transformed
into f(a) curves. Such an operation involves first smoothing the D, curve and then Legendre
transforming. This has the disadvantage of the fact that error bars from the smoothening pro-
cedure make the estimate of error bars from the data itself more difficult. A direct evaluation
of & - f(a) spectrum without restoring to the intermediate Legendre transform has been pro-
vided by Chhabra and Jensen (1989). This is done by constructing a one-parameter family of
normalized measures p(q) with

_ {B(L)}
m(a L) = = TR

The parameter q provides a microscope for exploring different regions of the singular mea-
sure. For q > 1, u(q) amplifies the more singular regions of the measure , for q < 1 it
accentuates the less singular regions and for q = 1, (1) replicates the original measure. The

Hausdorff dimension and the average singularity strength of the measure theoretic support u(q)
are then given by

Tk wx(g, L)log{pr(g, L)}
logL

f(Q) = limN—ooo

T #r(g, L)log{Pe(L)}
logL

a(g) = limyaco

This provides a relationship between Hausdorff dimension f and average singularity strength
a as implicit function of q.

2.5 RESULTS AND DISCUSSION

2.5.1 Scaling Of Resistance In The Two Dimensional Anderson
Model

The present study of scaling of resistance in the two-dimensional Anderson model is based
on determination of the Hamiltonian with effective single site scatterers. Figure 2.4 shows the
distribution of the diagonal Hamiltonian elements of the effective single site scatterers at the end
of the first four block renormalizations. Since the Hamiltonian elements of the individual blocks
are random the effective scatterer elements {€} are themselves random. Their distribution is
obtained by running the vector recursion upto 500 configurations of the block and obtaining
the distribution as histograms. This distribution is used in the next iteration to generate the
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effective Hamiltonians . Several features of the distributions may be commented upon. An
examination of the relationship between the resistance and effective on-site term of the single
scatterer indicate that &€ and -€ both give the same resistance , making the distribution of {¢}
symetric about the origin. In Figure. 2.4 we have shown only the positive part of ¢ axis. It is
to be noted that with each iteration a hole of increasing width opens up at the origin although
at the starting point there was no hole at the center of the distribution. The initial uniform
distribution centered at the origin shows that there is finite probability that ¢ takes the value
in the neighbourhood of zero. The probability that a number of e-values are simultaneously
zero is very small. This probability becomes progressively smaller as we go on iterating the
renormalization procedure. After each stage of renormalization which amounts to working
with larger sizes , the width of the distribution of on-site term increases indicating the state
under study to be localized with the resistance exhibiting non-ohmic behaviour of increment
with system size. For the scaling calculations we have used blocks of sizes 48,120 and 224.
Very small blocks are not used as the effect of quantum coherence which is the basic cause of

localization may not effectively be demonstrated. Very large blocks also pose problems since
their resistances become too large for numerical stability.

The strength of the disorder is measured by the quantity § = W/B where B is the band
width. We first study the case of a moderate disorder § = 0.5 . Figure 2.5 shows the plot of
(logp) vs log(size) . The points are the numerical values . These correspond to blocks of sizes
48 , 48% , 484 and 48% , 112 and 112? , 224 and 2242 .

The figure also shows the least square fitted striaght line , appropriate for a power law

dependence of p on size. Figure 2.6 shows a similar plot but for disorders varying from é§ =
6.25x107% to 6 = 12.5 .

As expected the power « defined by p(N) = poN* is a function of disorder parameter §
and increases with the disorder strength. The curve § = 0.0373a%5® is the best fit through the
data points and its extrapolation to very low disorder is shown in Figure. 2.7.

In Figure. 2.8(a) we plot resistance vs log(N) for & = 1.796x10~* which corrsponds to a
disorder parameter § = 5.0 x 10~%. Throughout the size range quoted , the resistance variation
at this low disorder is consistent with the logarithmic scaling . Similar plot for § = 0.037 ( «
= 1) ( Figure. 2.8(b)) show deviation from the logarithmic form. All the results quoted above
are for energy E = 0.5 , that is, energy near the band center.

The above study indicates that for states near the center of the band , the nature of local-
ization appears to be of power law type which extrapolates to logarithmic behaviour for low
enough disorder. Though such a power law behaviour is not in conformity with the scaling the-
ory of localization which predicts universal exponential localization in 2D systems is supported
by other analytic and numerical works. Analytic works (Haydock , 1981,1986) based on per-
turbative calculation using the recursion method suggest different regimes of exponential and
power law localization , indicating a transition between weakly and strongly insulative states.
This analytic result also seems to be confirmed by recent numerical work of Godin and Haydock
(1991) which reports presence of weakly localized states near the band center and exponentially



Quantum Mechanical Transport through Disordered Media 27

14000 ¢
E @)
126k
]
1160 E
A
%) F
9 o140
C ©
oy .
g e
v
6300
. //
5480 b 7’ //’
: »
4060 3 (b)
%40 /
1220k
b @)

-t . : - . . : = it
2000 SB0 QK0 L3400 17200 2000 | 24B00 BN R0 B0 a0

Log(Size)

Figure 2.6: The averaged logarithm of the resistance vs the logarithm of the size for § = (a)
6.25x10-* , (b) 0.5, (c) 5.0 and (d) 12.5



Quantum Mechanical Transport through Disordered Media

W/B

024

08 F

\aassas

8 B8 8 8 R

Figure 2.7: Variation in the disorder parameter with the slope «

28



Quantum Mechanical Transport through Disordered Media 29

10024

()

10019 |

Resistance

DO TE0 4560 230 AL ABI0  AB0R0  EeID as TR o
log(N)

)

Resistance

125050 f-

100060

75070 &

T 7 U T B ST I v a7
log(N)

Figure 2.8: Resistance vs the logarithm of the size (a) for § = 5.0 x 10~* (b) for § = 0.037



Quantum Mechanical Transport through Disordered Media 30

localized states near the band edge , in conformity with previous numerical studies of Picard

and Sharma (1981) and that of Pastwaski et. al (1983) .

2.5.2 Study Of Stochastic Resonances In The Two Dimensional
Quantum Percolation Model

For an infinite two-dimensional disordered system all states are expected to be localized with
the critical threshold probability g, (the probability below which states are extended) equal
to 0. However, for a finite lattice one may have a threshold go > 0 at which the localization
length becomes of the order of system size length. For the present work, in order to assure
that we belong to the localized regime of the spectrum, we have taken ¢ > go . Information
about go has been obtained from work on finite sized scaling ( Mookerjee et. al. , 1992).
On the other hand, since we are well below the classical threshold ¢§',which is 0.5 for two-
dimensional bond percolation model ,there is always a system spanning cluster, characterized
by a backbone and dangling bonds between the two leads. Figure 2.9(a) and 2.9(b) show the
plot of transmittance versus energy for a square maze of sizes 20x20 and 30x30 respectively
at bond breaking probability g = 0.3 .

A comparison of the transmittance vs. energy plot for sizes 20x20 and 30x 30 reveal that
transparent states arising due to finite size effect in size 2020 have fallen to zero in size 30x30.
These are attributed to localized states with localization domains larger than the system size.
On the other hand , at some specific energies the transmittance remain close to 1 consistently
both at size 2020 and 30x30, along with a small shift in position. We identify these states to
be the stochastic resonances. Figure 2.10 shows a resolved plot of the transmittance vs energy
near one such resonance for the size 30x30.

Fig 2.11(a) and 2.11(b) are plots of the wavefunction squared amplitudes and its contour
map for a square lattice of size 30 x 30 at a resonant energy E = -0.651. The figure clearly
indicates that the wavefunction is not centrally localized. Rather it seems that the state is like
a Pendry necklace state with more than one local minimum spaced evenly across the sample.
They are more like quasi-extended or clumped states, distinct from the usual extended (Bloch)
states. Obviously such states are of statistical origin, and one finds very few of them in an
ensemble of several thousand.

It is also evident that the wavefunction squared amplitudes are far being isotropic.The
‘wavefunction plot with directional averaging essentially misses this non-isotropic character ,
giving rise to an exponentially decaying nature from the region where it has its highest value.
This is clearly shown in Figure. 2.12 , where we have plotted the logarithm of direction
averaged probability density as a function of distance in order to compare our result with that
of Zhang and Sheng (1991). The straight line fit, similar to Zhang and Sheng suggests the
exponential decay. Zhang and Sheng’s identification of resonances as Azbel resonances based
on this decaying nature therefore seems to be an artifact of the directional averaging procedure.

To compare the resonating states with a localized state we have plotted in Figure 2.13(a) and
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(b) the wavefunction squared amplitudes and the contour map of a typical localized state (T(E)
~ 10~%) for a lattice of size 30 x 30 and E = 0.5.

In order to confirm our conclusion we have carried out a multifractal analysis on the wave-
function which yield information about the internal structure of the resonating states, clearly
differentiating between a exponentially localized state and necklace state. Figure 2.14 shows
7(Q) vs Q plot for the localized and resonant states.

A simple homogeneous fractal ( a state having a typical power law behaviour with a single
exponent) can be completely characterized by two of the moments, hence 7(Q) vs Q curve should
be a straight line. The deviation from linear behaviour in Fig 2.14 suggests that the resonating
as well as the localized state is a multifractal entity characterized by several powers. Physically
the states with several singularities scale differently according to their mass exponents 7(Q),
hence each subset of the measure is itself a fractal with its own fractal dimension and the
entire state therefore does not possess self-similarity. The similarity dimension Dy is almost 2
within our calculational inaccuracies. The most transparent information regarding the nature
of the wavefunctions are obtained from the singularity spectrum (f(a) vs ) plots. A typical
singularity spectrum for an extended state is a single point, characteristic of a single mass
exponent. For an exponentially localized (fast-decaying) state we may assume that only a few
boxes contribute significantly. From the defining equations it is easy to see that the spectrum
will be clustered around the points a = 0, f(a) = 0 and a — o, f(a) = f(@)me- -However,
if we take a finite sized system this clustering may not be evident. To characterize a localized

state, therefore, we should study the way in which the singularity spectrum behaves as the size
of the system increases.

Figure 2.15 is a plot of the singularity spectrum for the resonating and localized states for
the largest size with Q values from -40 to 40 in steps of 0.8. The figure shows multifractal
behaviour for both the localized and resonating states. It appears that the localized state may
not be exponentially localized and that a number of boxes that contribute to the box counting
seems to be much larger than in the case of typically exponentially localized states . However,
the spectral width (@maez — @min) for the localized state is much larger as compared to that for
the resonating state. This result can be interpreted in the following way : large values of «
indicate that probabilities whose scaling is characterized by o are themselves small. Hence in
the case of localized states, boxes with low probability have non-zero contribution, suggesting
the decaying nature of the localized states. However, for the resonating state the probability
amplitude does not decay over large length scales. This supports the clumped nature of the
resonating state, where, as a result of sufficient overlap between the individual localized states
with centres of localization at different sites (beads of the necklace) the probability value cannot
be very low. Large widths for the localized states were also observed in incommensurate chains

by Thakur et.al (1989) .

Since our investigations are restricted to finite sample sizes, we have carried out, as dis-
cussed earlier, a study of the way in which the singularity spectrum behaves with sample size.
Figure 2.16(a) and (b) show the singurality spectrum for different sample sizes for localized and
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resonating states respectively. The spectrum for the localized states has a very wide support,
however the edges oscillate with size, as opposed t0 a4, diverging with system size. This is
a sure indication that the localized state (at the band centre) has a slower than exponential

decay. The spectrum for the resonant state has a much narrower support and the edges are
almost identical.

2.6 SUMMARY

To summarize , our numerical study employing vector recursion method on 2-dimensional
Anderson model indicate presence of power law localized states with power decreasing with de-
crease of disorder strength , for energies near the band centre of the spectrum . In 2-dimensional
Quantum Percolation model with all states expected to be localized we identify presence of some
probabilistically exceptional resonating states characterized by high transmittance value . The
determination of wavefunction amplitudes corresponding to these states reveal that they are
formed out of superposition of localized states with centres of localization close enough to each
other . This necklace like nature of resonating states has been verified by mulifractal analysis
based on box counting procedure.



Chapter 3

AUGMENTED SPACE RECURSIVE
APPROACH FOR

CONFIGURATION AVERAGING
IN DISORDERED ALLOYS *

3.1 INTRODUCTION.

In the modern world metallic alloys are used in a enormous variety of applications . The
reasons for this ubiquitous use revolve around the possibility of modifying the properties —
strength , ductility , corrosion , resistance , thermal and electrical properties to meet specific
engineering requirements. Because most commercial alloys are complex multiphase mixtures
, it is important to have an understanding of all of the possible alloy phases that can occur :
pure metals , possible ordered intermetallic compounds and possible disordered solid solutions.

Considerable effort has been devoted to the theoretical study of the electronic structure of
binary disordered alloys. Indeed these investigations present a two-fold interest : first , from the
fundamental point of view , the understanding of the electronic structure of disordered systems
has long remained a challenge ;and second, by their possible applications in metallurgy . The
theory of electronic structure calculations in disordered alloys pose a challenge to theoretical
physicists . Because of the lack of translational symmetry , Bloch’s theorem and standard
band structure method remain no longer applicable. As a result Bloch quantum number k no
longer remain a good quantum number and smearing out of van Hove singuralities in electronic
density of states occur. The situation is further complicated by the fact that in addition to an
accurate electronic structure description of components , the electronic structure calculation

1 * Part of this chapter has been published in J.Phys.Condens.Matter 6 1245 (1994)

41



Augmented Space Recursive Approach ... 42

in disordered alloy systems requires an appropriate averaging scheme for describing averaging
over random disorder configurations.

In the last decade many calculations on disordered alloys ,based on semi-emperical tight-
binding Hamiltonians, have been reported. In spite of its encouraging success the electronic
structure calculations based on the semi-emperical tight-binding Hamiltonians has some un-
derlying approximations which are often unjustified (Pettifor,1992). It calls the need for first-
principle theories of disordered alloy systems. During the last few years it has become clear that
density functional theory (DFT) in the local density approximation (LDA) (Kohn and Sham
;1965 ; Hohenberg and Kohn , 1964) provides a sound , ab-initio theoretical basis for calculating
ground state properties of pure metals and ordered compounds. Consequently DFT-LDA pro-
vides a logical starting point for relevent disordered solid solution also. A number of electronic
structure methods within the frame-work of DFT-LDA exists in literature . While Korringa-
Kohn-Rostoker (KKR) method (Korringa ,1947 ; Kohn and Rostoker , 1954) and Augmented
Plane Wave (APW) method (Slater, 1937) provides the most accurate electronic structure
description of solid , their energy linearized version , linearized muffin-tin orbital (LMTO)
method (Andersen and Jepsen , 1984) and linearized augmented plane wave (LAPW) method
(Andersen , 1975) are also widely applied because of the better computer tractability compared
to their parent methods. The successful theoretical tools for understanding the electronic
properties of disordered alloys is based on these first-principle electronic structure techniques
in conjunction with mean field approaches like single site coherent potential approximation
(CPA) (Soven,1967;Taylor,1967) for describing configuration averaging , super-cell methods (
Lu et. al. , 1991a) with repeated cells whose sites are occupied by component atoms so as
to model the random infinite alloy and direct configuration averaging over limited number of
configurations (Bose et. al.,1992) to get an average picture. All of these methods have their
own limitations and though applicable for a particular class of alloy systems may fail in other

cases. It is therefore necessary to have a first-principle alloy theory which will be applicable to
all possible alloy systems.

In the following sections we propose and implement a method of electronic structure descrip-
tion of random binary alloys within the framework of tight-binding LMTO based on augmented
space formalism (ASF) introduced by Mookerjee (1973), coupled with the recursion method of
Haydock , Heine and Kelly (1972) . This method retains the Herglotz properties of the configu-
ration averaged Green function 2 . The coupling to the recursion method allows effects of quite
large clusters to be taken into account. Since the recursion method is intrinsically a multi-site
one, such a methodology will have wide applicability in treating features involving more than
one site like the effect of clustering , short-range order , local lattice distorsion etc..

Describing the random alloy Hamiltonian by a tight-binding one , disorder can be in on-
site atomic levels as well as in off-diagonal transfer terms. In some alloys there is strong
randomness both in the atomic levels and in the transfer integrals. It has been shown that for

2A complex function f(z) is said to be Herglotz if (i) the singularities of f(z) lie on the real z axis (ii) Im f(z)
<0forImz >0, Imf(z) > 0for Imz < 0 and (iii) f(z)~ 1/z as 2 — oo on the real axis
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such alloys the constituents come from the different rows of the periodic table , as a result there
exists an appreciable amount of mismatch between atomic radii of the constituents. This non
isochoricity in turn results in distortion of the lattice deviating from perfect lattice structure.
The relaxation of ideal lattice has been verified by extended x-ray absorption fine structure
(EXAFS) experiment ( Weightman et. al. ,1987). Since lattice relaxation introduces a kind
of positional disorder it essentially brings about disorder in structure matrix describing the
geometry of the lattice , in addition to disorder in scattering properties of potential leading to
complicated off-diagonal disorder. An application of augmented space recursive method to such

non isochoric alloys with predominant lattice relaxation effect has been made in the subsequent
section.

3.2 METHODOLOGY

3.2.1 Description of Electronic Structure

LMTO

The theory of electronic states in infinite crystals has for many years been of great value
in the quest for a better understanding of the chemical and physical properties of solid state
materials. Electrons at the microscopic level govern the behaviour of these materials and good
description of many macroscopic properties are obtained in terms of stationary states of the
electronic system. This is because of the well-known approximation of Born-Oppenheimer
which states that nuclei and the electrons to a good approximation may be treated separately.

The electronic structure problem consistes in finding the eigenstates for an infinite number
of interacting fermions and immediately calls for further approximation. The most important of
these is the one-electron approximation which describes each electron as an independent particle
moving in the mean field of the other electrons plus the field of the nuclei. At present the most
satisfactory foundation of the one electron picture is provided by the local approximation to
the Hohenberg-Kohn-Sham density functional formalism (Kohn and Sham ,1965 ; Hohenberg
and Kohn , 1964). The local-density approximation (LDA) leads to an effective one electron
potential which is a function of local electron density. Since the density in turn depends on
the solutions of the effective one electron Schrédinger equation one is forced to perform self-
consistent electronic structure calculations.

The traditional methods in this context may be divided into those which express the wave-
functions as linear combinations of some fixed basis functions say plane waves or atomic orbitals
and those like the cellular, APW and KKR methods (Callaway , 1964) which employ matching
of partial waves. In the method of fixed basis sets by standard variation techniques one obtain
a set of linear equation given by

(H ~ EO).a =0 (3.1)
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in terms of the Hamiltonian H and overlap matrix O to determine the eigenvalues E and the

expansion coefficients a , while the method of partial waves results in solving set of equations
of the form,

M(E).b=0 (3.2)

In contrast to equation (3.1) which is polynomial in E, the secular equation (3.2) has a
complicated non-linear energy dependence.

The partial wave methods do have advantages. Firstly , they provide solutions of arbi-
trary accuracy for a muffin-tin potential and for close packed systems , this makes them far
more accurate than the traditional fixed basis methods. Secondly the information about the
potential enters only via a few functions of energy. However it has the disadvantage of being
computationally heavy, the one electron energies E; must be found individually by tracing the
roots of the determinant of M as a function of E.

The linear methods devised by Andersen (1975) are characterized by using fixed basis func-
tions constructed from partial waves and their first energy derivatives obtained within the
muffin tin approximation to the potential. These methods therefore lead to secular equations
like (3.1) rather than (3.2) . The linear methods thus combine the desirable features of the
fixed basis and partial wave methods. In the LMTO (Andersen and Jepsen , 1984) an energy

dependent basis set xpr(r) is derived from the energy dependent partial waves in the form of
muffin-tin orbitals .

The set is constructed such that it is

(a) appropriate to the one electron effective potential V(r) of the solid
(b) as complete as possible in the entire space

(c) continuous and singly differentiable in all space

The transformation of this method for self-consistent calculations of the electronic structure
of solids into a first-principles tight-binding method (TB-LMTO) is particularly useful due to
localized nature of basis functions , extending the applicability of this methodology to disordered
alloys both metallic and semiconductor or solid surfaces and interfaces . Literature for extensive

description for this methodology exists (Andersen et. al.,1985 ; Das ,1992) and we only cover
the salient features.

In the present work , we use the atomic sphere approximation (ASA) where the sphere is
divided into Wigner-Seitz (WS) cells which are then approximated by WS spheres of the same
volume. In this approximation the information needed to set up the Hamiltonian can be divided
into two independent parts. The first part is contained in the structure matrix which depends
only on the structure and the positions of the atoms and not on the type of atoms occupying the
sites. The second patt of the information depends on the solution of the Schrodinger equation
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inside each inequivalent WS sphere with appropriate boundary conditions . This second part
yields the so-called potential parameters for each site.

Within the ASA , the LMTO basis functions have the following form:

X2 (rr) = ére(rr) + Y ¢% 1 (rR)AS L AL
RL'

where L denotes collective angular momentum index (£ m) . Atomic sites are given by the
position vectors R with rg =r — R . ¢ is a product of a spherical harmonic and the solution
¢vre(lrr|) to the radial wave equation inside the sphere centered at R for a certain energy
E np which is in principle arbitrary but in the energy range of interest. The functions ¢* are
the linear combinations of the ¢’s and their energy derivatives ¢. The actual choice of how
the linear combination is made determines the basis i. e. the label . The functions ¢ are
normalized inside the spheres to which they are associated , ¢ and ¢ are orthogonal and they
vanish , by definition outside their own sphere. The matrix h* is given by,

h*=C*-E, + (Aa)1/2sa(Aa)1/2

where C* and A* are the diagonal potential matrices. They depend on the potential inside

the spheres , the representation ( & ) chosen and on the sphere radii. The band center parameter
C? is given by.

Oa= V_P (EV)

Pe(E,)
and the band width parameter is given by
VA =1/P*(E,)

where P%(E) and P*(E) are the potential function and its energy derivative appropriate to
the representation a. The relationship between the potential function P*(E) , the representation
matrix o and the logarithmic derivative D; of the partial wave at sphere boundary is given by

{PYE)}! = (2(2z+ 1)-:%:—(%;—”_”%)_ -

5% is the structure constant matrix depending on the representation and the geometrical
arrangement of the atomic sites. In terms of the canonical structure constant S%, S* is given by

§* = §%(1 — aS%)



Augmented Space Recursive Approach ... 46

The representation is uniquely defined by the choice of the & matrix. All representation
span the same Hilbert space , and there exists an exact transformation from one representation
to another. Two particular representations are of interest the 4-representation and the tight-
binding representation (TB) , 8 . The former is used in the construction of sp® hybrids for
which it is convenient due to the orthogonality of the basis function . In the TB representation
on the other hand the basis functions are very localized. The ~-representation Hamiltonian
correct to second order in energy ( E - E, ) is given by

H® = E, + 1 = C" + (A")V287(A)/?

where E, is the diagonal matrix containing the linearization energies. The overlap matrix in
this representation is a unit ,diagonal matrix and therefore this representation is also referred
to as the orthogonal representation. The transformation from the 4 to the 8 representation

involves a scaling of the potential parameters C.and A , calculation of the real space structure
constants S#. With the choice

0.05303 £=1 (p) (3.3)

0.3485 £ = 0(s)
B =
0.010714 £ =2 (d)

the screened structure constants are found to be most localized with universal exponential
decay in distance d measured in terms of WS radius w.

S, = Aexp(—A,.d/w)

for all the structures ( f.c.c, b.c.c, h.c.p etc. ) . In this representation the TB orbitals
are extremely compact , extending only to nearest neighbour shell. For recursion calculation
which is the methodology to be employed in the present study , it is practical to work in an
orthogonal representation. At the same time short range is essential. With LMTO’s it is then
most practical to work in 4-representation and to express h” as the power series in the two
center first order TB Hamiltonians which is of the form same as 4-representation Hamiltonian
with CP , AP and SP replacing C” , A and S”. This is given by

hY = kP — hPoPRP — ...

where the matrix o® is diagonal in RL representation and its value is determined by the
overlap of ¢ and ¢® . The truncation of the series at various orders allows us to work on
the orthogonal representation but express the Hamiltonian in terms of parameters of the TB
representation. It has been found ( Nowak et. al. , 1991 ) that in all practical calculations
recursion with

H® =E, +h°
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accurate to first order in ( E - E, ) gives reasonable result. The second term (h o h) is necessary
for systems with wide bands specially for s-p states. We have made uses of both Hamiltonian
H® and H® - hoh in our subsequent calculations.

3.2.2 Configuration Averaging

There are several approaches existing in literature for configuration averaging in disordered
alloys with increasing degree of sophistication , such as the rigid band approximation ( Mott
and Jones,1958), the virtual crystal approximation ( Nordheim , 1931), the single site coherent
potential approximation (Soven , 1967;Taylor ,1967) and cluster coherent potential approxima-
tions ( Mookerjee , 1987 ; Razee et. al. , 1990 ; Datta et. al. , 1993).

In the rigid band approximation the shape of the density of states is taken to be same
throughout the concentration range with only shift in the position of Fermi energy due to change
in filling while in virtual crystal approximation the actual random alloy potential is replaced by
an average , periodic potential which is taken as the concentration weighted arithmatic mean of
the the constituent’s potential. The rigid band approximation gives crude picture of the effect
of change in electron to atom ratio on alloying while the virtual crystal approximation serves as
the starting point of more sophisticated iterative self-consistent approxiamtions. We shall first
give brief review of the existing methods which are capable of capturing features characteristic
of disorder. Then we shall present the augmented space recursion method , the methodology
to be applied in the present study.

Single Site Coherent Potential Approximation.

The single site coherent potential approximation (CPA) remains to date the main theoret-
ical development in the study of the electronic structure of random systems . It maintains
the analytic features of the exact Green function and interpolates correctly between several
individual limiting cases of random binary alloys e. g. virtual crystal , atomic and dilute
limits .

The CPA is a single site mean field theory which allows the self-consistent determination
of a translationally invariant effective medium that replaces the configurational average of the
disordered material . The medium is determined through the condition that scattéring of an
impurity atom of any of the atom species vanishes on the average .

We present a simple physical insight into the CPA within the frame work of parametrized
tight-binding method .

A random Hamiltonian in the tight-binding basis can be represented as,

H=Y &P+ ViyTy;

i

where P; and T;; are projection and transfer operators respectively .



Augmented Space Recursive Approach ... 48

One defines an effective Hamiltonian
HH =" Sy EB)P: + Y Bi;(|7 — 75T
3 5

In the single site CPA the self-energy X; is same for all the sites i. e. Z; (E) = %o (E) and
Zi; =V . The idea is to find those Xy (E) which will yield

(G) = (eI — H*/")"*

( G ) indicates configuartion average of the random Green function G . For determination
of self energy o in single site CPA one embeds an exact potential ¢; at the site i within the
effective medium in such a way that it does not produce any extra scattering on the average.

Hamiltonian with an impurity atom embedded at site i in otherwise periodic solid with
on-site potential ¥, is

Hiyy = Hes + (6 — Zo)Pi = Hegs + b

The corresponding Green function is given by

G =Gy + GeysTGeyy

where

o w (&= SolE)P,
L= = T = TuENGors

The self-consistency condition demands that { G' ) = G4; or ( t; ) = 0, leading to self
consistent determination of ¥y. For binary disorder where ¢; can be ¢4 with probability x and
eg with probability (1-x) and €4 - eg = W one has

=W
1 - (W = X)G.yy

To = Zo(Gess) =

Sugh a mean field approach restores the periodicity of the solid and enables one to apply
usual k-space band structure techniques.

The CPA in conjunction with first principles electronic structure calculations like KKR and
LMTO has been employed widely for description of disordered alloys.
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(i) KKR-CPA ( Stocks et. al. ,1977) - In the KKR-CPA the one electron random potentials
which for simplicity is taken to be of non-overlapping muffin tin form are characterized
at energy E by the partial wave scattering amplitudes f, ;, (E) where a refers to species
and L stands for the angular momentum indices £ and m. f, 1 (E) ’s are taken to be
configuration independent , although for a self consistent calculation they do depend on
the concentration . The reference medium is described within the single site CPA by an

ordered array of effective scattering amplitudes {;, (E) which are obtained as the solutions
of the equation

Y z2X*=0 (3.4)
o
where x* is the concentration of the atoms of type a in the alloy and

X* = Am®*(1 - #°Am®)! (3.5)

m?® [ = (t*)~1 ] is the inverse of the scattering matrix, corresponding to atom of type a
in the alloy with t* = - f, / /E, Am® is the fluctuation of m* above the mean value and
7% is the site diagonal element of scattering path operator .

In general, various quantities in equations (3.4) and (3.5) are matrices which possess
non-vanishing matrix element between different angular momentum states. However for
symetric muffin tin potentials and calculations carried out to £ < 2 , the various matrices
become diagonal , a feature which greatly facilitates the performance of numerical calcula-

tions . The self-consistent nature of the KKR-CPA is clearly displayed in the observation
that

2]

Am®=m-—-m

and
7= 1/(m) [ dk{m - S(k)]

where S(k) denotes the KKR structure constants of the underlying lattice and the integral
extends over the first brillouin zone of the reciprocal lattice.

(i) LMTO-CPA ( Kudrnovsky and Drchal, 1990 ) — In LMTO-CPA one starts from the tight-
binding LMTO Hamiltonian, the energy linearized version of KKR , in orthogonalized
v-representation given by

Hyy mry = Chubamdrr + (AT 20,7y oo (AR (3.6)
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R, R’ denote atomic positions and L , L denote collective angular momentum indices

for (£,m) and (£ ,m') . The scattering properties the potential are characterized by the
potential parameters , Xpr, = C};, , Ak, and yre .

The Green function corresponding to the Hamiltonian (3.6) is
- -1f2 _ -
Gropp(z)= (] = Hzt ppy = O (P"(2) = ) Marmy Ajgt

P7 (z) = (2-C")/ A" being the potential function in the muffin tin orbital representation
9.

For random binary alloys A,B;_, due to the random values of Agy, and 4pr, the Hamilto-
nian have a complicated off-diagonal randomness. Consequently the CPA which can treat
only the site-diagonal disorder cannot be readily applied. To define a CPA Kudrnovsky
and Drchal who were the first to apply the LMTO-CPA technique to random alloy sys-
tems , re-expressed G(z) in the general muffin tin orbital representation « in terms of site-
diagonal random functions A% (z) and p%;(z) and an auxilary Green function gg; o/ as

Grrrr = Mar(2)6ppbrr + N%L(z)gﬁL,R'L'(z)N;'L'(z)

drrrr = {[P*(2) = ST Y prpr

2.(2) = (az — err)ps(2)/ ARy

1/2

pae(z) = ARy /(A% + (Yre — are)(z — CRy)]

and choose the most tight-binding representation oy = f, so as to make the structure

. g
matrix S RLR'L DO random .

The random quantities P%; (z) , A%, (z) and %, (z) which enter the definition of G(z)
are all site-diagonal quantitites . Their randomness can be expressed via occupation index
ng , Q = A,B so that

(G = TN + 5 PAIOILON SO

The configuration averaged auxiliary Green function (g°(z)) is given by

{[PP(2) = S°I"} o
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where , the coherent potential function P? (z) , which for cubic lattices is a site and

angular momentum diagonal matrix with elements P§ (z) is determined from a set of
coupled CPA equations:

Pi(z) = (PL(2)) +[PL(2) — PL(2))0(2) x [P (2) = PL(2)]

oi(z) = 1/N;(U>ﬂ(z)—8"(kn—‘)u

Finally the configuration averaged Green function is written in terms of configuration
average of the auxiliary Green function as

<G(z))RL.R'L' = Ag(z)‘sfm"sz,z/ + Mf(z)(gﬁ(z»m,n'y Mf.(z)

with

AL(2) = (VL(2)) + [ARE(PUPE(2)) = PL(2)/IAPE ()]

ME(2) = (LA (2)IPLP () ~ PL(2)] = WL (2)[PL4(2) = PL(2)]}/ APL(2)

CPA being a single site approximation has its own limitations . It has been pointed out time
and again that it cannot take into account effects involving more than one site like the effect
of clustering in split band alloys at low concentration limit , the problem of lattice relaxation
leading to angular distortion of hopping integrals , the problem of alloys with short range order
arising out of correlation between neighbouring sites. Futhermore the self-consistency involved
in the solution of CPA equation is not trivial and one has to invoke subtle mathematical
procedures to ensure proper convergence.

Off-diagonal Disorder Within The CPA.

An approximate scheme of treating off-diagonal disorder within the single site approximation
is given by Blackman , Esterling and Berk (1971) (BEB). While in the standard CPA the
hopping integral is taken to be nonrandom , in the scheme of BEB the hopping integral depends
upon the occupancy of the sites between which hopping will take place. As a consequence
, while the self-energy corrections in standard CPA method are independent of the atomic
species , reflecting the fact that both A and B atom see the same effective environment , the
BEB scheme distinguishes the manner in which the electron diffuses away ( and hence also the
renormalisation effects ) from atomic species.

The methodology developed in locator formalism ( starting with atomistically localized
electronic states and then introducing the overlap term ) involves introduction of matrix locators
g, » Green function G,;-and transfer integrals W,; given by
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(3= 0 \_ (% O
= (% —'"L-)‘(”o v&)

z—-€p

G, = (niGijnJ' niGc'jmj) - (G;QA Gi"'B)

A (BB
m,-G.-,-nj m,-G,-jm,- G,-J- G,-j

W, = (%' c.-j)
NG By
where site diagonal energies ¢; take on the values ¢4 or ¢g and the transfer integral W;;
describing the electron hopping between sites i and j can assume values WA = a;; , WAP =

WBA = (;; ot WBB = B;; . n; (m; =1- ;) is the projection operator equals unity (zero)
when the site i is occupied by an A(B) atom.

The equation of motion satisfied by Green function matrix is then
Gij = g,(8i + 2_ WaGy;)
k

By formally treating the second term on the right hand side as perturbation one finds the
expression

Gii=(1L-g,A)7g,

where A; denotes the fully renormalized interactor.

Within the spirit of single site CPA , replacing bare locator g; by effective medium locator
g and introducing renormalized interactor A in térms of g one has

Gii = (1 -gA)g

and the CPA self-consistency condition

(_G.ii)u = _G_it'

(.. .)ss denotes the average over the occupation of a single site. This self-consistency equation
for matrix Green function in turn leads to the determination of three independent elements of
self-energy. Recently this formalism within TB-LMTO framework has been employed by Sluiter
and Singh (1994). This takes into account the effect of off-diagonal disorder as registered by
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a single impurity atom and provides an approximate technique for dealing with off-diagonal
disorder.

Augmented Space Formalism.

The augmented space formalism was introduced by Mookerjee in 1973 as an alternative exact
averaging scheme . In this formalism , instead of looking at the system as electrons moving in a
random array of disordered potentials, one considers electrons moving in periodic potentials in
the presence of a field which describes the disorder. Effectively one extends the Hilbert space
H on which the random Hamiltonian is described by augmenting with it a configuartion space
describing different configurations of the disordered system.

The approximate methods based on this disorder field formalism have a different underlying
philosophy. In the effective medium mean field theories the approximation precedes configura-
tion averaging. The approximations made prior to configuration averaging may not preserve
the analyticity of Green function after the averaging in all cases. On the other hand in the dis-
order field picture, the Hamiltonian constructed in the full augmented space , already contains
the information of all possible configurations and introduction of approximations are expected
to preserve the analytic properties of Green function. Further advantage of such a averaging
scheme is that the formulation is an extremely general one , applicable to functions of any
random variables obeying certain conditions. This allows one to apply this formalism not only
for Green function but also for more complicated functions of the Hamiltonians.

The starting point is a set of random variables {n;} which we call a configuration. A certain

probability density P({n;}) is associated with various values of the configuration. Assuming
that different n; are statistically independent, one have

P({n:}) = [ mi(n)

where p; (n;) is the probability density of the individual variables. This assumption ig-
nores short-range order due to chemical clustering effect which invariably leads to statistical
correlation between the {n;}’s.

It should be noted that probability density p; (n;) satisfies the properties

pi(ni) = 0
o
/ p;(n;)dn,- = 1

These properties are specific to the imaginary part of the resolvent of a self-adjoint operator
in a certain Hilbert space. The formalism now introduces a Hilbert space ¢; and a orthonormal
basis set {|f:)} such that p; (n;) corresponds to the imaginary part of the resolvent of a suitably

chosen operator M; in ¢; . If |f§) is a specially chosen member of the orthonormal basis {|f:)}
in ¢; then
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pi(ni) = =1/wIm{f|(n: = Mi)™*| o) (3.7)

A prescription for construction of a suitable M; for a given p; (n;) is as follows:

For a given p;(n;) if one could find a convergent continued fraction of the kind,

pi(n;) = ~1/xIm !

nf —a, -

where nf = n; + i0+

then a representation of the operator M; is the tridiagonal matrix with a; , a2 , ... etc
along the diagonal and b, , b, , ... etc along the off-diagonal positions in some basis {|fi)}

Of course one has to restrict to probability distributions all of whose moments are finite,
otherwise a convergent continued fraction expansion is not possible. Most of the physically
valid probability distributions are of this kind, the only exception being the Lorentzian. A
critical look at the construction procedure reveals that it is actually the inverse of the recursion
method. For a random binary A.B,._, alloy one has a bimodal probability distribution given
by

pi(ns) = 26(ni = 1) + (1 ~ 2)6(n)

where .
ng = {1 fori=A

0 fori=B

For pi(n;) as defined M; is a tridiagonal matrix in the space ¢; of rank 2 with a representation

M= ( (:v \/x(l-—m))

1-2) (1-2)

in the basis |f$) and |f})

We now revert to the problem of configuration averaging . To start with let us consider an
average of the form

() = [ Fnm(nodn,

= [T P {=1/mIm{fil(mI ~ M)\ £ Y

0.



Augmented Space Recursive Approach ... 55

i

~1/xIm 3 [ dniF () film) (ml(nsl ~ M3) ) 13

~1/xtm L [ dnF (i) fiim) (il ~ m)ml )

= [ anF ) (Rl 8wl = m){mi )

(il F(m) mi £

= (FIF@)IF) (38)

The first step makes use of equation (3.7 ) , the second step is obtained by introducing

complete set of eigenvectors of operator M; and the third step follows from the orthogonality
of eigenvectors.

Yo [m) F(m){m| = F(M;) is the same operator function of M; as F was of n; .

The generalization to a function of several variables {n;} is a straightforward one. To each
variable n; one has associated a Hilbert space ¢; , a basis set {|fi}} and a representation of
a self-adjoint operator M; in this basis related to the probability density of the variable n;.
¢; with its basis and operator M; contains all possible information about the configurations
of the variable n;. The product space ® = [[® ¢; can now be constructed which contains all
possible states of the set {n;} i. e. all configurations of the disordered system. It is called the
configuration space or disorder space. The basis in the product space is defined as

{IN={Mtefifite...
while the operator M® in the product space is given by
MO=1QI®..M;®I...

Once {|f)} and M® is defined one can define the operator functional F( M®) , M® | ...,
M®, ... )in ® and the configuration averaging of the function F which is a function of multiple
random variables {n;} is given by augmented space theorem

~

(F) = (folF(M®, 1®),...;MD,...)|fo)

where
Ifo) =1f) @ 1f5) ® ...
is the representative state againest which configuration fluctuations are described.

The calculation of (F') thus reduces to obtaining a particular matrix element in augmented
space. For electronic structure calculation in a disordered system F is chosen to be the matrix
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element of the Green function ( zI - H)~! , where H describes the random Hamiltonian of the
system and random variables in this case {n;} are the site occupation variables.

Cluster Coherent Potential Approximation

Among the various attempts for cluster generalization of CPA , the method based on aug-
mented space formalism (Mookerjee,1987) has been found to retain the correct analytic form
of Green function . As discussed , in augmented space formalism the configuartion avergaing is
achieved by expanding the usual Hilbert space H to include the disorder space ® in which the
configuration fluctuations are described and then obtaining the ground state matrix element of
operator functional of the random function in the enlarged augmented space.

The principal steps of cluster coherent potential approximation based on augmented space
formalism goes on as follows:

(i) The full augmented space ¥ = H @ ® is partitioned into a subspace ¥, spanned by the
cluster C and its configurations and the rest . If the cluster C is of size N then the rank
of the subspace ¥, is N ® 2V . The Hamiltonian in the rest of the augmented space is
replaced by an effective , non-random , translationally symmetric Hamiltonian H, ;.

(i) The Green function in the subspace ¥, is obtained by the partition theorem into this

subspace. The partition theorem tells that

Gg = (ZI1 - H1 - H12G2HI2)-P1

with G, = (zI; - Heyy )2

where X~%i is the inverse of the operator X in the subspace labelled by j alone , H,
denotes the Hamiltonian in the subspace ¥, , H, is the Hamiltonian in ¥/¥; and Hy, is
the off-diagonal term between ¥, and ¥/¥,.

(iii) The subspace U is again partitioned into a subspace spanned by the vectors |R, fo) where
R € C and the rest.The Green function in this subspace is obtained again by applying
partition theorem.

(iv) The augmented space theorem then tells that the configuration averaged Green function

(Ggrp') is given by

(Rfl(BI - H)™|R fo)

where H is the operator functional in the extended augmented space.

(v) The effective Hamiltonian H,ss is chosen such that the Green function for the effective
medium , G;{I’; = (Grp') , giving the self-consistency conditions for the CCPA.
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Though the cluster coherent potential approximation , based on the augmented space for-
malism has been implemented within the framework of KKR and LMTO ( Razee et. al. , 1990
; Datta et. al. , 1993), to date its application has been limited to model systems like one with a
s-band alone and extensions to realistic-alloy systems with simultaneous solution of more than

one self-consitency condition poses a difficult numerical problem , particularly if the size of the
cluster is large.

Augmented Space Recursion Within The Framework Of TB-LMTO (TB-LMTO-
ASR)

The recursion method (Haydock et. al. , 1972) provides a general numerical technique for
calculating projected densities of states of one electron Hamiltonians expressed in a local orbital
basis set. Because it is based on real space operations it has wide applicability in disordered
materials, defect structures and surfaces. It can also be used to describe translationally invariant
systems. For complex materials with large number of local orbitals in the basis set of each

unit cell, recursion method may be proved to be more advantageous than the Brillouin-zone
integration technique.

In recursion method, one exploits the sparseness of the local orbital representation of Hamil-
tonian H and performs a unitary transformation on the local orbital basis to produce a tri-
diagonal representation of the Hamiltonian. New basis functions are defined iteratively so as
to guarantee that each new member interacts only with its preceding and following member.
Let us denote the starting state of the recursion method by |up). The vector H |ug) is an
unrenormalized. combination of the orbitals with which |up) interacts and the relative contri-
butions of the orbitals are proportional to the strength of interactions. This combination is
made orthogonal to |ug) by removing the contribution (ug|H |uo){uo) = aouo) from H |uo) . ao
defines the self-energy of |up) . This vector is then normalized to give an orbital |u,) with the
normalization constant b; defining a measure of the strength of the interaction between |ug)
and |u;) . The vector |u;) contains the first neighbour environment of |ug).

In general the recursion procedure defines the new set of orthonormalized orbitals and the

representation of the Hamiltonian in the new basis ( the a, and b, ) by the three term recurrence
relation

bns1|unsr) = (H — an)|un) — bnltin-1)

The representation of H in the new basis is tridiagonal and is given by H,, = a4 , Hpppa =
Hri1n =bny, Hun = 0 for jm —n| > 1. The states |u,) are localized on shell of orbitals , n
hops away from the orbitals of the starting state |uo) . The parameters a,, and b, describe the
coupling of each environment to itself and its neighbours. This leads to a continued fraction
representation for the Green function matrix element , (uo|G|uo) related to the projected density
of states on |ug) as

n(E) = ~1/rIm(uo|Gluo)
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with the continued fraction expansion given by

(0| Gluo) =

Z—-Qa; — 3
b3
Z2—02 — —

The recursion method is a moment preserving transformation: the weighted sum of closed
paths on the original lattice and the effective chain are the same. {an,bs} contain information
about the irreducible paths of lengths (2n +1 ) and 2n respectively i. e. those closed paths that
donot return to the intial orbital at any stage. If the recursion algorithm is stoped after n steps,
n exact levels of the continued fraction are obtained. The matrix element after n levels contains
the exact contributions from all closed paths of n steps starting and ending at the central orbital.
Thus if one tries to model an infinitely extended system, the recursion algorithm after n steps
contains contributions only from a central cluster of O(n®) atoms . For numerical purposes this
limits the number of atoms that can be modelled and also implies that one is always studyng
a finite system. In order to reduce the necessary amount of computer storage it is possible to
make use of symmetry of lattice and orbitals , a point that will be pursued in following section.
For finite cluster one obtains a terminating continued fraction yielding a number of isolated
bound states. For most purposes this is an unphysical approximation and finite size effects are
eliminated by embedding the cluster in an infinite medium. Mathematically this means that
a terminator must be appended to the continued fraction expansion so as to obtain a Green
function with a branch cut rather than a set of poles. The problem of finding a terminator
7(E) that gives an optimal surrounding medium has been studied in literature (Haydock and
Nex, 1984 ; Lucini and Nex , 1987). In all terminating schemes one substitutes for 7(E) an
Herglotz function so that the approximate Green function has the same singularities as that
of the Green function of the system. The computation scheme is closely related to the theory

of orthogonal polynomials , a fact that is exploited in the development of stable and efficient
computer codes.

For a system described by a disordered Hamiltonian , the recursion method defined on the
augmented space enables one to calculate the configuration averaged Green function directly.
The advantage of the method is that it does not involve single site approximations and solutions
of self-consistent equations as required in the CPA or its generalizations . Further, one can
treat both diagonal and off-diagonal disorder on equal footing.

The starting point for the TB-LMTO augmented space recursion , is the most localized
sparse tight-binding Hamiltonian derived systematically from the LMTO-ASA theory and gen-
eralized to substitutionally disordered random binary alloys :

- A 1/2 21/2
Hlﬂ%L,R'L' = CrLérr 0L + A;{LSgL,R,L,AR/,L,

Cre = Chiznn + CE(1 — ng)
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A1/2 (A"’) nR+(A1/2) (1-ng)

Here R denotes the lattice sites and L=(£ m) are the orbital indices (for transition metal
£ <2) C4,, CB, and A4, ,AB, are the potential parameters of the constituents A and B of
the alloy in the most tight-binding representation 8 . ngp are the local site occupation variables
which randomly take values 1 and 0 according to whether the site is occupied by an A atom
or not. The representation of the Hamiltonian in the augmented space H consists of replacing
the local site occupation variables {np } by {M?}, and is given by:

~

H = Z(CgLf+5CRLMR)®a};aR+...
RL

+T T (A“"’I + 5A‘/2MR) S8 i (AR,L, F+6A42, 51 ) ® atap
RL R'L/

where,

6CRL=(C*‘ - CE,)
1/2 ( A1/2A A1/2B

I is the identity operator defined in the augmented space while other parameters have their
usual meaning. The operator ME for binary probability distribution in the second quantized
notation is given by:

M = obbobro + (1 — 2)bhbrr + /2(1 — @) (bfobrr + by bro) (3.9)

(bLo,bRo) and (b}, ,b r1) are the creation and annihilation operators in the augmented space
, where each site is characterized by two states (0,1 ).

The Hamiltonian is now an operator in a much enlarged space ® = H ® [[¢7 (the aug-
mented space), where M is the Hilbert space spanned by the countable basis set {|R)} . The
enlarged Hamiltonian does not involve any random variables but incorporates within itself the
full information about the random occupation variables . If we substitute eq (3.9) for MR
then with the aid of little algebra we can show that the augmented space Hamiltonian contains
operators of the following types as discussed in ( Datta and Mookerjee , 1992).

(a) al, ap with R=R’ and R+ R’ terms . The operators acting on a vector in the augmented
space changes only the real space label , but keeps the configuration part unchanged.

(b) a% ap bly be, with R = R’ and R # R’ terms . k is R or R’ ,while, A and s may take
value 0 and 1 . These operators acting on an augmented space vector may change the real
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space label (if R # R’ ) . In addition , they may also change the configuration at the site R or
R (if A # ).

(c) ak amr bk, br, bk, by with A, u v ¢ taking values 0 and 1. The operators may
change the real space label (if R ## R’ ), as well as the configuration either at R or R’ or both.

Once we have identified the operators in the augmented space , it is worth mentioning how
we represent the basis in the real space and in the configuration space. A basis | m) in the
Hilbert space 7 is represented by a column vector K,, with zeros everywhere except at the
m-th position . The inner products are defined as

(m| © |n) = KLK,

aInanKp = 6np.Km

A member of the basis in []® ¢r has the form
1}, ® 3% ®..)
where each ); may be either Qor 1.

In the usual terminology of ASF the number of 1’s define the cardinality C of the basis and
the sequence of positions where one has 1’s is called the cardinality sequence { S¢} and that
labels the basis. Thus a binary sequence B [ C, { S¢ } ] is a representation of the member of
the basis in the configuration space . The dot product between the basis members is then

B[C,{Sc}]) @ B[C',{Sc'}] = bccrbiscsen
Having defined the Hamiltonian and its operation in augmented space , the recursion method
defined on the augmented space , gives the configuration avegared Green function directly. For

determination of configuration avergared Green function < Gpr,rr (z) > in augmented space
recursive method one choses as starting state of recursion

61) = |R, L) ® |fo)

The successive states |¢,) and recursion co-efficients oZ) and B{L) are generated recursively
from

Blaalénsr) = Hlen) — oL16n) — BE|€n-1)

where

a£ = ({| @ ﬁ'fn)
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and

ﬂf = ({n1]| © fl’ﬁﬂ)

Haydock (1972) has mapped the contribution to the continued fraction coefficients to self-
avoiding walks on the underlying space . He has shown that the dominant contribution comes
from walks that wind round the initial starting state . This allows one to work only on a finite
part of the augmented space . Depending upon the accuracy required and computational power
, one generate upto n; = N - 1 recursion coefficients .

The method of processing the Green function from the finite number of generated coefficients

is achieved by appending a suitable terminator , as discussed earlier. The procedure , briefly ,
is as follows .

We generate orthogonal ploynomials of the first and second kinds P, (z) and Q, ( z) which
are solutions of :

Ppt1(2) = (2 — an)Pa(2) = B Pa-s(2)

Qn+1(2) = (2 = @) Qn(2) — B2Qn-1(2)

WithP_1=0=Q_1,Po=1=Qo.

The next step is to locate , from the generated continued fraction coefficients n < n, , the

lower band edge a , the band width r and the band weight w . From this we constract a model
Herglotz function :

F(z) = 8ulz — (a +r/2) = \/(z = a)(z — a — 1)) /1

The Termination Coeflicients , which are the coefficients of the continued fraction expansion

of F(z) , are oy = a + r/2 and B; = r/4 . According to the scheme of Lucini and Nex (1987) ,
one now interpolate between the computed coefficients and those of the analytic terminator :

Qyp n<ng
&, = { 1/2({1 - sin{8(n + $)}en + {1 +sin{é(n + $)}}ah} m <n<n;

ay ng<n

The method is analogous to splicing as opposed to butt-joining pieces of wood. The result
of this procedure is that the terminator is appended in a fairly smooth way , avoiding the
formation of semi-localized states at the interface . The reflection from the potential barrier

represented by the terminator interfere destructively decreasing the oscillations in the local
density of states.
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We now run the recursion again with H replaced by z , the state vectors by polynomials
and the inner product by a union of Gauss-Chebyshev quadrature

(f ® g z) Z w; (o

=1

where,

W
n+1

w; = sin? §;

o} = a; + (1 —cosb;)r/2

. 1.,
n+1

t

This will generate a set of recursion coefficients { 7, , 6, } and a set of mutually orthogonal
polynomials { R, (z) } and { S, (z) } .
The terminator is given by ,

(z) = Sny-2(2) = F(2) Rny-1(2)
- Gna[Smas(2) = F(2)Rup—a(2)]

From the fact that R, and S, are ploynomials of order n and F(z) is a Herglotz function ,
it follows immediately that the terminator is itself Herglotz.

The Green function is given by ,

- Qna—2(2) — ng-lT( )Qﬂ2—3(z)
) = @) = (@) Praea(s)

The advantage of such a termination procedure is that the approximate resolvent retains
the Herglotz properties. It is interestting to compare this with the fact that in the cluster
generalizations of CPA one goes to great length to ensure Herglotz properties of the Green
function and these approximations cannot maintain the accuracy in the band widths. The
termination approximation preserves the first 2(N-1) moments of density of states exactly .
This represents the effect of a cluster at a distance (N-1) from the starting state . It also
maintains the correct band-widths , band-weights and the correct singularities and estimates
the higher moments with controlled accuracy .

The configuration averaged density of states is given by

n(E) = —%Im;(Gm,M(E +i0))
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3.3 SYMMETRY REDUCTION OF AUGMENTED
SPACE RECURSION

Discussion of the previous sections reveal that the most versatile and general way for handling
the problem of disordered alloys would be to consider the augmented space formalism . Since
the augmented space involves N x 2V basis functions , the standard method for implementing
this on a computer would require handling an impossibly large ( N x 2V ) x ( N x 2V ) matrix
Hamiltonian . Even for a fcc cluster with first nearest neighbour shell , the simplest one can
imagine , this would require 13 x 22 basis functions . Because of this huge number of degrees

of freedom of the full augmented space , in spite of its immense potential , the method could
not be used successfully .

A number of attempts have been made for practical implementation of this formalism . One
of the developments among these , is the travelling cluster approximation ( Gray and Kaplan ,
1976 ; 1977) , where a small number of classes of selected excitations in augmented space are
preserved . In spite of the drastic simplification so introduced , the resulting equations are still
so formidable to discourage further investigations after early attempts . In the cluster CPA
(Mookerjee,1987) (in which one retains the disorder fluctuations only from a chosen cluster
and replaces the rest of the system by an effective medium ) as already discussed and pointed
out, one is restricted by the limitation of solving number of self-consistent equations , numbers
increasing with the size of chosen cluster .

In the present approach , on the other hand , one treats the full large augmented space
Hamiltonian matrix with recursion method . The conceptual advantages in augmented space
formalism include apart from analyticity , translational and rotational invariance automatically
built-in in the augmented space Hamiltonian . This allows one to invoke the idea of utilising
symmetry operations present in confuguration space in addition to usual Hilbert space , in the
context of recursion method , reducing the rank of the Hamiltonian drastically and making
the implementation of augmented space formalism feasible . In the present section we devote
ourself to symmetry consideration of recursion method in augmented space as well as in real
space . Since the augmented space recursion essentially retains all the properties of real space
recursion but described in an much enlarged space , it will be useful to consider symmetry
operations in real space recursion first and then to consider that in augmented space recursion.

3.3.1 Real Space Recursion Invoking Symmetry

Recursion method discussed in great detail previously provides an algorithm for determining the
resolvent of Hamiltonian as continued fraction expansion . The number of continued fraction to
be calculated is limited by the size of the cluster of atoms and for a large number of recursion
level on a small cluster , the higher order continued fraction co-efficients reflect the boundary
effect , which manifests itself as the splitting of the degenerate t,, and e, orbitals . However
, the choice of size of cluster is restricted by computer storage and time . Use of symmetry
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operations in recursion method may prove to be an amicable solution of this , where one can
obtain same resolution and accuracy but with much less computer storage and time .

It has been shown by Gallagher (1978) that if the starting state of the recursion belongs
to an irreducible representation of the Hamiltonian , then the states belonging to different
irreducible representation or different rows of the same irreducible representation donot mix in
the process of recursion . So that one can restrict oneself to irreducible portion of the lattice .

The philisophy of utilising symmetry in recursion method , operationally , is as follows :

Basis vectors , defined iteratively in recursion procedure , carry information of more and
more distant environment of the starting state |uo) . The vector H |ug) is combination of states
with which |ug) interact and the relative contribution of a state |u,) in H |uo) is proportional
to the strength of interaction between |u,) and |uo) . The orbitals sitting at lattice sites which
are connected by point group symmetry operations to each other have identical coupling to
up . If T is an unitary representation of a symmetry operation , then the states generated by
unitary transformations , T|u,)’s carry the same information as that of |u,) . Hence it is useful
to consider among the states coupled to |up) , only those belonging to the irreducible of the

Hamiltonian and redefine the Hamiltonian operation so as to reduce the computer storage and
time.

Let [I) be an orbital on lattice site coupled to |J) , both belonging to irreducible repre-
sentation of the Hamiltonian and let |I)...|Iy,) be the distinct orbitals on sites obtained
by operating |I) by symmetry operations T’s . They are called the orbitals equivalent to |I)
|J1) ... |Jn,) be the corresponding equivalent orbitals for |J) . Then the redefined Hamiltonian
operation for recursion procedure confined to irreducible portion of the lattice will be given by

(1) = | 20121

where W, is the number of distinct orbitals equivalent to |a) ( e.g. Wy = Ny and W; = Ny).

Having redefined the Hamiltonian operation , the recursion method is given by the usual
three term recurrence relations as

bpi1|n +1) = Hln) — ay|n) — bun — 1)
with
an = (n|H|n)
and

bp = (n — 1|H|n)
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LAT- [Na|[ Ny [N, [M[| = ™
TICE
SQUARE| 5 | 25 [ 6 [ 5 [ 1.291 [ .558
10 | 145 | 25 |10 | 1.504 | .742
15 | 365 | 56 | 15| 1.748 | .930
20 | 685 | 100 |20 | 2.041 |1.070
FCC 5 [147 [ 9 [ 5 |19.850 | .468
I‘ 10 | 2057 | 71 | 10 | 22.910 | .539
11 | 2869 | 93 |11 ]24.000 | .570
SC 5163 [ 7[5 | 2414 | 410
10 | 833 | 41 | 10| 2.760 | .600
11 (1159 | 53 |11 | 2.850 .625‘

Table 3.1: Comparison in system size and time taken in recursion for square , face centered
cubic and simple cubic lattices decribed by model tight-binding Hamiltonian with only s-orbital
invoking and not invoking symmetry for fixed number of shells (N,,) and fixed number of
recursion steps (M). Ny and N, are the number of sites in the full and symmetry reduced maps.
7y and 7, are the corresponsing CPU times in seconds on a HP 9000/300 machine .

N M|y [ |

N [ N [
5 ] 147 | 29
7 | 561 | 95
10 | 2057 | 315

10

19.1 | 1.1

Table 3.2: Comparison in system size and time taken in recursion for face centerd cubic lattices
decribed by LMTO Hamiltonian with s-p-d orbital invoking and not invoking symmetry for
fixed number of shell and fixed recursion step. Time quoted are CPU time in minutes in a HP
9000/300 machine . All table headings have the same meaning as in Table 3.1
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Figure 3.1: (a)-(c) Density of states for square ,simple cubic and fcc lattice described by tight
binding Hamiltonian ( on-site term € = 0. and transfer term V = -1.0 ) obtained by recursion

on symmetry reduced maps (d) density of states for fcc based Ag metal described by LMTO
Hamiltonian on symmetry reduced map
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where the orbitals { |n) } are orbitals restricted to irreducible portion of the lattice and

Hln) = E(anlm)mod!m>

m

the summation running over the states coupled to |n) belonging to irreducible zone .

The above prescription reflects the symmetry of the underlying lattice only and holds good
for recursion with s-like orbitals , having the full spherical symmetry . Inclusion of the p-orbitals
introduces preferred x , y or z direction and breaks the symmetry between x , y and z axis ,
thus the point group symmetry operations which interchange between x , y and z co-ordinates
are prohibited . Futhermore the effective irreducible basis , which is linear combination of the
old basis sets , reflects the symmetry of the orbital itself and it is the symmetry of the orbitals
which prohibits the overlap at a particular site position . We call these positions , symmetry
positions with respect to overlaping orbitals .

Within the above frame-work of redefining Hamiltonian operation , the modified Hamilto-

nian operation , in presence of hybridization between orbitals not having spherical symmetry
may be defined as

Wy

(I, LIH|J, L ) mod = Wr

(I,L|H|J,L')8s(L,L’)

The additional factor 8;(L,L") ( 0 or 1) determines whether the position occupied by the
site J is a symmtry position with respect to the orbitals L and L' or not .

In Table 3.1 - 3.2 we compare the number of sites and the CPU time needed for recursion
, making use of symmetry and those obtained without invoking symmetry for square , simple

cubic and fcc lattice. Figure. 3.1 shows density of states obtained by recursion on symmetry
reduced maps.
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3.3.2 Augmented Space Recursion Invoking Symmetry

The elegance of the augmented space formalism lies in its built-in translational and rotational
invariance . The nonrandom augmented space Hamiltonian , containing the full information
about the distribution of random variable bear the translational and rotational symmetry ana-
logus to a nonrandom Hilbert space Hamiltonian . It is the homogeneity of disorder that gives
rise to symmetry in configuration space . Considering the case of random binary alloys A,B;_.
, for a site occupied by A atom , all the Z configurations with its ( Z-1) neighbours occupied
by A and one by B atom are equivalent . The augmented space is essentially an extended
space , made out of direct product of two disjoint subspaces , the usual Hilbert space and the
configuration space , giving information about the real space sites where there is deviation from
uniform background of pure element . This allows one to extend all the symmetry consideration
of real space recursion to augmented space recursion , carried out in an enlarged space .

A general basis in augmented space is the direct product of the Hilbert space basis and the
configuration space basis

€} = Ié) ® Bly, S{v}]

Bly,S{7}] = Ifa;,az,...,o.,)

as discussed earlier , are uniquely specified by the set of points { ¢ } at which there are
excitations .

The augmented space Hamiltonian commutes with all the symmetry operations of the

Hilbert space . The transformation of basis orbitals under point group symmetry operation is
given by

T{8) ® |for30m09)} = T18) ® | f10, Tos,...Tey) = |V) @ |£,1)

Thus the equivalent states corresponding to |£) is obtained by applying symmetry operations
independently to Hilbert space part and configuration part and picking up the distinct ones
The operation of the augmented space Hamiltonian redefined for confinement of recursion
procedure to irreducible portion of Hamiltonian , for orbitals with spherical symmetry ,is given

by

(65}t = el © ) va—j

where W; and W; denote the number of equivalent states corresponding to £y and &r .
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[New | Ny [N, [ M s | 7 |

5 70 | 17 | 5 | 4.7311.69
7 | 610 |103 | 7 | 5.62|1.73
9 [48381691]9 |6.87]|1.77

Table 3.3: Comparison in system size and time taken in augmented space recursion for a
model 50-50 alloy system described by tight-binding s-orbital Hamiltonian ( on-site term for
components A and B, ¢4 = 2.0 , eg = -2.0 and non-random off-diagonal term V = -1.0. )
in a square lattice , invoking and not invoking symmetry for fixed number of shell and fixed

recursion step. Time quoted are CPU time in seconds on a HP 9000/300 machine . All table
headings have the same meaning as in Tables 3.1 and 3.2.

(Nw| Ny | N [ M7/ |7
1] 1 1L ]-01-]-
2|25 | 7 |-|-]|-
3| 385 | 70 |8 |43 |23
4 | 5213 {765 | - | - | -
5 |69877 |9287| - | - | -

Table 3.4: Comparison in system size and time taken in augmented space recursion for the
fcc based AgPd alloy system at 50-50 concentration described by TB-LMTO Hamiltonian ,
invoking and not invoking symmetry for fixed number of shell and fixed recursion step. Time
quoted are CPU time in minutes in a HP 9000/300 machine . All table headings have the same
meaning as in Tables 3.1-3.3.
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Figure 3.2: (a) Density of states for a model 50-50 alloy based on square lattice described by
tight binding Hamiltonian ( on-site terms ¢4 = 2.0 , g = -2.0 and transfer term V = -1.0 )
obtained by recursion on symmetry reduced map . (b) density of states for fcc based 50-50
AgPd alloy described by LMTO Hamiltonian obtained by recursion on symmetry reduced map
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Introduction of orditals without spherical symmetry , introduces another factor of B¢, (L, L")

determining whether the state ¢; is a symmetric state with respect to orbitals L and L', so
that the redefined Hamiltonian operation becomes

(1 H |7 moa = 3 (&1 ® ﬁlﬁJ)\/?,IV,—Zﬂez(L,L')
I I

A given site in augmented space is symmetric site with respect to orbitals L and L’ , if the
real space site i and the sites { o } at which there are excitations satisfy the condition of being

symmetric site with respect to orbitals L and L', in the sense defined in the context of real
space recursion

In Table 3.3 - 3.4 we compare the number of sites and the CPU time needed for augmented
space recursion , making use of symmetry and those obtained without invoking symmetry for
square and fcc lattice. Figure. 3.2 shows corresponding density of states obtained.

3.4 COMPUTATIONAL DETAILS.

We now mention some details concerning the numerical part of the problem. Total energy
density functional calculations were performed for the elememts. The Kohn-Sham equations
were solved in the local density approximation (LDA) . The LDA was treated within the context
of the method of linear muffin tin orbitals in the atomic sphere approximation. The computation
were performed semi relativistically and the exchange correlation potential of von Barth and
Hedin (1972) was used. The basis set composed of £ = 0,1,2 orbitals so that the occuring
matrices are of order 9. The elemental potential parameters appropriate to the alloy radius
was used to parametrize the alloy Hamiltonian. This essentially takes into account charge self
consistency , as explained latter , in an approximate yet accurate way. For the purpose of
augmented space recursion , a four shell augmented space map was generated from a cluster of
400 sites , with interaction upto first nearest neighbour for the most closed packed fcc based
structures. For the pure metallic cases we have gone upto fifteen levels in the continued fraction
to reproduce the sharp structure. For the alloys we have gone upto seven recursion levels. This
is sufficient , since disorder smears out the fine structures in the density of states.

3.4.1 Charge Self Consistency

We describe here a way to account for charge self-consistency proposed by Kudrnovsky and
Drchal (1990) . Their idea was an extension to disordered alloys of the method described by
Andersen et. al. (1987) for ordered intermetallics.

The flexibility in the choice of the atomic sphere radii allows one to include the effects of
charge self consistency approximately yet accurately without the need for full self consistency.
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For this one needs the information of potential parameters and their volume derivatives of
elements. The essential idea is the charge neutrality of the component spheres. LMTO-ASA
offers the option to choose different radii for the host and the impurity atom and one can vary
them with the restriction that overlap between spheres mearsured by

sf4+ s —|R-R|
R

do not exceed 30% of s ( s® being the radius of the sphere at site R ). Thus one can vary
the sphere radii about the pure component values to obtain charge neutral spheres. For binary
A;B;_, alloys with volume V¥ per atom, the atomic volumes of the constituents , V@ , ( Q
= A,B) should satisfy the volume constraint

gVA 4 (1 - z)VE = yalloy (3.10)

The assumption of a linear pressure volume relation yields

VA-V) (VP -V)
VA ' VA

o

=B5:.pA (3.11)

where V¢ ( Q = A,B) are the atomic volumes of the components at normal pressure and
B? ( Q = A,B) are the corresponding bulk moduli.

The solutions to equations (3.10) and (3.11) are

VA —_ BoBVa”oy + (1 - x)VoB(B: - BoB)V/t
“VABE +(1-2\VEBA "
BAVHI 4 sVABS - BY).

sVABZ + (1 - 2)VP B}

VB

For alloys obeying Vegard’s law where the volume per atom in the alloy is simply the
concentration weighted average of the normal pressure atomic volumes of the constituents i. e.

Valloy = :L‘V:,A + (1 — CII)VOB

the solution is trivial , V¢ = V@ ( Q = A,B), that is , atomic volumes of the elements
should be taken at normal pressure. The potential parameters in the alloy for the component
Q(Q=A,B) should be calculated at new radius s? = ( 3V? / 4 = )13 | For large differences
between s9 and s§ [= (3VOQ/41r)1/3] it is important not to interpolate linearly in s?. The
suggestion is to use logarithmic interpolation given by
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dC?
dins9

Q _ 494 d7g In( Q/SQ)
L = YL dins9 s 0

da9

Qs
a8 = a3 |%]

So

Cf = Ci+ in(s?/s3)

The potential parameters of elemental metals for normal pressure as well as their radial
derivatives obtained via self consistent LMTO-ASA calculations are tabulated in the review
article by Andersen et. al.(1985) . To correct for the fact that alloy Wigner-Seitz radius wayoy
differs from the radii s? which affects only two of the parameters A and 4 , one has to multiply
them by (59 /waiiey)#+1. This scheme of calculation provides one with the species potential of
neutral spheres which are related to a common zero of the energy within ASA and thus rules
out the calculation of a Madelung potential. The Madelung term due to charge transfer effect
gives rise to a constant shift in potential parameter values. Calculation with neutral spheres
with no Madelung term present has been shown to be accurate enough for metallic alloys ,
involving small charge transfers and consequently a small Madelung shift .

Our work is based on this prescription of charge self consistency scheme. It is worth men-
tioning at this point that in principle , one can also carry out the full charge self-consistency
for the disordered alloys . Such a charge-self-consistent calculation involves self-consistency for
the average component atom .

From the average component atom projected density of states one can calculate the energy
moments , hence the charge density in the average component spheres by :

np(r) = 1/47 3 {m®L 3. (r) + 2mEL drr(r)re(r) + mizh (She(r) + ¢r(r)é(r)rr)}

where

E
m) = /_ o: dEnpp(E)(E - E, pr)? (3.12)

nrr(E) is the orbital projected partial density of states . égr (r) and ériL (r) are the
solution of the Schrédinger equation in a sphere. From the charge density one can calculate
the potential by solving the Poisson equation and the exchange-correlation part by the density
functional formalism . The Schrédinger equation is then solved to obtain a new set of potential
parameters for components and the calculation is repeated until the-input and output charge
densities ( or potentials ) are identical within a preassigned error limit . However such a
full-fledged self-consistent calculation is time-consuming and furthermore unlike the ordered
intermetallics there is no unique prescription for calculation of the Madelung potential due to
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charge transfer between various spheres and at this point one has to make one or the other
approximate definition.

This full-fledged charge self-consistency scheme has been reserved for future work beyond
this thesis.

3.4.2 The MultiSpin Coding Technique

We have discussed in section 3.3 , how the symmetry reduction of augmented space Hamiltonian
can be utilised for practical implementation of the augmented space recursion . We now discuss
of the computational scheme that has been used in conjunction with symmetry reduction for a
fast and space- saving implementation of the augmented space recursion .

Each basis in configuration space , carrying information about the occupation variable at
every site , is nothing but strings of 0’s and 1’s . We may thus represent the basis vectors
by a collection of binary words . In a M -bit machine , each M-bit word can represent upto
(M - 1) terms as a sequence of 0’s and 1’s and for the configuration of a lattice having size N
y N/(M - 1) words are necessary . This enables us to store configuration states efficiently and
provides large scale saving of computer disk space .

The 0’s and 1’s characterizing the two states of a given site , may be identified with the up
and down states of an Ising system and the operations of the augmented space Hamiltonian
, which project out or change the configuration state at a given site are identical with the
spin projection and spin flip operations of the Ising Hamiltonian . This allows us to use the
computational techniques , used in the numerical work with the Ising model ( Chowdhury et.
al. , 1987), extensively .

The operations on the configuration part of the augmented space Hamiltonian can be rep-
resented as

bi\biBIC, {Sc}] = B'[C",{Sc/}]

bl\ , b, are creation and annihilation operators of excitations caused by the disorder fluc-
tuation at the sitei . B [ C, { S¢ } ] represents the binary sequence representation of a
configuration space basis member with cardinality C and cardinality sequence {S¢} and simi-
larly B’ [ C', {Sr} ] represents that with cardinality C' and cardinality sequence {So} .

If A = u , then we have the projection operation , so that C = C’ with {Sy} = {S¢} . If
A # u then we have the spin flip operation . There can be two possibilities , either i belongs to
the cardinality sequence { S¢ } or it does not . If i € {S¢} , since the flip operation changes
the variable at site i from 1 to 0, we have C' = C - 1 and {Sg'} = {S¢} © i . Alternatively
,fori € {Sc} we have C' = C + 1 with {S'} = {Sc} @ i . These can be achieved with the
help of predefined logical operations in any programming language ; e.g. IBITS , IBSET and
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IBCLR in fortran77. IBITS tests the bit type ( whether it is 0 or 1 ) at a given site , IBSET
sets bit type at a given site to be 1 while IBCLR sets bit type at a given site to be 0 .

Thus for the flip process ,

B'[C', {S}] = (€)IBOLR()BIC, {So}] + (1 - L)IBSET()B(C, {So}]
with
L = IBITS(3)BIC, 5c]

Configuration corresponding to i-th site stored in m-th position of n-th word

where

m=>G-1)-(n=-1)(M-1)

The binary word representation on one hand saves the computer storage enormously . On
the other the use of logical operations with bit manipulation techniques makes the action of
the augmented space Hamiltonian computationally very fast , avoiding the repetitive use of
branching IF statements .

3.5 APPLICATIONS

3.5.1 AgPd Alloys : A Test Case

The AgPd alloy series is one of the test cases among binary systems . This is in part due to
its simple metallurgical properties , namely , that the two constituents form continuous solid
solutions with no change in crystal structure. It has the advantage that the centres of the d
bands of the two constituents are appreciably separated , so that the effects caused by changing
the composition can be resolved. X-ray photoemission spectra result ( Hiinfer et. al. , 1973)
for wide range of alloy composition is available for AgPd . XPS density of states reveals that
the centers of the bands are almost independent of concentration for Ag as well as for Pd .

This ,in turn , indicates that the local potentials at the sites of Ag and Pd are roughly
independent of concentration , an assumption which underlies the CPA description of the binary
alloy systems , as well. A comparison between XPS density of states and CPA density of states
show that the over all prediction of the CPA is verified in AgPd system , an alloy system that
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falls into the split-band regime with dominating diagonal disorder, weak off-diagonal disorder
and small mismatch in the atomic sizes of the constituents, as they come from the same row of
the periodic table.

Both charge self-consistent and charge non-self consistent calculation has been done in the

KKR-CPA framework ( Winter and Stocks , 1983) . LMTO-CPA calculations for AgPd alloys
have been done by Kudrnovsky and Drchal (1990).

While the charge non-self consistent implementation of the KKR method suffers from the
mismatch of the energy scales , the approximate way of performing charge self-consistency
within LMTO-ASA frame-work provides proper positioning of constituent bands on the energy
axis , avoiding the necessity of performing time-consuming charge self-consistent calculations.
The emperical TB-CPA result ( Laufer and Papaconstantopoulos , 1987) for AgPd alloys with
proper description of diagonal disorder and alignment of crystal Fermi levels to determine
relative position of Ag and Pd bands on the energy scale also provides a reasonable electronic
structure description of the AgPd alloy system. We have deliberately chosen AgPd as a testing
case of theory , since our aim is to go beyond CPA , we will have to first prove the theory to
cases where CPA works satisfactorily. In Figure. 3.3 we present our result for Ag,Pd,_, for
x=1.0,0.75, 0.5, 0.25 and 0.0 .XPS results for AgPd alloys are shown in Figure. 3.4. Qur
result agree reasonably well with impurity peak due to Pd for the Ag rich alloys . The general

shape of the density of states of the constituents , the position of the Fermi energy and the
dominant peaks have been reproduced.

It should be mentioned that the Pd based impurity peak for Ag-rich AgPd alloys and Ag
based impurity peak for Pd-rich AgPd alloys, obtained in KKR method are more pronounced
and the detail shapes are in better agreement with experiment than those obtained using
LMTO methods ( LMTO-CPA and TB-LMTO-ASR). However the agreement for the impurity
peak positions ¢0.14 Ryd measured from Fermi energy for Pd impurity peak in AgzsPd,s alloys
and=0.4 Ryd measured from Fermi energy for Ag impurity peak in AgysPdss alloys ) is good
enough. The reason may probably be attributed to the use of less accurate electronic structure
description of LMTO in LMTO-CPA and in LMTO-ASR compared to that in KKR-CPA .

3.5.2 CuPd Alloys

Copper and Palladium form random alloys of fcc structure at temperatures above 600° K
throughout the concentration range . This structure persists to low temperatures except for
palladium concentrations between about 10 % and 25 % , where transformation into the CuzAu

structure and long period ordered structure occur, and between 30 % and 50 % , where trans-
formation into the CsCl structure occur.

However using rapid quenching techniques it is possible to maintain the disordered fcc phase
at low temperature throughout the concentration range .

In spite of the propensity of these alloys to establish some degree of short-range order , as
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has been demonstrated by diffuse electron scattering work (Ohshima and Watanabe , 1973) , it
seems reasonable as a first step to calculate the electronic structure of CuPd alloys under the
assumption of complete randomness. Even if the physical quantity in question depends non
negligibly on ordering or clustering effects , the results for the random case are needed as the
starting point for taking into account such effects.

The trends in the electronic structure of the CuPd alloys are quite different from those of
AgPd . In tight-binding terms we characterize CuPd as a system in which off diagonal disorder
dominates diagonal disorder . As a result a number of novel features appear in the density of
states. The most important effect is that there is a common d band at all concentrations and

no palladium virtual bound state , rendering the split band picture of the alloy theory totally
invalid.

Furthermore , the pure Cu and Pd d band widths are very different , being respectively
3.3 eV and 5.5 eV . This non-isochoricity leads to effect like lattice relaxation , leading to
perturbation in the fcc structure of the alloy , dominant in the Cu-rich regimes of the alloy .
Treatment of such effects need extension beyond CPA and attempt to take into account such
effects within the present frame-work has been dealt in the next section. In the present section
we present the result for Cu,Pd;., with x = 1.0, 0.5, 0.25 and 0.0 and defer the result for Cu-
rich alloys CuysPdys for the next section .Since this is an alloy with predominant off -diagonal
disorder , the inability of the emperical TB-CPA method to tréat properly the off-diagonal
disorder and to determine the relative positions of alloy constituents on the energy scale, give
result ( Laufer and Papaconstantopoulos , 1987) that disagrees in the details of the density of
states. Same is true for the non charge self-consistent KKR-CPA ( Rao et. al.,1984) . LMTO-
CPA calculation ( Kudrnovsky and Drchal , 1990) in which the disorder in the multiplicative
factors A’s of the off-diagonal element is taken into account via a mapping of the Hamiltonian
with only diagonal disorder compares well with our result ( shown in Figure. 3.5(i) -(ii) ).

3.6 LATTICE RELAXATION

Alloys with constituents coming from different rows of periodic table ( like CuPd , CuAu, CuBe
, CuRh ) are characterized by large differences in pure component band-widths , reflected as
strong off-diagonal disorder . The single-site CPA combined with simple-minded virtual band
treatment of off-diagonal disorder by linear scaling of the valence band does not work in these
cases and one has to use more sophisticated theories of CPA , like KKR-CPA ( Stocks et. al. ,
1977) with disorder in scattering t matrices or properly generalized off-diagonal treatments like
BEB ( Blackman et. al. ,1971) within CPA or the approach of Kudrnovsky and Drchal (1990)
of mapping the off-diagonal disorder problem onto an equivalent diagonal disorder problem .

For alloys with components from different rows , there is also an associated size effect due
to different atomic radii of components . In most alloy theories developed , this size effect
is usually overlooked and atoms are placed on a regular lattice with fixed lattice constant all
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over the lattice . In such a model , namely the virtual crystal structure model (Masek and
Kudrnovsky , 1986) , the lattice cannot accommodate the differential expansion (contraction)
around the larger ( smaller) component and the lattice remains locally strained . For dilute
alloys with low concentration of larger ( smaller ) radii components , such deviation from ideal
lattice structure becomes appreciable and may lead to significant changes in electronic density
of states . This lattice relaxation effect has been suggested as one of the possible candidate for
explaining the discrepancy between the photoemission studies ( Wright et. al , 1987) and the
theoretical calculations of KKR-CPA ( Winter et. al. , 1986) on Cu rich CuPd alloys.

Such non-isochoric alloys with their associated relaxation effects are important for various
other reasons .Various phenomenological theories of alloying , such as Hume-Rothery rules,
state that size effects are significant with regard to phase stability . The problem of size effect
in the context of the Li-Al phase diagram has been considered approximately by Sluiter et.
al. (1990). Furthermore , lattice relaxation has been found to have significant effect on local
magnetic moments of dilute alloys . In general , the mpment decreases ( increases ) with a local
lattice compression ( expansion ) ( Stefanou et. al. , 1987a ) .

The TB-LMTO-ASR is capable of treating off-diagonal disorder on an equal footing to
diagonal disorder . Since in augmented space recursion method , the form of the Hamiltonian
is kept intact with both diagonal and off-diagonal disorder , the problem of lattice relaxation

which brings about disorder in structure matrix describing the geometry of the lattice can be
dealt with ease.

3.6.1 Approaches for the study of Lattice Relaxation

Previous approaches

(i) The KKR-Green function method (Stefanou et. al. , 1987b )

KKR-Green function calculations including lattice relaxation effect has been carried out
for a Pd impurity in Cu host . In this calculation , first the Green function of the pure Cu
host was obtained from a self-consistent'band structure calculation . By inserting the Pd
impurity , the Pd potential as well as the potential of the neighbouring Cu atoms were
allowed to be perturbed . The effect of lattice relaxation is taken into account by allowing
the outward relaxation of the first shell of Cu atoms . The multiple scattering within this
cluster embedded in the pure host was then calculated exactly and the potential are
determined self-consistently by iteration . However , proper extension of a such a scheme
to concentrated alloys requires a more sophisticated theory than the KKR-CPA.

(i) LMTO-CPA approach ( Kudrnovsky and Drchal,1989)

The different sizes of atoms cause structural deformations in random alloys and the struc-
ture constant arising in LMTO Hamiltonian S}, .., becomes dependent on the occu-

pancy of sits R and R’ by A or B type of atom . It leads to a trimodal distribution
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of structure constant ( S44 , S4B or S84 and SB2 ) assuming the perturbation due to
structural deformation to be restricted between connecting pair of atoms . Single sited
CPA theory cannot account for the exact inclusion of this structural disorder in S%L,R.L,
and they are accounted approximately by setting

, Wal I+ 41
0 QQ . alloy
(SRL,R’L')relaa:ed = (SORL,R'L')unrelazed ('—'——)

VsQs9
Q, Q can be A or B type.

where Watoy , 89 and §9 denote Wigner-Seitz radius for the alloy and the pure components

Q, Q' respectively. This is based on the scaling relation of the structure factor matrix
given by

1 1+ +1
S ()

where d = |R — R| and the approximation of relaxed distance d?9’ between two sites R

and R’ occupied by atoms Q and Q' , in terms of the distance do between the same sites
in the unrelaxed lattice as

PEAIGET. W (99 )12
° 2wa”oy ° Walloy

Thus disorder in structure factor , essentially , modifies the multiplicative factors (Ag)l/ 2

and (AF )1/2 . Furthermore the factors introduced in A ’s due to approximate treatment
of chrage self-consistency ( discussed in section 3.4.1) exactly cancel out that coming from

(IS’?:{'ICJ2 g, 1! relazed and the simple prescription is to use pure component potential parameters
for alloy calculations .

This simplified scheme of calculation takes into account the disorder in interatomic dis-
tances approximately without consideration of angular distorsion of bonds arising due to

size effect and gives us the experience of the consequence of lattice relaxation effects in
alloys.

(iii) Supercell Approach ( Lu et. al.,1991a;1992)

Lu et. al. (1991a;1992) applied the special quasirandom structures construction to
non-isochoric alloys in the context of local-density total-energy minimisation , finding a
distribution of A-A , A-B and B-B bond lengths deviating from single , unrelaxed values .
They applied LAPW band structure techniques to repeated supercell where they created
a distribution of distinct environments , average corresponding to the random medium

For concentration x = 0.25 , the special quasi-random structure was constructed by
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AgB; layers stacked along [ 2 0 1] direction . Their calculation of lattice expansion in

dilute limit for CuPd alloys gave 2 % expansion around Pd atom , which agree well with
EXAFS experimental data .

However their calculation being based on supercell technique has its own limitation , as
an example , being restricted to concentration x = 0.25 , 0.5 and 0.75 .

Present Approach
TB-LMTO-ASR With Structural Disorder

The random Hamiltonian for binary AB alloys described under the framework of tight-
binding LMTO basis is given by

HI';L,R'L' = Y {Chnr+CR(1-nr)} +
S LK) nn+ (AK2)" (1 = na)} ..
S R'L'{(AR'L') np + (A;zl'zz/) (1 -ng)}

where the potential parameters C and A!/? at site R in the most localized 8 representation
can be of A type or B type depending upon whether ng is 0 or 1 i.e. , whether it is occupied
by an A atom or a B atom . In absence of any positional disorder , the structure matrix which
characterizes the underlying lattice structure is independent of the component atom type and
one expects it to be non-random . However for non-isochoric alloys , the minority component
introduced in the matrix of the majority component gets shifted from the unrelaxed lattice

positions . In other words where such a minority component sits, the lattice locally deviates
from that of a regular lattice.

The effect of lattice distortion depends on the local environments as the structure matrix
essentially vanishes beyond the second nearest neighbour for most of the closed structures. As
an example , on a fcc lattice we can identify the smallest tetrahedral units of nearest neighbour
atoms. The possible combinations of A and B atoms occupying the corners of the unit can be
of type AAAA,AABB,ABBB,ABBB,BBBB (shown in fig 3.6).

The configurations obtained by rotation from another configuration have same contribution
to the structure matrix. Thus the structure matrix element between two points occuring in the
unit will be given by

(AAAA
SRLRL = SHLEPRIRNRR, + Shere NRnRnR, (1 = NR,) + .
+(1 — ng,)ng,np,nR, + nr,(1 — nR,)NR, PR, +

nenR; (1 = g )R, + SR AL
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[rRing(1 = nR,)(1 = nR,) + (1 = nR)nR;(1 = nRy )R, +

(1 - nR‘)(l - nR,.)nR,‘nR,,, + (1 - nR‘.)nR,.nR,,(l - an)

+np,(1 = ng;)(1 = nr, )R, + nr(1 = np,)np, (1 — ng,)] + Shpr s
[PR(1 = nR;)(1 — 1R, )(1 =~ nR,) + (1 = nr)nR;(1 = nR, )(1 = nR)
+(1 = ng,)(1 — ng,)ng,(1 = ng,) + (1 = ng)(1 = ng,)(1 — np,)nR,] +

«(BBBB
Senmp (1= nr)(1 = ng;)(1 = ng,)(1 — ng,,)

where ng, and ng,, describes the influence of the local environment on the structure matrix
element connecting points R; and R; . This description takes into account both the effect
of distortions of the distance between R; and R; and the angular distortion of the square as
we go from one configuration to another. For the fcc lattice with structure matrix practically
vanishing beyond the first nearest neighbour shell , number of such inequivalent configurations
considering all the nearest neighbours will be 144 . Consideration of all these configurations
will lead to an exact treatment of the distortion effect. However since the computational effort
becomes very quickly prohibitive with increase in the possible values assumed by the S-matrix,
we will assume that the influence of other nearest neighbours on the structure matrix element
connecting each atom with its particular neighbour to be small. This is the terminal point
approximation. In this approximation all terms involving ng, and ng,, in the example are
replaced by the averages and the effect of angular distortions are only taken in an average
sense. Invoking the terminal point approximation the number of inequivalent configurations
become three, making the distribution of structure matrix to be a tri-modal one . Since all CPA
calculations involving single-site approximation cannot deal with off-diagonal disorder with tri-
modal probability distribution , one has to make further approximations at this point . The
augmented space recursion , being free from such limitations can deal with this off-diagonal
disorder exactly.

Since n = np, , an examination of the above Hamiltonian reveals that it involves four

possible terms , one describing the uniform background against which the fluctuations are
measured , a term describing fluctuation at the site R; , a term describing fluctuation at the
site R; , neighbouring site of R; and finally a term describing joint fluctuations at both the sites
R; and R;.The effective Hamiltonian in the augmented space is then constructed by replacing
the site occupation variable ng by operator ME defined in the configuration space.

The degree of lattice relaxation is however a delicate problem which calls for the first-
principle treatment including total energy calculation.The corresponding calculations should
provide both displacement of atoms and the electronic structure in the relaxed lattice. Since
such a self-consistent is not possible to carry out , at least at present time we shall assume
that the lattice relaxes in such a way so as to keep the nearest neighbour distance equal to the
sum of the corresponding atomic radii , namely the rigid ion structure model (RIS) (Masek
and Kudrnovsky , 1986). It should be mentioned that total energy calculations with respect to
the degree of lattice relaxation have been done using super-cell LAPW method by Lu et. al.
(19912;1992) which has been discussed earlier.
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Figure 3.6: Structure of a tetrahedron fcc cluster for various possible occupations of vertices
by A and B atoms
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3.6.2 Application to Cu-rich CuPd and CuBe alloys
Cu-rich CuPd Alloys :

As already discussed unlike other transition metal alloys for example Ag,Pd;—, , Cu,Nij_,
and Cu,Pd,;_, alloys consist of atoms belonging to different series in the periodic table and
thus differing significantly in atomic number . Since the Pd 4d-wavefunctions are much more
extended than the Cu 3d-wavefunctions , making Pd 4d-bandwidth two times greater than that
of Cu , the electronic structure of CuPd alloys dilute in Pd does not show the virtual-bound
state which is characteristic of CuNi and AgPd.

The electronic structure of non-ischoric Cu-rich CuPd alloys have recently attracted a con-
siderable attention because of the controversial issue of expermimental result contradicting the
theoretical analysis based on charge self-consistent KKR-CPA calculation . The disagreement
between theories like KKR-based CPA ( Winter et. al. , 1986) and experiments ( Wright et.
al. , 1987) lie in considerable suppression of low energy peak and in the narrowing of Pd
local density of states in the experimental data. The former effect comes from use of same
Wigner-Seitz radii for Pd and Cu atom , leading to overscreening at the Pd site. This makes
the Pd site more attractive , producing a low energy peak . Since LMTO calculations offer
one the advantage of working with different atomic sphere radii for Pd and Cu , the calculated
density of states under the LMTO framework does show suppression of low energy peak . Sec-
ondly the narrowing of Pd local density of states is caused by the lattice expansion around the
impurity atom . The actual Cu-Pd distance is underestimated in the single muffin-tin model .
Consequently both the Cu-Pd and Pd-Pd hopping and the Pd band-widths are overestimated.
We have carried out calculation for CugsPds and CuzsPdgs alloys . In Figure. 3.7(i) and 3.7(ii)
we present the Pd local density of states for CugsPds and CursPdys alloys with and without
lattice relaxation effect which show agreement with this expectation . In Figure. 3.8(i) and
3.8(ii) we present the same for Cu local density of states .

Calculation for Pd local density of states taking into account lattice relaxation effect has
been carried out using single impurity calculation of KKR-Green function ( Stefanou et. al.
, 1987b) , LMTO-CPA ( Kudrnovsky and Drchal , 1989 )and LAPW-supercell method ( Lu
et. al. ,1991a) . The single impurity result has been convoluted (the width 0.1 eV) by
Kudrnovsky and Drchal (1989) to simulate finite concentration alloys so as to make the result
comparable with that of the CugsPds alloy.

Bose et. al. (1992) have applied LMTO-recursion method for calculating the density of
states for the disordered CursPdgs alloy in which configuration averaging was done by direct

averaging of LDOS for 50 configurations . This,as they rightly pointed out , cannot effeciently
sample all the possible environment .

If we compare our result with that of Bose et. al. ’s result , we find that the ours result
better reproduce the relative heights of the peaks for Pd local density of states as obtained in
CPA calculation and in the experiment of Wright et. al. (1987) [ shown in Figure. 3.9] where
they obtained emperical results for Cu and Pd partial density of states by taking the advantage
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Figure 3.7: The local densities of states on Pd site in (i) Cugs Pds and (ii) CursPdgs alloys. The
solid one represents result without lattice relaxation and the dashed one with lattice relaxation
effect. The vertical lines show the position of the Fermi Energy.
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Figure 3.8: The local densities of states on Cu site in (i) Cugs Pds and (ii) CussPdys alloys. The
solid one represents result without lattice relaxation and the dashed one with lattice relaxation
effect. The vertical lines show the position of the Fermi Energy.
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Peak position and | LMTO- [ LMTO- | LAPW- | LMTO-
relative peak heights | CPA | Recursion | Supercell | ASR
Peak 1 =0.09 -0.08 -0.073 =0.075
Peak II -0.24 ~0.26 -0.21 -0.22
Peak III -0.34 -0.35 -0.33 -0.39
Pr / prr 1.36 1.0 1.56 13
1 / PIII 1.36 1.0 14 2.0

89

- Table 3.5: Peak positions and relative peak heights of Pd local desity of states (relaxed calcu-
lation) in the CussPdys alloy . Values quoted for LMTO-CPA and LMTO-recursion are taken
from figures of Bose et. al. (1992) and the results for LAPW-supercell are taken from Lu et.
al (1992). Peak I, Peak II , Peak III denote the positions of three sucessive peaks in LDOS
of Pd positioned from higher to lower energy .Peak positions are measured in Ryd from Fermi
levels . pr, prr, prir denote density of states at corresponding positions .

Peak position and | LMTO- | LMTO- | KKR-Green
relative peak heights | - CPA ASR I Function |
Peak I [ =011 [ =0.12 ~0.11
Peak II -0.26 -0.25 -0.27
Peak II1 ~0.35 -0.34 =0.38
PI / prr 1.2 1.7 1.5
p1/ prr 1.2 1.7 1.5

Table 3.6: Peak positions and relative peak heights of Pd local desity of states (relaxed calcula-
tion) in the CugsPds alloy . Values quoted for LMTO-CPA and KKR-Green function method
are taken from figures of Kudrnovsky and Drachal (1989) . Peak I, Peak II , Peak III denote
the positions of three sucessive peaks in LDOS of Pd positioned from higher to lower energy
Peak positions are measured in Ryd from Fermi levels . pr, prr, prrr denote density of states
8t corresponding positions .
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Figure 3.9: (a) Cu and (b) Pd LDOS’s obtained from the valence-band photoelectron spectra
in CuzsPdjs of Wright et. al.(1987) . Results of relaxed TB-LMTO-ASR calculation are also

shown by plotting data in the same scale as that of experiment for comparison . Fermi energy
has been adjusted at 0 eV.
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Figure 3.10: (i) The local densities of states on Cu site in Cugo Bejo alloys. The solid one
represents result without lattice relaxation and the dashed one with lattice relaxation effect.

The vertical lines show the position of the Fermi Energy. (i) Same as (i) but for local densities
of states on Be site .
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of the copper minimum in the Pd photo- electron cross-section.

For Cu local density of states , we donot observe three sharp peaks , which are obserbed
in CPA calculations based on KKR mathod as well as LMTO method. However this is in
agreement with the experimental result of Wright et. al.(1987) . A comparative study of the
characteristic quantities of component resolved density of states obtained in lattice relaxed
calculation of various theoretical methods has been made in Table (3.5)and (3.6) for Pd local
density of states in CussPdys and CugsPd; alloys.

Cu-rich CuBe Alloys :

Cu alloyed with small amounts of Be increases the material strength of the pure metal
considerably. It has been argued (Askeland , 1990 ) that the slip dislocations get pinned by
strong local lattice distortions ( arising out of size mismatch of constituents ) giving rise to
high strength-to-weight ratio.

Be atom is smaller in radius as compared to Cu atom. The size mismatch between Cu
and Be radii is about 10 % , larger compared to that of Cu and Pd which is about 7 % .
Since Be atom is smaller in radius the lattice around Be site instead of being expanded gets
contracted and use of same hopping underestimates Be-Cu , Be-Be hopping and Be band width
. In Figure. 3.10. we have plotted Cu LDOS and Be LDOS for the CugoBeyo alloy , with and
without lattice relaxation effect . While Cu LDOS remains essentially unchanged under lattice
relaxation effect with minor effect as in CuPd alloys the Be LDOS shows a broadening effect
with the centre of gravity shifted towards lower energy .

3.7 SUMMARY

In summary , the proposed methodology of augmented space recursion in conjunction with
TB-LMTO method proves to be a simple , accurate and computationally efficient method for
the first principle calculation of electronic structure of disordered alloy systems . The method
provides a systematic way for extending beyond single site coherent potential approximation .
It has been shown to be capable of taking into account the effect of lattice relaxation within
a prescribed form . The use of recursion technique with suitable terminating scheme on the
sugmented space , 8o constructed , makes sure of the fact that TB-LMTO-ASR Green functions
retain the essential Herglotz properties.



Chapter 4

STUDY OF PHASE FORMATION
AND PHASE TRANSITIONS IN
BINARY ALLOY SYSTEM *

41 INTRODUCTION.

As mentioned in the previous chapter, alloys are multiphase systems and it is of great interest
to the condensed matter theorist to find out , when and under what conditions a particular
phase becomes favourable for a particular alloy system . Such studies involve determination of
the ground states ( i.e. stable phases at 0° K) as a function of the composition and then use of
the ground states to construct a temperature-composition phase diagram which indicates the
regions of concentration and temperature within which the alloy will exist in a particular phase
after it has been allowed to reach thermodynamic equilibrium.

The phase diagrams of transition metal alloys show a wide variety of ordered structures
stable at low temperature. One can distinguish namely the following types of ordered struc-
tures: coherent structures which are built on a b.c.c, f.c.c, h.c.p...lattice, A15 structures, long
period ordered structures , laves or even more complicated phases. Several attempts to classify
the ordered crystal structures of binary alloys A;B;_, according to the values of the various
semi-emperical parameters have been reported previously (Ducastelle,1991). The simplest pa-
rameters are the average number of electrons per atom N = x N4 + (1-x) Np and the valence
diffence A N = N4 - Np . For the sake of good scientific progress it is now important to obtain
a microscopic understanding . Such an understanding'should encompass fundamental concepts
such as configurational energy, heats of mixing etc. and should lead to the construction of alloy
phase diagrams with ab-initio , parametrization free quantum mechanical methods. It would

1" * Part of this chapter has been accepted for publication in Phys.Rev.B (October,1994)
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then hold the promise of providing a predictive capability of material properties leading to the
design of materials with novel properties compatible with specific engineering applications.

Models are often formulated in terms of effective multi-site interactions which can be used to
represent the configurational energy of the system under study. These interactions can either be
inferred experimentally , determined within phenomenological theories or obtained as the result
of fitting procedures in specific statistical models. Such determinations have been employed in
most applications in the past. During the last few years a first principle calculation of these
interactions on the basis of the electronic structure of substitutionally disordered alloys has
- been possible as a step towards unifying the theoretical metallurgy and the basic physics of
condensed matter. The difference between the configurational energies between two ordered
structures giving the relative stability energy is then obtained as a linear combination of various
effective interactions. To have an idea of the magnitude of energy that has to be handled for
this , we quote the energies with different orders of magnitude, namely , the cohesive energy (
a few eV per atom ) , the formation energy ( a few 10~! €V per atom) , the ordering energy
( about 10~! eV per atom) and the relative stability energy ( about 10-2 eV per atom). In
view of such order of magnitudes , it is obvious that before any physical prediction about
stability can be made , energies have to be computed very accurately. In literature several such
methods exist which have been briefly reviewed in subsection 4.2.1. Our work as a contribution
in this direction addresses the calculation of ordering energies in terms of uniquely defined
, concentration-dependent effective cluster interactions in substitutional binary alloys, use of
cluster interactions for study of phase stability and determination of instability temperature

in phase-separating alloy systems by making use of cluster interactions in conjunction with
statistical model.

4.2 THE FREE ENERGY MODEL

Discussion of the introductory section reveal that the study of phase formation and stabil-
ity of solid solutions can be undertaken on the knowledge of accurate approximations to the
configurational energy and on the use of statistical models.

The configurational partition function can be written as

Z= Y exp{—E(state)/KpT} =_ g{n}ezp{—E({n})/KsT (4.1)

states {n}

where g{n} is the statistical weight of the configuration defined by the set {n} of occupation

variables ( takes value 1 if a state is occupied by A type of atom or 0 if it is occupied by B
atom for binary alloy systems )

Equation (4.1) can be rewritten as
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2= S eap{~F({n})/ KT}

with the nonequilibrium free energy function F defined by

F{n} = E{n} - TS{n}

and the configurational entropy given by
S{n} = Kglng{n}

The equilibrium free energy is then obtained approximately by minimising the non-equilibrium
free energy function ( i.e., replacing the sum in the partition function formula by its maximum
term so that fluctuations about the most probable states are neglected ) as

Fo & mingyF{n}

43 ENERGY CALCULATION : MODEL IN TERMS
OF EFFECTIVE CLUSTER INTERACTIONS

43.1 Previous Approaches

Traditionally there has been two different approaches of obtaining the effective cluster interac-
tions. The first approach is to start with the electronic structure calculation and total energy
determination of ordered super-structures of the alloy and to invert these total energies to get
the effective cluster interactions namely ,the Connolly-Williams method (Connolly and Williams
, 1983) . The other approach is to start with the disordered phase , set up a perturbation in
the form of concentration fluctuations associated with an ordered phase and study whether
the alloy can sustain such a perturbation. This approach includes the generalized perturbation
method (GPM) (Ducastelle and Gautier , 1976) , the embedded cluster method (ECM) ( Gonis
et. al.,1984) and the concentration wave approach (Gyorffy and Stocks , 1983). All the latter
three work are based on calculation within the frame-work of coherent potential approximation.
Recently there has been attempt ( Dreyssé et. al.,1989) to obtain effective pair interaction for
each individual random configuration of the disordered alloy using recursion technique and
then to obtain the configuartion averaged pair interaction by direct configurational averaging
(DCA). We give brief descriptions of all these methodologies.

(1) The Method Of Connolly And Williams.
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In the approach proposed by Connolly and Williams, the total energy for a given binary
alloy configuration J, is written in the form

B =3y
P

where V, and Eg denote , respectively the concentration independent effective cluster in-
teraction (ECI)’s associated with clusters of p-sites and the p-site correlation function and the
summation runs over all cluster types including the empty lattice on a fixed lattice structure.
The correlation functions are given explicitly by the expression

1
& = A > Ny Pong v T,
P {m:}

where N, is the number of sites in cluster p and {n} are the occupation variable at each
site included in the cluster and the sum runs over all p-th order clusters of a given type. The
correlation functions can be found ,essentially by inspection, for any ordered alloy configuration
. The corresponding energies E(Y) can be obtained from a calculation of the electronic structure
of the ordered material. A simple matrix inversion then allows the identification of ECI’s. In
spite of its recent applications , this method is restricted by conceptual difficulties. The most
important among these is the uniqueness of the interactions. These parameters can be strongly
dependent on the set of ordered structures used in the fit. Such a configuratinal dependence of
ECI’s can lead to significant differences in calculated thermodynamic properties.

(2) The Method Of Concentration Waves.

The method of concentration waves in the study of the tendencies towards ordering and
phase separation in binary alloys was originally proposed by Khachaturyan and co-workers (
Khachaturyan , 1983) . Perhaps the most outstanding accomplishment of the concentration
wave approach to ordering phenomena is the ability to predict the structure of the ordered
phase. Such predictions are based on the knowledge , heretofore obtainable from experimental
studies ( e. g. X-ray, electron and neutron diffraction) , of the characteristic function S@(k) .
This function is essentially the lattice fourier transform of the pair correlation function .

The method of concentration wave allows the calculation of S®) (k) from a knowledge of
the electronic structure of an alloy, thus obviating the need for obtaining correlation functions
experimentally. The calculations involve introduction of a inhomogeneous CPA . In the inho-
mogeneous CPA , it is assumed that each site in the alloy is characterized by a concentration x;

,scattering matrix t; and self-energy ¥;. The site dependent self-energy is determined through
the condition

(t;) =gzi; =0

If environmental effects can be considered as being small in some sense , the thermodynamic
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function of the alloy  can be expanded in powers of §z; = x; - x, where x is the concentration
of the solute.

Q=0+ W6z +1/23 SPbz:6z;
i 3]

where

S'(ﬂ). - —-—ﬁi‘l—-——
$14829000y¥n 6w'-1 P 623;’,‘ ‘é‘.=w

is the expansion coefficient calculated for x; = x and Q is the concentration dependent but
configuration independent contribution of the homogeneous CPA medium. This method then
yields the two particle correlation function on sites i # j as a direct fourier tranform

E ‘ .
Sy=2Im | ’ ¥ S(k)esp(~ik.Fi)dE

where
S(k) = (88)* X (k){1 — z(1 — z)(6t)* X (k)}
with 1
X(k) = i Y (Grm)?ezp (k. Rum)
n¥Em
and
ft=1t4 —1tp

for binary AB alloy. G denotes the Green function of the homogeneous CPA medium .
Although ,in principle, the method of concentration wave is exact within the context of linear
response theory , its implementation requires the use of a mean field approach to ordering. It
cannot take into account the non-linear effects of local statistical fluctuations.

(3) Generalized Perturbation Method.

The thermodynamic potential for an electron system is given by
QT,u)=U-TS-uN

where T,S, ¢ and N refer to the temperature , electronic entropy , chemical potential and
number of particles respectively. Considering the band structure contribution to  :
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Q) == [ deble — p)N(e,)

where N (€, pu ) stands for the configurationally averaged integrated denmsity of states .
For a particular configuration of a substitutional binary alloy , fully specified by the set of
occupation numbers { n{ } ( n? = 1 if site i is occupied by an « species, 0 otherwise), the band
energy .({n{}, 1) can be written , by considering the expression of the integrated density of
states as a sum of two terms : (i) the concentration dependent energy Q.({z*}, 1) of the CPA
reference medium which is configuration independent and (ii) a configuration dependent energy

0,({nf}, 4) given by,

Q({ng}, ) = —-—-1—Im /oo def(e — p)Trlog(l — Xr%)
N -00
where the trace is taken over the site and angular momentum space.X is the scattering
matrix operator which is site diagonal and has the form X = 3, ¥, nft&"|u, i) (v, 1] , t**
being the scattering matrix for orbitals u,v characterizing an atom of type a at site i embedded
in the CPA medium . The quantity 7 is the strictly off-diagonal part of the homogeneous CPA

Green function . Expanding the logarithm , making use of the CPA condition for the case of
binary alloys A;_.B. and the condition

AX = XB - x4
we obtain
, 5~ Ly
{n }’” = z E 1"31 o'ké.x"l e 63,"‘
2

where 6z;, = nﬂ - x 2 and the k-th order effective cluster interaction involving sites iy , ... , i
is given by

1 % zyi1s v o
V,-E'f.)",;k = —mIm L_oo def(e — p)Tr(AX;, 7™ 2 AKX, ..  AX;, T5%)

Then quantity 2, commonly called the ordering energy is then given by to lowest order in
the perturbation

Q, =1/2Y VPéz,6z,

The choice of 6z; is quite different in the concentration wave approach and the GPM #nd ECM . In the

concentration wave method the choice is 62; = x; - x. On the other hand in GPM and ECM (to be discussed
later) one has §z; = n? - x;
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where V,, is the effective pair interaction between sites o and s :
Voo = VAA 4 VIR - V1B - V24

V? indicates that all sites other than o and s are CPA medium sites and the sites 0 and s
can be occupied by A or B atom in four possible combination .

The positive (negative) sign of V,, indicating a tendency towards ordering ( segregation). In
the CPA-GPM pair -interactions obtained are not usually renormalized in the sense that they
donot include corrections from the self-retracing paths and higher order interactions , both of
which Bieber and Gautier (1984) have shown can be important.

(4) Embedded Cluster Method.

In the embedded cluster method one starts from the configurational energy expressed in the
form

n({n.}) E© 4 Z EMéz; +1/2 Z EP6xibz; + ... (4.2)

i=1

where n; = x + éz; and the coefficients E,(f,)w,-p occuring in the expansion are interchange

energies associated with clusters C, of p sites. An p-site interchange energy for a given config-
uration J¢, outside cluster C, is defined as

ED . (Jo,) = H(l APV B4 (J,)

8190 "p
J=1

where QﬁB changes an A atom to a B atom on site i; and E,(ﬁA,,: ) (Je,) denotes the
configurational energy associated with A atoms on sites ¢y, ¢3,...,%, . The expansion coefficients

in (4.2) are given as the averages of E(p ) iy (J, ) over all configurations Jg, of the medium
surrounding the cluster C,.

E‘(Ipv) oip = <E'(£) "p JCP E E‘(lpv) "p(JCP) PJcp

Jcp

Py, is the probability of occurance of Jo,.

Thus one have
E°=(E)=}) P;E’
J.

E! = (E®(J)) ZPJ. (EA(T:) — B ()
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EJ = ;P 5s(BEA(Jij) = BEP(Ji5) — EEA(Jis) + ESP(J:5)) (4.3)
ij

EZ (J:) (EP (J;)) is the configurational energy associated with single site cluster when
the site is occupied by A(B) atom for a given configuration J; outside the single site cluster .
Similarly E?f ( Ji; ) denotes the configuartion energy associated with pair cluster [@,8 = A,B]
for given configuration J;; outside the cluster .

Equation (4.3). involving effective cluster interchange energies is formally exact and thus
avoids the need of suming a series such as in case of GPM . In the CPA approximation , the
configurational energy of an alloy is calculated within ECM as sum of irreducible , renormalized
cluster interactions associated with cluster of atoms embedded in a CPA effective medium.

(5) Direct Configuration Averaging

The method of direct configurational averaging proposed by de Fontaine and his co-workets
defines the generalized Ising model of a binary A,B;_, alloy for a system of N lattice sites and
N atoms . Each of the atoms is associated with a specific lattice site and the spin variable o,
takes values + 1 or -1 depending upon whether the atom associated with the site qis A or B .
Any configuration of the system may uniquely be described by the N -dimensional vector ¢ =
(Gg1yFqase++s0qy ). The Hamiltonian of the system may be written as

E(o)=Vo+ V3, + > maVaba

Pa22

where p, is the number of sites in the cluster a , &, are given by the product of spin variables
over all sites , q1 , Q2 , ..., Gy, in & , averaged over all the equivalent clusters of lattice, m,
denotes the multiplicity of the cluster a. The coeflicients in the ‘expansion , ECI for a given
cluster o is given by the normalized trace over all configurations of the a cluster function with

1
Vo= W% caE(c)

For the case of o representing a pair of lattice sites q and q' one have

Vi = 1/4({Ean} + {Es5} — {Eas} — {Esa})

where { E;; } is the average energy of all possible configurations with I-J pair of atoms at
sites q and q'.

In addition to the summation over all configurations ( the grand canonjcal version ) it is
possible to define a complete , orthonormal basis of functions in the space of configurations at
a given concentration ( the canonical version ). In the latter the cluster expansion co-efficients
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have an explicit concentration dependence . Both schemes for defining ECI’s have been used
in the DCA and definite relationship exist ( Asta et. al.,1991) between the concentration-
independent and dependent ECI’s , in the thermodynamic limit . The real space recursion
method in conjunction with orbital peeling technique is used for determination of ECI at a
given configuration . The random effective interactions are then configuration averaged by
direct summing over 20-30 configurations where the configuration sum is a restricted one over
all configuration with fixed concentration for concentration dependent ECI’s and an unrestricted
, unweighted one for concentration independent ECI’s.

The method of direct configuration averaging is restricted by the fact that it is not possible
to make sure that the true thermodynamic limit is achieved . It has been shown by Berera
(1990) that the convergence of the numerical values of cluster interactions with the number

of configurations becomes increasingly worse for effective interactions between more distant
neighbours , reducing the accuracy .

4.3.2 Present Approach

The starting point of our calculation is the expansion of the configuration energy in terms of
effective cluster interactions. The expansion for the configuration energy E for a binary alloy
A;Bi_, may be written as :

N N
E(n;) = EO + Y EM6z; + 1/2Y EPénibz; + ...

i=1 f,j=1
6x; is the concentration fluctuation given by n; — x , where x = ( n;). The coefficients
E® , E® ... are the effective renormalized cluster interactions (renormalized in the sense

that all possible scattering off from a cluster of definite size embedded in an average medium
are included). E( is the energy of the averaged disordered medium, E,(l) is the interchange
energy for the species A and B, and it defines the single body interaction resulting from the
interchange of a B atom with an A atom at site i in the alloy, Eg) is the effective renormalized
pair interaction which is the difference in the single body interaction at i, when sites j (# i) is
occupied either by A or B atom.

The renormalized pair interactions express the correlation between two sites and are the
most dominant quantities for the analysis of phase stability. The single-body interaction ,
though volume and concentration dependent are structure insensitive and should not be con-
sidered in stability analysis. We will retain terms up to pair interactions in the configuration

energy expansion. Higher order interactions may be included for a more accurate and complete
description.

At this point it is worth mentioning that our scheme of calculation of the renormalized pair
interactions is similar to other methods based on embedding clusters in an éffective medium.
The calculation involves the determination of the'electronic structure as well as averaging
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over different configurations of the system. It is precisely in this averaging scheme that the
different methods based on the embedding method differ from one another. In the CPA-ECM
the averaging is done within the framework of the CPA. In the DCA the averging is done
directly by summing over different random configurations. Qur scheme employs augmented
space recursive method for obtaining configuration averaged Green function in conjunction
with orbital peeling technique introduced by Burke (1976) which utilises the information about
local properties provided by recursion method for calculating small energy differences avoiding
numerical instability. We give below a detailed description of determination of effective pair
interaction under this scheme.

Determination Of Effective Pair Interactions.

Often the most important effective cluster interaction of the concentration fluctuation ex-
pansion of the configurational free energy is the effective pair interaction (EPI) defined as

Eij =Vaa+Vep —Vap — V4 (4.4)

It gives the interchange energy associated with two sites embedded in an otherwise average
medium, being occupied by A or B type of atom. In the Hartree-Fock approximation ,the total
energy of a solid consists of two terms, an one electron band structure contribution Vgg and
an electrostatic term Vgs which includes several contributions . These are coulomb replusion
of the ions and the correction for double counting the electron-electron and the exchange and
correlation energy in Vps . It is usually assumed that for differences like in (4.4) , the elec-
trostatic contributions approximately cancel out and one is left with solely the one-electron
band-structure term. This assumption has been shown to be valid in a number of alloy sys-
tems. Thus what is needed is to calculate the one électron band structure contribution with
fixed occupancy at sites i and j in an otherwise average medium.

EL
Vis= [ Eniy(E)dE

where ElY and ny;(E) denote the Fermi-energy and electronic density of states for specific
case with (I, J = A,B) .

Conservation of electrons imply that

EAA EAB
/ " naa(B)dE = / " nas(E)dE

- 00 -=00

and

-00

EZE EB4
/ npp(E)dE = /_ _ naa(B)E (4.5)
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Writing

IJ

E E _ EL E
/ " ns(BE)AE = / " n1s(E)dE + /E " n1s(E)E w / " n1s(E)dE — AENn(Ep) (4.6)
-0 -00 I -00

where Ep represents the Fermi energy of the averaged medium , n(Ep) is the density of the
states of the averaged medium at E = Er and AEY = Ep - EY, one has from eqn (4.5)

E
/_ " {n4a(E) + nps(E) - nap(E) — ng4(E)}dE ~ {AEp* + AEEP — AEEA — AE£P}n(Er)

Expressing effective pair interaction in terms of band structure contributions one have

EAA EAB EAA EAB
E,-j = /_: EnAA(E)dE—/_: EnAB(E)dE+[_: EnBB(E)dE— F EnBA(E)dE'

-0

Using

’EIJ E,
/ " Enyy(E)dE w / " Engy(E)dE — EpAEY n(Ep)

and eqn (4.4) this leads to
Ep
E;= / (E - Ep)An(E)dE

with An(E) = nga(E) + nps(E) - n45(E) - np4(E)
According to Einstein and Schriffer (.1973) for an Hamiltonian H with eigenvalues E;

det(EI - H) = [[(E-E)

k

1 d
—;ImEElog det(EI - H) = %:5(51 — Ey)

= n(E)
Here E = E410. So that
d det((ET — HA4)) det((EI — HBB))

An(E) = (=1/mIm 5108 s F T —AB)) det((ET — HPA))

1l

%U(E)
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where n(E) the generalized phase shift is defined as
n(E) = (~=1/m)Imlog 3 det(g")¢1s
1

with

¢ _{-1 forI=1J
=141 forI#7

and
(g") = ((BI -HY)™)

(...) denoting averaging over all sites except i and j.

The operation involved in the definition of EPI is an exchange of atoms on sites i and j .
Since this is a localized perturbation the size of the determinant is finite. The Hamiltonian for
an A atom at site i and a B atom at site j for example could be written in block form as

“Hy Hap Hao
HAZ = | Hp, Hy HMpo
Hoa Hoe Ho

where Hi, ( H}) are the Hamiltonian submatrices describing the A(B) atoms at site i(j)
y Ho is the Hamiltonian submatrix for the host and the other matrices couple the different
submatrices. Since the subblock of the Hamiltonian relative to all atoms except those at
sites i and j is unaltered under the exchange procedure involved in the definition of EPI , the
orbital peeling method provides an efficient means for obtaining the generalized phase shifts.
It provides accurate computation of differences of integrated quantities involving density of
states when the difference of the integrated quantities are smaller than the absolute error in
the integrals , avoiding a large substractive cancellation procedure.

From the block representation of H4Z one find that ( EI-H4Z ) has (EI- H, ) as a submatrix
and from the properties of a partitioned matrix (Burke,1976) it follows that

det(EI — HY) = det G7} det(ET — Hy)

where Gy denote the upper IJ block of the Green function G%/.

Hence one has the generalized phase shift

7(E) = (=1/7)Imlog 3Z§§gﬁf§ iifgﬁﬁ
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Orbital Peeling Technique

For the case of Hamiltonian described by m-orbital basis set, G7;'s become matrices of size
2m X 2m and one has to find the determinant of matrices having rank 2m. A useful feature
of orbital peeling method is that one needs to calculate only the diagonal matrix element of a
specific Hamiltonian . The basic philosophy lies in' removing the embedded atoms orbital by
orbital. Mathematically this is an convenient method , since this turns the term log det into
sum over separate logarithms of individual matrix elements. Using repetitive use of partitioning
properties of G matrices , Burke demonstrated that

det Go = 3 Gk
k.
with
Gk = {EI — HZ}™?

where Hf is the matrix formed by deleting the first (k-1) rows and columns of H* . It
seems that for each pair {IJ} two atoms are to be peeled , but because of the symmetry in the
definition of EPI one needs only one atom to be peeled. Among the pairs (AA) and (BA) the
difference lies in the occupancy of the site i which is occupied by the A atom in one case and
B in the other while the site j is occupied by A type of atom in both the cases. If one peels
off the site i then what remains is an A type of atom at site j and the remaining host. Since
the contribution of pairs (AA) and (BA) are of opposite sign , the contribution of pairs (AA)
and (BA) with i-th site peeled off cancel out. Similar argument holds good for pairs (BB) and

(AB) . Thus in computing the phase shift one requires peeling only on the atom at position i
for each of the four possible configurations.

Once the phase shift is obtained , one is left out with performing the integration . The
integration by parts lead to

Ep
Bym - [ a(en

The behaviour of this function quite complicated and hence integration by standard routines
(e. g. Simpson’s rule or Chebyshev polynomials ) is difficult , involving many iterations before
convergence is achieved, Futhermore the integrand is multivalued , being simply the phase of
det ¥ r7{Grs)€rs. The way out for this suggested by Burke is rooted in the fact that

d | = 21
dE °gG=,1Z=:1E—Z.,_,1=1E—P.,

where Z, ( P.)’s are the zeroes (poles) of G expressed-as continued fraction expansion
evaluated upto p levels.
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Substituting this in the definition of EPI one have a series of unit residue poles on the real
axis enabling one to obtain EPI as sum of terms involving zeroes and poles of (G1s) :

2 (Z,: Z,~ TP+ (Ne NZ)EF>

where Np (Nz ) is the number of poles(zeroes) below Er . The factor 2 accounts for the
spin degeneracy. This technique referred to as method of poles and zeros enables to carry out
integration avoiding the problem of multivaluedness.

Calculation Of Peeled Averaged Green Function

Thus the determination of effective pair interaction reduces in determination of zeros and
poles of peeled off Green functions with pair {IJ} embedded in an average medium. We shall
employ the augmented space recursion coupled with the tight-binding linearized muffin tin
orbital method (TB-LMTO-ASR) for a first principle determination of configuration averaged
peeled off Green functions (Gaa ) » (Gasx) s (GBag) » (Gos ) . The configuration averaged
peeled off Green function (Grsx(2)) is ((2I—H{?)~} , HI' representing the random Hamiltonian
with sites i and j occupied by I and J type of atoms and (k—l) row and columns deleted from the
Hamiltonian matrix element involving the site i . Thus HfY in the most localized sparse tight

binding representation derived systematically from the LMTO-ASA theory and generalized to
random alloys has the following form:

HIJ —

=
I

I
l#a a; + Z la aJ
=1

M u Mco
Me

(Cg, + Sanm) al oyl + .

3
*
.
~
1]

+
e ¢
MO

1/2 Ist,,w (AI/ ] + 6A1/2 ) Tam vee

3
*+
-,
&~
]
x
~
il
b

AYMSE, (A },{”,,B+5A}/2n,,.) alan...

3
&
EM°

(AI/ + 5A1/2nm) sP, ,l,A; ,2, Tal 1IN T

3
H
.

23

]

x

+
Mo EMe il
Mo e

(Allz B + 5A1/2nm) ant,je’Al/lz’ Iat aJ

H
-,
o~
]
[
™~

-
0
[

F LYY (AYSP + 60) 1) S8y (AFHE + 60} 1)

yam + alan) (4.7)



Study of Phase Formation and Phase Transitions ... 107

We note that the Hamiltonian has both diagonal and off diagonal disorder characteristic of
LMTO Hamiltonian of an random alloy. We shall retain this form of Hamiltonian as was done
in case of the density of states calculations and shall use this for the augmented space recursion
. The essential idea of augmented space recursion discussed in great detail in chapter 3 involves
the replacement of random occupation variables {n,} by operators {M(™} constructed in
configuration space from the continued fraction expansion of the probability density of variables
Iy , 80 a8 to define an effective , nonrandom Hamiltonian in augmented space and to perform
the recursion with this effective augmented space Hamiltonian in order to get the continued
fraction coefficients of configuration averaged Green functions . We have already demonstrated
the application of this methodology in connection with the determination of density of states
for random alloys . We note that the difference lies in the form of Hamiltonian . Instead of
being completely random is now a peeled one with fixed occupancy at two given sites . This
prohibits the operations arising due to configuration fluctuations at sites i and j . Furthermore
the potential and structure factor matrices at site iiinstead of being (9%9) matrices are now

reduced matrices of rank (9 -k +1) x (9 -k + 1), k being the orbital which is to be peeled
off .

With these changes kept in mind , the Hamiltonian operations in real space and in configu-
ration space goes on identically as in case of a completely random alloy with efficient storage of
configuartion states in binary words and use of logical operations for the action of Hamiltonian
in the configuration space. With the occupancy of the two sites fixed , the local symmetry of
the augmented space is lowered and one has to carry out the recursion in a suitably reduced
subspace . However cutting off fluctuations at sites i and j reduces the rank of augmented
space Hamiltonian considerablely , enabling us to do recursion in the augmented space without
employing any symmetry reduction . |

We obtain continued fraction expansion coefficients of configuration averaged Green func-
tions for four possible occupancies of i and j , AA, AB, BA, BB, in each case the orbitals
from ( 1 - 9) being peeled off one after another . The poles and zeros of these Green functions
are obtained from computed N number of continued fraction expansion coefficients. The poles
and zeros being the eigenvalues of symmetric tridiagonal matrices of rank N and (N-1) are
obtained by the method of bisection based on the Sturm sequence property followed by New-
ton’s method for isolated roots . Thus augmented space recursion coupled with orbital peeling

allows us to compute pair-potentials directly , without restoring to any direct averaging over
several configurations.

4.3.3 Comparison With Previous Approaches

As mentioned earlier, a number of methodologies exist in literature for the study of phase
stability and thermodynamic properties of substitutionally disordered alloys . The common
characteristic of these methods is that all of them rely on the first-principle calculation of the
electronic structure of judiciously chosen systems so as to extract sets of parameters relevant for
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studying phase formation which can be used in conjunction with statistical models to calculate
thermodynamic properties . Among the existing methodologies, in the KKR-GPM ( Turchi
et. al. , 1988) and TB-LMTO-DCA ( Wolverton et. al. , 1993a ; 1993b) approaches , one
obtains the real space pair interactions starting from the information of disordered phase ,
thus making these methodologies directly comparable to our TB-LMTO-ASR . Also both of
these methodologies have been applied successfully to a number of alloy systems including the
two in which our methodology will be applied . On the other hand , the method of Connolly-
Williams is based on calculation of ordered structures ( Lu et. al. ', 1991b ) while in the method
of concentration waves one obtains the pair correlation functions directly in reciprocal space
(Staunton et. al. ,1991). These methods cannot be directly compared with our approach.

Determination of pair interactions in the three methodologies namely KKR-GPM , TB-
LMTO-DCA and TB-LMTO-ASR involves the determination of electronic structure as well as
averaging over sets of configurations , both of which are achieved in distinct ways in the three
methodologies . Pair-interactions being quantities of milli-Rydberg order depend sensitively on
the description of the alloy Hamiltonian and the averaging scheme invoked . Therefore, before
we present our result , we wish to make a comparison of our methodology with the two others
, pointing out the similarities and dissimilarities.

The TB-LMTO-DCA shares most of the features of our TB-LMTO-ASR :

(i) Both methods employ the TB-LMTO for the description of electronic structure. Both
use the first order Hamiltonian.

(ii) In both methods, calculations are carried out in real space, without resorting to any single
site approximation.

(ili) Both methods use the orbital peeling method to obtain the effective renormalized pair
interactions.

In spite of all these similarities they also have a number of differences which may be shown
to cause differences in numerical values of the pair interactions . Regarding the description of
electronic structure , though both of them use the first order TB-LMTO Hamiltonian H®) |
they differ in some of the important details :

(i) For the input to alloy calculations, the TBLMTO-DCA assumes an alloy volume which
is obtained either by Vegard’s law or by energy minimization with respect to the lattice
constant. The potential parameters for constituent elements are then calculated at the
common Wigner-Seitz radius of the alloy. In our calculations we have taken unequal
Wigner-Seitz radii for components, which takes into account charge self-consistency ap-
proximately, yet accurately and consistently ( discussed in chapter 3 ).

(i) The TBLMTO-DCA uses the prescription of Shiba (1971) to obtain the off-diagonal
matrix element between unlike atoms. In TB-LMTO-ASR defined on the augmented
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space, one builts up the off-diagonal matrix element from the potential parameters A# and
AB and the structure matrix Sp and one does not have to resort to Shiba’s prescription.

(iii) In the TB-LMTO-DCA the charge neutrality is achieved by shifting the on-site energy of
a constituent with respect to the other , such that each configurationally averaged atom
is locally charge neutral . On the other hand, as emphasized , in the present scheme ,
charge neutrality is achieved by exploiting the flexbility of atomic radii of constituents .

The method of carrying out the configuration averaging involved in the definition of the
pair interaction differs significantly in two methodologies. In the TB-LMTO-DCA the pair
interactions are obtained for several configurations randomly generated ( consistent with all
possible concentration for the grand canonical version and consistent with a particular con-
centration for the canonical version ) and the averaging is done directly as a weighted sum .
Because the pair interactions are integrated quantities , they are expected to converge fast with
the number of configurations sampled . However in principle such a method cannot sample all
possible realizations or in other words there is no surity that the thermodynamic limit has been
achieved . On the contrary , in the TB-LMTO-ASR the configuration averaging is done using
the augmented space theorem . The subsequent termination of the recursive generation of the

continued farction co-efficients of the configuration averaged Green function can be carefully
controlled.

The KKR-GPM method is distinct from TB-LMTO-DCA and TB-LMTO-ASR. The main
features of this'method are :

(i) KKR is used for the description of the electronic structure. Since there is no linearization
involved, the KKR method. is certainly more accurate than the TB-LMTO.

(ii) The single site CPA is used for the configuration averaging. CPA with restored periodicity
, in a mean field manner , facilitates the calculations to be carried out in k-space

(iii) In the GPM method , effective cluster interactions are defined perturbatively order by
order, through self-retraced paths . In the most CPA-GPM calculations, the EPI does
not include corrections from the self-retraced paths and higher order interactions , both
of which, as shown by Bieber and Gautier (1984), may be important . On the other hand
TB-LMTO-DCA and TB-LMTO-ASR. , both being based on embedding cluster type of

approach are non-perturbative and include all possible scatterings from pair of atoms
embedded in a random medium.

In subsequent sections we present our calculations for PAV and PdRh and we make direct
comparison between the numerical values of pair interactions evaluated in all the thtee methods.
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4.3.4 Phase Stability in PdV Alloys

The stability properties of the Pd-V system is well studied both experimentally as well as by
theoretical methods like KKR-CPA coupled with generalized perturbation method ( Turchi et.
al.,1988) and by LMTO coupled with direct configurational averaging ( Wolverton et. al. ,
1993a) Our choice of the Pd-V alloys is motivated by the fact, that in transition metal alloys
(apart from few exceptions) the d band arguments show that the most strongly ordered alloys
will have an average band filling near the middle of the d-band, or somewhere near five d-
electrons, whereas alloys with band filling close to completely empty or full d level will tend
towards phase separation. Pd-V alloys, with constituents on opposite ends of the transition
metal series, will order according to the above prescription. Futhermore being a well studied

alloy, we have results available for comparison so that the reliability of our methodology can
be demonstrated .

Figure 4.1 shows the total density of states for Pd-V alloys, for various concentrations with
the positions of the Fermi level shown. In order to maintain accuracy the Fermi energy Er has
been calculated from the H®) - h o h Hamiltonian. For the calculation of the pair interaction we
followed the same methodology coupled with orbital peeling discussed in detail earlier with first
order Hamiltonian. We found that since pair potentials are differences of integrated quantities,

there seems to be no appreciable difference in doing the calculation with the H®) and H® - h
o h Hamiltonians.

In Figure 4.2 and 4.3 we have plotted the nearest neighbour effective pair interactions, as
functions of band filling and energy, at three different concentrations for the Pd-V alloy. The
relation between the two figures can be understood by looking at the variation of the number
of states per spin with energy. This is shown in Figure. 4.4. The shape of the curves is in
agreement with those obtained by other methodologies ( Gonis et. al. , 1987) , consisting
of a phase separating region at the band edges and an ordering region near the centre. The
magnitude of the effective pair interaction decreases with distance with increasing number of
nodes. In Figure 4.5 we have plotted V3,V; and V4 2 for x = 0. 5 as a function of band
filling to demonstrate this point. This in turn indicates the rapidly convergent properties of
the configuration energy expanded in terms of effective cluster interactions. We find that |
Vi| 3 V2, V3 or Vy|. so that the ordered structures appear only when V; > 0.

In Table 4.1 we present the results for the pair interactions upto the fourth nearest neigh-
bours obtained from different methods for comparison with our calculation . The calculation in
TB-LMTO-DCA has been done under the grand canonical scheme resulting in concentration
independent pair interactions . Formally the concentration independent pair interactions de-
scribed under the grand canonical scheme and concentration dependent pair interactions under
the canonical scheme can be directly compared only at concentration x = 0.5 . It is for this
reason in table 4.1 we present results for the 50-50 PdV alloy.

3V = E}; , |ri — rj| = na where a is the lattice constant
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[PAIR INT. | TBLMTO-DCA | KKR-GPM | TBLMTO-ASR ||

Vi 4.2
V, =11
Vs 0.3
V4 0.2

2.0
-0.8
0.5
0.1

4.3
-0.1
0.1
-0.2

111

Table 4.1: ‘Effective Pair-Potentials in mRyd/atom for various distances between the pairs
for a 50-50 PdV alloy. TBLMTO-DCA values are taken from (Wolverton et. al.,1993a) and

KKR-GPM from ( Turchi et. al.,1988).
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It is clear from the table* that agreement in the dominant interaction V, is better between
the TBLMTO-DCA and the present work , while there is some mismatch between the values
of V3, V3 and V4. The reason may be attributed to the differences in description of electronic
structure and in the averaging scheme involved in the three methodologies , as pointed out
previously . The sign of V4 in our work is opposite to that of TB-LMTO-DCA and KKR-GPM
. However negative sign of V4 is in agreement with recent work of Singh and Gonis (1993) where
they obtained negative value of V4 within the frame-work of KKR-ASA-GPM.

Once we have obtained the effective pair interactions , they can be used to calculate the
ordering energy , hence the relative stability of various ordered phases at a given concentration.
They involve calculating the energies of several structures suspected of being ground states and
then simply choosing the ones with lowest energies . This approach suffers from the obvious
deficiency that it crucially depends on one’s ability to suspect the true minimum-energy states
. In other words with this simple model , it is possible ( indeed , very likely) that one could
miss the correct ground state .

Predicting , for a given binary system , which intermetallic structures will have lowest energy
for all compositions at 0° K , is an important task . Fortunately , most intermetallics of interest
are superstructures of either fcc , bec or hep . Then the problem of determining the lowest
energy superstructures of a given lattice is a simpler one .

We will follow the method given by Kanamori and Kakehashi ( 1977 ) of geometrical in-
equalities The authors consider the energy of three dimensional Ising like model

E= EVkpk
k

where V. is the interaction constant of k-th nearest neighbour interaction and pj is the
~ total number of k-th neighbouring pairs of particles in a given configuration . The particles
correspond to atoms of minority component of binary alloys , since the concentration x is
confined to the range x < 0.5 and Vj is given by

Vk = VkAA + 'VkBB — ‘/kAB _ V;cBA

When the interaction is of finite range , the ground state E, follows a broken line as function
of concentration x , changing the slope dE,/dx at several characteristic values of x . At the
inflection point the ground state is an ordered structure , while it is generally two-phase mixture
of ordered strcutures corresponding to near-by inflection points at an intermediate value of x.
This E; vs x relation was derived rigorously by them for fcc lattice including interactions upto

4While comparing different results one should be careful about the units used. In the KKR-GPM and our
work the effective interactions are quoted in mRyd/atom-spin, whereas in TBLMTO-DCA they are quoted as
meV /atom. In addition in the KKR-GPM and our work the energy expansion is in terms of concentration
~fluctuations, whereas in the TBLMTO-DCA the expansion is in terms of site-spin variables. This introduces a
factor of 1/4 in the definition of the effective interactions. '



Study of Phase Formation and Phase Transitions ... 117

COMPO ORDERED KKR | TBLMTO | TBLMTO

- SITION | STRUCTURES | -GPM | -ASR -DCA
PdV3 D022'L12 43 40 -
PdVv A;B,-L1, 4.5 2.02 3.16
Pd;V DO,,-L1, -0.4 -0.31 -

Table 4.2: Antiphase boundary energies in mRy/atom-spin for PdV at different atomic com-
positions. The antiphase boundary energies for the KKR-GPM has been taken from Figure. 1
of ( Turchi et. al. , 1988) while the value for TBLMTO-DCA has been calculated from pair
interactions quoted in table 3 of (Wolverton et. al. ,1993a)

COMPO | ORDERED |TBLMTO | KKR | TBLMTO
- SITION | STRUCTURE | -DCA |-GPM | -ASR

PdV, L1 858 | -6.67 | -7.08
PdV L1 1102 | -7.40 | -10.53
PdsV DOy, 98 | -231 | -854

Table 4.3: Ordering energies in mRy/atom for PdV at different atomic compositions.
four-th nearest neighbour by method of geometrical inequalities satisfied by the correlation

functions p; ’s . Under the minimum p; condition x = 0.25 and x = 0.5 are always the
inflection points . Defining ¢ by

¢

Va—4Vs +4V,

the authors proved rigorously that DO,; structure and A;B; are the corresponding struc-
tures at x = 0.25 and x = 0.5 for £ > 0 and L1, and L1, are the corresponding ones at x =
0.25 and x = 0.5 for { < 0. In Figure. (4.6) we present the superstructures DO,, , L1, , Llg
and A,B; . It indicates that ¢ gives the energy associated with 1/2 a (111 0) ( a is the lattice

constant ) between every two ( 0 0 1) planes . It is for this reason it is named as the antiphase
boundary energy.

In Figure 4.7 we have plotted the negative of anti-phase boundary energy € = — ¢ as
a function of band filling for Pd-V with x = 0. 25, 0.5 and 0.75. The number of zeros is

in agreement with the arguments based on moments (there has to be at least four zeros)
(Ducastelle,1991) .

We find from Figure 4.5 that ¢ < 0 at E = Ep for x = 0.75 suggesting that at this concen-
tration DOy, structure is stable. A similar analysis shows that ¢ > 0 for x= 0, 25 at E = Ep
and here the L1; structure is stable. This is further supported by the fact that an exchange
of stability between L1; and DOg; occurs for large electron number. For x=0. 5 , among the
possible ground state configurations are L1y and A;B; , we find L1, to be stable one with € > 0 .

In table 4.2 we quote the antiphase boundary results for three different alloy compositions
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of PdV in three different methodologies . The TB-LMTO-DCA using grand canonical version
of pair interaction can be compared with only the 50-50 alloy case.

Ordering energy ® gives a quantitative estimate of the energy difference involved in a order-
disorder transition and is the most critical test of the formalism, because it is much smaller
(typically of the order of 0.1V or smaller) than other quantities relevant to alloying, such as
the formation energy of the random state which is five or more times larger. Ordering energy
being the difference between the energy of an ordered structure and the corresponding random
phase is expressed in terms of effective pair interactions V, as

k

bzq , 6z denoting the concentration fluctuation at site 0 and k respectively while V; is the
effective pair interaction between sites 0 and k . In order to complete comparison with other
works , we quote in table 4.3 ordering energies also .

In particular, the ordering energy of the DO,; structure is rather small in the KKR-GPM as
compared to the TBLMTO-DCA and our work. We should mention here that the TBLMTO-
DCA includes higher order interactions (upto quadruplets). For PdV alloys with associated
asymmetry about x = 0.5, inclusion of these higher order interactions may prove to be important
( Wolverton et. al. 1992)

It is interesting to note that the prediction of the stable ordered ground states for all the
three concentrations is the same in all the three methods discussed.

4.4 ENTROPY CONTRIBUTION : THE BRAGG-
WILLIAMS MODEL

The central problem of the entropy calculation is that of calculating approximate expressions
for the number of configurations of crystal lattice having definite distributions of clusters of
lattice points which may be , in general , occupied by any one of a given set of atomic species
. The Bragg-Williams model is derived from a state-of-order description based on single- site
averaging ¢. e., on the point cluster .

In order to derive Bragg-Williams model (BW) it is required to define non-trivial single site
averages which can be obtained by sublattice averaging as follows:

One considers an ensemble of M systems { sublattices in the Bragg-Williams sense } , each
system containing N number of lattice points . Initially all systems are assumed to have identical
distribution n; and after that exchange of defect atoms between sublattice systems are allowed

Sfigures for the TBLMTO-DCA have been read from Figure. 2(d) of the reference (Wolverton et. al.,1993a),
while those for the KKR-GPM is taken from Table 1 of (Turchi et. al. , 1988) "
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to take place conserving the internal energy . This procedure atomatically ensures long-range
correlations between the sublattice systems so that the microcanonical ensemble average gives

T; =< n; >o=1/M E n;

sublattices

Now one seeks the number of ways gy of distributing x; M number of A atoms and (1-
“X;) number of B atoms over the M sublattices in such a way that A and B atoms have correct
fractional distribution of x; and (1 -x; ) . The result is the familiar one

| M
9m(i) = T = 2) M1

Similar expressions are obtained for all other of N points of the sample lattice so that the

total weight factor per sublattice system of the ensemble g is given by M-th root of the product
over all N points

9= [H gM(i)]l/M

Using the expression of configurational entropy S = KjpIn g, the entropy expression under
Bragg-Williams approximation will be given by

S =Kp[D zilnzi+) (1 - ;) 1In(1 — ;)]
where the Stirling’s approximation has been used for the logarithm of the factorials .

4.4.1 Phase-separation And Calculation Of The Instability Tem-
peratures In Pd-Rh Alloys

The Pd-Rh alloys provide a convenient test case for appilication of the methodology because of
its particularly simple phase diagram , which consists of only liquid and fcc solid solution phases
. It is one of the few alloy systems that does not show polymorphism and there is relatively little
transfer of charge or size disparity between the atoms . Application of d-band like argument
for Pd-Rh alloys with almost filled d-band give clustering tendency at low temperature.

Figure (4.8) shows the plot of nearest neighbour effective pair interaction for PdssRhys ,
PdsoRhso and PdzsRhys alloys as a function of band filling energy .

We note that unlike the Pd-V alloy case , the plot is dominated by negaﬁve value of the
pair interaction. In Figure. (4.9) we plot the effective pair interactions upto sixth nearest
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Table 4.4: Effective Pair Potentials in mRyd/atom for various distances between the pairs for a
50-50 PdPh alloy. TBLMTO-DCA values are taken’ from (Wolverton et. al., 1993b) and KKR-
GPM from (Turchi et. al.,1988) . In order to make our and KKR-GPM result comparable to
that of TB-LMTO-ASR , effective pair interactions have been multiplied by factor of 1/4 as in

table 4.1.

010

<010

Vi(mRy/atom-spin)
g

[ PAIR INT. | TBLMTO-DCA [ KKR-GPM | TBLMTO-ASR |
Vi -0.764 -0.85 ~-0.80
V, ~ 0 - 0.05 -0.02
\'A ~ 0 -0.12 0.02
A ~0 ~0 ~0
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Figure 4.9: V,, as a function of n for the PdsoRhs alloy .
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neighbours for the Pd, Rh;._, alloy with x = 0.5 . It shows that pair interactions in the Pd-Rh
alloys decay very rapidly as a function of neighbour distance and the dominant interaction V,
is always negative . In magnetic analogy this would correspond to a ferromagnetic interaction .
In an alloy , this means that the constituent atoms prefer to be surrounded with atoms of their
own kind. In other words , the alloy will tend to phase separate and will exist as a mixture of
two phases , one phase is palladium-rich substitutional alloy and the other is rhodium-rich .

In table (4.4) we quote the numerical values of pair interactions upto four-th nearest neigh-
bours as obtained by KKR-CPA-GPM ( Turchi et. al. 1988), in grand-canonical DCA (
Wolverton et. al. 1993b) and in the present methodology . We note that the agreement of
numerical values between different methodologies is much better compared to that of the PdV
alloy case . This may be attributed to the fact that Pd-Rh being a much simpler system
compared to PdV , in the context of much smaller charge transfer and the amount of disorder
present between the constituents , the difference between different methodologies may not have
significant contributions . A systematic study of the effect of various alloy Hamiltonians on
the numerical value of effective pair interactions for the Pd-Rh alloy system has been made
by Wolverton et. al. (1993b) . As already emphasized that the alloy Hamiltonian used in the
present case is parametrized by constituent’s TB-LMTO potential parameters , made consis-
tent with the alloy Wigner-Seitz radius by volume derivative correction . Thus the potential
parameters contain the information of the concentration which will be found to be important
for desired asymmetry of the spinodal curve ( to be discussed later on ) . The nearest neighbour
pair interaction for the alloy Hamiltonian parametrized with TB-LMTO calculations in which
Pd and Rh is each at its own equilibrium lattice constant has also been carried out. In such
a scheme potential parameters of the alloy Hamiltonian do not bear the concentration depen-
dence . For , each concentration , it has been found:to have a larger negative value compared
to that of earlier scheme . For PdgsoRhgo alloy calculation in latter scheme with concentration
independent potential parameters give the value of V; to be -2.71 mRy per atom per spin
which agree well with the value -2.6 mRy per atom per spin obtained in systematic study of
Wolverton et. al. (1993b) This in turn proves the reliability of the averaging scheme invoked
in the present methodology.

Calculation Of The Instability Temperatures

We now undertake the calculation of instability temperatures in E-space . The process
of ordering and segregation in binary alloys may be interpreted as the loss of stability of a
disordered solution with respect to the static concentration waves . The fourier transform
of the concentration deviations at each site from the uniform background of disordered solid
solution represent concentration plane waves or static concentration waves , a term coined by
Khachaturyan (1983) . As already mentioned the study of phase formation requires accurate
approximations to the configurational energy as well as use of statistical models to obtain the
configurational entropy. Thus minimization of the free energy F will be accomplished when
the configuartional energy E reaches its minimum allowable value . The configurational energy
under the approximation of pair interaction can be represented in fourier space as product of
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fourier transform of effective pair interaction V(k) and that of pair correlation function Q(k)
E = N/[2)_ V(k)Q(k)
k

N being the number of lattice points .

Thus minimization of E will naturally occur for states of order characterized by maxima
in the Q(k) pair correlation spectrum located in the regions of the absolute minima of V(k) .
Consequently much can be predicted about the types of ordering reactions to be expected from
a study of the shape of the V(k) function , in particular , from a search of its absolute minima .

The necessary condition for point ( h® ) to be at a minimum of V(k) is given by the set of
equations

A%
- = 4.
7 =" (48)
(a=1,23).
The wave vector is defined as £ = Y3 hoba.
m
Ro = —
N
(me=0,%+1,42,...) for N number of real space lattice sites. by ’s are the primitive

translational vectors of the reciprocal lattice .

The function V(k) possesses in addition to translational symmetry , the point group sym-
metry of the reciprocal lattice . Thus if a solution of equation (4.8) is found at some k(h° ),
other extrema of the same type must exist at all other points belonging to the star of the vector
k , the star of a wave-vector consisting of all those vectors which transform into one another by
the operations of symmetry of the space group of the reciprocal lattice . If a symmetry element
( rotation , rotation-inversion or mirror plane ) of the space group in k-space is located at the
point (h) the vector representing the gradient 57, V(h) of an arbitrary potential energy function
V(h) at that point must lie along or within the symmetry element . If two or more symmetry

‘elements intersect at (h) , one must necessarily have

| Vo V(R)| =0

since a finite magnitude vector cannot lie simultaneously in intersecting straight/lines having
only a point in common . At these so called special points eqn (4.8) is satisfied by symmetry
requirments alone . This universal character of the special points was pointed out by Lifshitz
(1942) and by Khachaturyan (1963) and different types of ordered structures can be related
directly to the minima of V(h).
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In other words given the knowledge of concentration wave vector , one can readily predict
the most stable ordered structure of the system at low temperature , comparable with the
knowledge derived from experimental studies like x-ray , electron and neutron diffraction .
A peak at k = ( 0 0 0 ) indicates phase separation while a peak at E=(100)in a fec
material suggests ordering in the CusAu or CuAu ordered structure. Peaks away from the
special points may correspond to the formation of long period superstructures , a well-known
example being provided by CuPd alloys . We have calculated the quantity V(k) by inverse
fourier transform , by summing V, upto six shell of neighbours . This method favourably
contrasts with the evaluation of V(k) directly in k-space and is justified by the fast convergence
of V,, with the shell number as shown in Figure. (4.9) . Similar method of obtaining V(k) by
inverse fourier tranformation have been adopted previously by Kudrnovsky et.al. (1992) in the
context of surface alloys using TB-LMTO-CPA-GPM technique. In Figure. (4.10) we plot the
V(h) surface for the PdgoRhs alloy at hy = 0 plane . The minimum is at (0,0,0) indicating <
0 0 0 > type of instability with associated clustering effect.

The stability limit of the concentration wave , that is , the temperature , at which the
instability of the disordered solid solution with respect to static concentration wave first sets in
is determined by the vanishing of the second derivative of the free energy . The concept of the
stability limit coincident with the critical point in higher-order transitions is generally extended
into metastable regions ( below first order transition lines) , defining the so-called ordering
spinodal . For phase separating system like Pd-Rh , it defines the region in the temperature-
concentration plane below which the alloy is unstable and separates into palladium-rich and
rhodium-rich solutions . In the region just outside the spinodal , the alloy is metastable , given
sufficient diffusion , the alloy will phase separate . The region of metastability continues to the

phase boundary beyond which the solid solution exhibits clustering type short-range order but
will not phase separate.

Estimating the configurational entropy in simple point approximation of Bragg-Williams
the stability limit Ty can be obtained in the following way.

The expectation value of the configuartional energy is

< E >¢= EV;S?) < 63};5$j >0

considering only the pair interaction term . The symbol ( 0 ) denoting microcanonical
averaging . Adding to this the configurational entropy part free energy takes the form

F= Z V,-,-'y?’/? + KgT E[w. Inz; + (1 - z;)In(1 — 2;)] + NVz(1 — z)
with

'7? =< dz; >p=2z;— 2
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Figure 4.10: V(h) surface for the PdgRhso alloy at hs = 0 plane.
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and the self-term V = V;; for i = j In keeping with the point cluster approximation , the
average of the product < éz;6z; >o has been replaced by the product of averages 47 .

The second derivative of free energy with respect to 4? is given by the harmonic term F(®)
of the Taylor’s expansion of the above mean field free energy F in powers of the configuartion
variables 47 . As mentioned , it is the relevant one for the stability analysis . For that purpose
, it is convenient to simplify it by Fourier tranform F .

F® = N/25"T(h)F(R)T'(h)
h

where I' (h) =.F4? and F(h) = Kz T + V(h) x(1-x)

The stability of a solid solution with respect to a small amplitude concentration wave of

given wave vector k(h) is guaranteed as long as F(h) is positive definite . Instability sets in
when F(h) vanishes i. e.

F(R) = KpTo + V(h)z(1 - z)

To being the temperature at which instability sets in for the concentration wave considered.

Thus it appears that according to BW model , the stability limit or spinodal is always
represented in the phase diagram ( T , x) by a parabola , symmetric about x = 0.5. It is the
concentration ‘dependence of effective pair interaction which bring about the asymmetry . In
Figure. (4.11) we plot the stability limit temperatures for x = 0.1, 0.25,0.5,0.75,0.9 .

The points outline a roughly parabolic curve , the spinodal . We note that temperature x
= 0.23 is larger than that of x = 0.75 . This is in agreement with the experimental observation
of nature of miscibility gap giving phase boundary between the solid solution phase and phase

_separating phase . In terms of ECI’s , the physical reason for the observed asymmetry can be
understood in the following way . Pure Rh has a smaller equilibrium volume than Pd . The
potential parameters parametrizing the Hamiltonjan which contain information of concentration
, is consistent with an alloy Wigner-Seitz radius which decreases linearly from Pd-rich side to
Rh-rich side . Thus the Pd-Rh distance is estimated to be larger in Pd-rich side compared
to that in Rh-rich side , making the nearest neighbour interaction ( the dominant one in
determination of stability limit) more attractive in Rh-rich side.

The maximum point of the spinodal curve which corresponds to maximum temperature of
the miscibility gap comes out to be 1350° K which is 160° K higher than the experimentally
predicted one ( Shield and Williams , 1987). The overestimation is contributed by the entropy
estimate which in simple Bragg-William approximation gives an elivated estimate to transition
temperature . Futhermore neglect of phononic contribution to entropy part also leads to a rise
_ in calculated temperature. The agreement between the experiment and the results obtained by
Wolverton et. al. (1993b) using Cluter Variation method for entropy estimation and that of
Wang et. al. (1993) using Monte Carlo method is more closer.
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Figure 4.11: Spinodal curve for PdRh alloys . The points indicate calculated points while the
solid line is the cubic spline fit though points.
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4.5 SUMMARY.

Our results demonstrate that augmented space recursion and orbital peeling in conjunction with
LMTO formalism , constitute a viable and computationally feasible approach to the calculation
of phase stability in binary substitutionally disordered alloys . The estimated values of pair
intercations for the systems studied are in general agreement with that obtained by other
existing theoretical methods , along with some discrepencies , the reasons for which have been
pointed out. The transition temperatures calculated for PdRh alloys within the frame-work of
Bragg-Williams model of entropy calculation , gives somewhat overestimated values , which is
expected for point cluster approximation of entropy calculation.



Chapter 5

CONFIGURATION AVERAGING
OF THERMODYNAMIC
POTENTIAL IN DISORDERED
ALLOYS *

5.1 INTRODUCTION.

The concept of configuration avergaing is considered to be a central to the understanding
of the properties of disordered sytems . Introduction of disorder causes lack of sufficient infor-
mation about the sample . A particular configuration is defined by the set of random numbers
characterizing a set of atomic sites . While each local environment of a sample is necessarily
a microscopic realization of randomness , the physical properties measured by an experimen-
talist is a macroscopic one , containing information about all possible statistical description of
the system . In the asymptotic limit therefore , averaging over all possible local environments
amounts to averaging over all possible configurations . This in turn introduces the concept of
spatial ergodicity , where in analogy with time ergodicity , the spatial averaging (in contrast
to time averaging ) is replaced by configuration averaging , configurations being born out of
disorder fluctuations rather than by thermal fluctuations .

Now it may happen that in a physical system at finite temperature , some degrees of freedom
are in thermal equilibrium , but some others are not . This is the situation encountered in some
magnetic alloys ( e. g. in spin glasses ) . The atoms carry magnetic moments that are assumed
to be in thermal equilibrium , but frequently the alloy itself is quenched so that the atoms
are frozen at some fixed positions , determined by the quenching treatment . The measured

1 * The contents of this chapter has been published in J.Phys.Condens.Matter 6 1529 (1994)
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thermodynamic potential ( or the free energy ) at a particular temperature then has to be
obtained by performing an average over all atomic configurations using the thermodynamic
distribution of that temperature as the statistical distribution .Such an averaging procedure
, namely the quenched averaging differs from the usual annealed avergaing . In a random
system we have two time scales : one 7, associated with thermal fluctuations and other 74,
associated with disorder configurational fluctuations . For quenched averaging 74, > m ,
while for annealed averaging 74, =~ 7 .In mathematical language , in annealed averaging ,
disorder averaging is done on the grand potential before the logarithm is taken to yield the
thermodynamic potential ( free energy ) . In constrast , in quenched averaging , the disorder
averaging is carried out on the thermodynamic potential itself , i.e. after taking the logarithm
of the grand potential . As already mentioned , the power of augmented spcae formalism for
disorder configuration averaging lies in the fact that it is not restricted to averaging of Green
function only , but is a general one , applicable to any random function with randomness
prescribed by a probability distribution with finite moments.

We make use of this formalism to obtain quenched and annealed averaged thermodynamic
potentials of a disordered binary alloy described by tight-binding Hamiltonian with on-site dis-
order . We will follow the fermionic field-theoretic approach of the augmented space formalism
leading to scattering diagrams for thermodynamic potential in the extended augmented space
. We will study , in addition , the difference between annealed and quenched averaging from

the scattering diagrammatic approach , to obtain insight into the difference between the two
processes,

5.2 THE AUGMENTED SPACE FORMALISM AND
FERMION FIELD THEORY.

We start with disordered lattice problem with random site energies ¢; ’s . The initial random
Hamiltonian is given by:

H = Y &P + Y Y VT
t t g

P; and T;; are projection and transfer operators corresponding to a countable basis {|i)}
spanning the Hilbert space H. The overlap matrix element V;; may be assumed to be non-
random. According to the augmented space theorem (Mookerjee, 1973), discussed earlier , the
configurationally averaged quantity (F) which is some function of the random Hamiltonian will
then be given by ground state average of the operator ¥ which is now the sameé function of an
effective Hamiltonian H defined in the augmented space ¥ = H @ &

A = EM(‘)®H + YD V4I®T;

J
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The effective Hamiltonian A contains complete information about the quantum behaviour
of the system described in H and its statistical behaviour described in @ .

The effect of disorder is to cause.scattering . This scattering event can be pictured as inter-
action between the electron and pseudo-particles describing configuration fluctuations at each
site against the reference state . If the disorder on each site is binary , then the statistics of these
pseudo-particles should be fermionic because no two pseudo-particles can occupy the same site
. The effective Hamiltonian H can now be written in second quantized form (Mookerjee,1974)
in both spatial and disorder part giving

H = EEB“:[“" + ZZZM,kk:aiaebjkb;k; + EZV.-,-a:‘a,-.
¢ kt i

ik

b;-'.,e and b;; create and annihilate pseudo-fermions at the i-th site . k'’ are additional
quantum numbers specifying the orthogonal basis states in ¢; . It specifies distinct values or
configurations assumed by &;. Rank of the matrix M; is given by the number of orthogonal
basis states in ¢;, i.e. by the number of k ’s .

5.2.1 Calculation Of The Quenched Averaged Thermodynamic
Potential And Scattering Diagrams

Since the effective Hamiltonian H in augmented space has now been recast in second quantized
form characterizing the disorder scattering as an interaction between electron and pseudo-

fermion present at the scattering site, the usual tools of diagrammatic field-theoretic techniques
can be applied .

The quenched thermodynamic potential of a disordered alloy at temperature T can be
written as

(es = =5ifalin Tr eaplB(H - M)l o).

B =1/KpT , p is the chemical potential of the system , N is the operator giving number of
electrons . |fo) = [I®|fi) is the vacuum state of the field space . It is the state in disorder
space which has no fluctuation , i.e. all the sites are assumed to be filled with pseudo-fermions

of one specific field quantum number . As usual in the interaction picture formalism we define
quantity U(8) through |

exp~B(Ho = uN + H')] = exp[—f(Ho — pN)|U(B)

Hp is the unperturbed and H’ the interaction Hamiltonian . U(f) satisfies the equation :
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auB) ..
55 = —-H'(B)U(B)

with H'(8) = exp(8 Ho) H' exp(-f Hp) and U(0) = 1. Solution of U(B) in terms of the Dyson
ordering operator is

U(B) = 1+f;(:ﬁl-!)l / / dry...dm P{H'(11)... H'(r)). (5.1)

n=1

Let us now consider the specific problem of AB an alloy with impurity concentration x of
A atoms . The effective Hamiltonian H can be split'up into two parts : (i) the unperturbed
Hamiltonian of the host B atom

H = 253“:[“‘ + 22 L"J'“:r"i
: T
and (ii) the interaction Hamiltonian

H =YYY Mi.kklaj aibj‘;bikl
¢ kK

t

The matrix M; takes into account fluctuation of i-th site energy ¢; against ep . Thus this
fluctuation 7 = ¢; — €p can be either 0 with probability (1-x) or can be W = (¢4 — ep) with
probability x . So, p(n) = (1 — z)é(n) + zé(n — W)

The M; matrix appropriate to this probability distribution is , as introduced earlier

M, = W( z x(l—z))
(z(l—-2) 1=-=z

The disorder quantum number k takes two values k = 0 and k = 1. For simplicity let us define
Bs]:) = \/Ebjo and Bio = \/zbjo, By = /1 - wb:rl and By = /1 — zby

Now

H'(r) = exp(THo)H' exp(~7Hy)
= W 5 i S o) (7)ai(7) Bl () Ba(r)

Further, defining W;;(7,7’) = W§;;6(r — 7'), the above equation may be written as :
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H(r) = [ a5 5 ¥ Wi(r, v')a] (r)ai(r) Bh(r) By (r')
i J kK
Written in terms of U(B) , expression for the quenched thermodynamic potential becomes

(e = Qo %(folln Tr explf(Q - Ho+ uNU(B)| o).

where )y is the thermodynamic potential for the unperturbed system characterized by the
Hamiltonian Hy. In order to visualize how the scattering diagrams are generated in the aug-

mented space, let us examine in detail the first-order term in the perturbation series expansion
of(5.1) :

M = —%/df(fol [Tr (exp(B(S% — Ho + /‘N))H'(T)]con | fo)- (5.2)

The subscript con refers to the fact that only connected diagrams in the Hilbert space H
are to be considered, since it is straightforward to show that the effect of taking the logarithm
is to eleminate the contribution of all unconnected diagrams.

Let us now define,

Tr.[exp(ﬂ(ﬂo — Hy+ uN)a] (rl)a,-(rz))] = { =GYy(mym) form 2

Gy(m1,m)  otherwise

GP is the finite temperature Green function corresponding to the ordered system . The corre-
sponding Green function in the disorder field space is defined through

(f0|B:[k..(Tl)Bikm(Tz)|fo) = gikudkm(fg,Tz) = Ynbumbi;0(T1 — 72).

where 90 = —zandy = (1-2)
Above definitions follow from choice of the vacuum state as |fo) in the disorder field space

® which is a state in which all sites are described by quantum number k = 0 . Thus bg [fo) =
0 and bllfo) = 0.

Applying Wick’s theorem to both the configuration and the spatial part of (5.2) and em-
ploying the definition of G® and g we get an expression for the first-order correction as

1
Q, = _EZZ/dndrzGﬁ(ﬁ,Tf')W’;j(Tl,Tz)yjo,jO(Tf,Tz)-
i

The corresponding scattering diagram is shown in Figure 5.1 .
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Figure 5.1: The first order scattering diagram for the thermodynamic potential. Full lines
indicate electron propagators, the dashed lines indicate the disorder propagators and the dotted
line the interaction W;;
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Figure 5.2: Two second order scattering diagrams for the thermodynamic potential.
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The solid lines represent the ordered Green function G° , the dotted lines represent disor-
der field Green function g while the dashed lines represent interaction W;;(m,7;). Using the
expressions for the Green functions we obtain :

- - T [ dnGin, )

Expres}sing in terms of Matsubara frequencies w, = i(2n+1)rf+ p withn =0, 1,% 2,
. y&too and going over to momentum space we have

N = -——-—h / ZGo(p,wn)exp(—iwnr).

=0

Similarly the contributions in second order coming from scattering diagrams shown in
Figs.5.2(a) and 5.2(b) will be

w? &Bp &
B 27//—8%_87%-2@(171’“’0@(1’2,”0-

Wn

and
w2 d®p, d®
x(l —$)—IB—// 8:; 8:: ZGO plawn)G (p2’wn)

5.2.2 Summation Of The Perturbation Series For The Thermo-
dynamic Potential

In order to sum up the perturbation series of averaged thermodynamic potential it is not
sufficient to consider only skeleton diagrams and to add the self-energy parts to the ordered
state Green function G° because it leads to over-counting difficulties. To get a summed up
expression for (f2) we notice that if we open up any of the n closed solid line loops of any
the n-th order diagram for the thermodynamic potential , we obtain a possible n -th order

diagram for the configurationally averaged finite temperature Green function . This is seen if
we compare Fig 5.3 with Fig5.1.

Configurationally averaged finite-temperature Green function can be introduced as

(ar(rR)aly (12 )U(B)) 7
(U(B)) o

where < .. > indicates thermal and (fo|...|fo) indicates configurational averaging . Expanding
U(B) as a perturbation series and considering only connected diagrams in the Hilbert space M

(Grr (TR, TR!)) = (fol
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N

Figure 5.3: The scattering diagram obtained by opening up one of the closed electron loops in
the diagram for thermodynamic potential in Figure 5.1. This belongs to the scattering diagram
set for the averaged electron propagator.
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so as to cancel (U(f)) in the denominator the first-order contribution to the perturbation series
will be

22 / / drydr 4‘; ; Wis(ri, ra)an(rR)aly (g )l (r1)ai(my VBl (1) Bywe(m3)

= i Xj [ [ dridraWij(r1, m2)Ghi(mRy 1) Goge (T1s T )j0,50(T3 s 72)
= —zW T, J dryGRi(7a, TI)G?R'(TI’TR')

Changing over to momentum and frequency space above contribution becomes - xW [G°(p, w,.)]2
Similarly second-order contributions corresponding to Fig 5.4(a) and Fig 5.4(b) are

(1 - W [@(pn)]” [ T2LG(on,00,)

and

—$2W2 p,w n)] /dplGO plvwn

If E(n)(p,wn) denotes total self-energy part of the n-th order diagrams , proper or improper
then n-th order contribution to quenched thermodynamic potential will be

Qy, nﬂ/81r3 ZGO plywn)z(n)(p3wn)

the factor 1/n arises due to the over counting difficulty mentioned earlier . The difficulty of
carrying out summation with factor 1/n can be overcome by using a mathematical trick. We
may consider the coupling parameter W to be varying and integrate over different values of
this parameter keeping the chemical potential u fixed .

d? aw’
@ = 0+ [T [ WG°(p,wn>2w,(p,wn)

where X'(p,wy) is the sum of all possible self-energy parts , proper or improper .

Expressing in terms of the proper self-energy :
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A
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(a) (b)

Figure 5.4: The scattering diagrams obtained by opening up one of the closed electron loops
in the second order scattering diagrams for the thermodynamic potential in Figure 5.2
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we have an expression

_ dap dw’ EW’(p’wn)
O = 00+ 5 [ 8 [ T e St 53)

The Chemical potential 4 can be determined from this by solving :

N is mean number of electrons present . From equation (5.3) one has

0

N = GRS E [ CEE ) o/Ou o)L

The ordered free energy is given by

Qo = ﬂ L2 1a[1 + exp(~B(E, — )

E, being the energy corresponding to the host Hamiltonian Hy with momentum p.

Using this expression of the ordered free energy and the fact that differentiating any n-th order
diagram is equivalent to differentiating any of its n solid lines, it follows that

87r3 Z - E, - E(p’wn)

Equation (5.3) relates the quenched thermodynamic potential to the self-energy part of the con-
figurationally averaged finite temperature Green function . The self energy I can be determined
by summing up the irreducible scattering diagrams as shown in Figure 5.5.

Summing up various infinite sets of scattering diagrams leads to various approximations . If we
take into account correlated scattering from all sites within.a cluster C exactly but ignore all
scattering diagrams involving correlated scattering between sites within and without the cluster
, the resulting approximation is a C - cluster coherent potential approximation (CCPA). The
diagram for one such correlated scattering involving two sites is shown in Figure 5.6 . The sim-
plest of these approximations is the single-site coherent potential approximation (CPA). In this
approximation only uncorrelated scatterings are taken in account . In diagrammatic language
it amounts to considering only diagrams with non-overlapping pseudo-fermion loops associated
with more than one site . Mookerjee(1974) has shown that the summed up series for the scat-
tering diagrams in augmented space in this case is identical to that of the algebraic approach
of CPA . Using the correspondence between scattering diagrams and graphical techniques of
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Figure 5.5: Irreducible scattering diagrams for the self-energy for the averaged electron propa-
gator
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Figure 5.6: A scattering diagram for correlated scattering from two sites .Such diagrams are
neglected in the single site coherent potential approximation
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Haydock (1972) and the direct relation between the algebraic and the graphical techniques, he
has argued that a identical relationship holds for the summation of scattering diagrams for the
correlated scattering from clusters and the algebraic, partitioning method for the CCPA. The
averaged Green function and the self-energy as discussed earlier can be obtained by applying
the ideas of the recursion method directly on the augmented space . The equivalence of scat-
tering diagram summation and the algebraic method will allow us to use the above ideas to
obtain the averaged thermodynamic potential in a generalized cluster-approximation.

5.2.3 Annealed Averaging Of The Thermodynamic Potential

The essential difference between quenched and annealed averaging of the thermodynamic po-
tential is whether configuration averaging is done before or after taking the logarithm of the
grand-potential . In diagrammatic language, before a matrix element is taken in the configu-
ration space, each vertex has two arrows as shown in Figure 5.7(a). The operation of taking
the matrix element between |fo) in configuration space, i.e. configuration averaging, amounts
to joining these arrows in pairs to form disorder propagators. The same procedure is true
for the trace operation in the real Hilbert space. Moreover, taking the logarithm amounts to
discarding the unconnected diagrams. In quenched averaging, since we take the trace first,
followed by the logarithm, a diagram like Figure. 5.7(b) will be considered as an unconnected
diagram and hence discarded. On the other hand, for the annealed averaging, since we take the
matrix element in configuration space after taking the trace, the same unconnected diagram
now becomes connected in the full augmented space and hence when the subsequent logarithm
is taken its contribution is not zero. Such diagrams in the full augmented space constitute the
difference between the two different averaging procedures.

Inspecting diagrams of various orders of the interaction parameter , it is straight forward to
identify diagrams which , though unconnected in the real space, are connected in the full aug-
mented space via the disorder propagator . Some of these diagrams are shown in Figure. 5.8.
Physically it is understandable why the annealed averaging should have extra scattering dia-
grams and why these should lead to a renormalization of the disorder propagator. In quenched
averaging, the disorder fluctuations are frozen. Thermal fluctuations have no effect on disorder
propagators. Once a system is in a disorder configuration, it always remains so. The picture
of disorder propagators as propagators is a mathematical artifact, as was clearly understood
in the scattering picture of the CPA earlier by Leath et. al. (1974). The delta function time
dependence of the disorder propagator is a reflection of this fact. In annealed averaging, how-
ever, thermal fluctuations and fluctuations in disorder configurations take place on the same
footing. It is therefore not surprising that we have to consider extra scattering diagrams which

express these fluctuations and we do expect thermal fluctuations to renormalize the disorder
propagators and vice-versa.

Summing up of the perturbation series of annealed thermodynamic potential needs introduction
of a new type of configurationally averaged finite temperature Green function . Let us call this
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(a) (b)

Figure 5.7: (a) A scattering vertex in augmented space. (b) A new scattering diagram for the
annealed average. Note that for annealed average electron propagators renormalize the disorder
propagator.
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(b) : (c)

Figure 5.8: Scattering diagrams which arise in annealed averaging of the thermodynamic po-
tential but not its quenched average.
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the annealed averaged Green function G4 in order to distinguish it from configurationally
averaged Green function introduced in section 5.2.2 . Scattering diagrams for the annealed
averaged Green functions are obtained by breaking open solid lines of the diagrams for the
annealed thermodynamic potential ate shown in Figure. 5.9 . Considering specific case of
Figure. 5.9(c) , its contribution to averaged Green function can easily be obtained by using
previously mentioned rules for dotted , dashed and solid lines as

S X [ [ dn e drsWiis(r, m)Wisio(75,70) . Wiy (72,75) ..
f1 is

GR,ir (TR T1)Gis ir (T1s T1) Gy g (Try TR1) Glig iy (T35 T5) Glig s (75, T3) +
g11(4272,878) 911 (1878, 4676) gy 1 (T6, Te, 4474) 911 ($4Tay 1272)

For convenience we denote the quantum number k = 0 by T and k = 1 by | . Expressing in
terms of Matsubara frequencies, contribution of above diagram to the self-energy will be

:E(]. - m)WzGﬁ #1 (wn) E(l - x)2W4Gi1.51 (wm)Gix "1 (wm)

Thus we notice that the effect of unconnected electronic Green function in the Hilbert space is
to renormalize the right-going and left-going disorder propagators. If we denote the contribu-
tion of the right-going disorder propagator by g, instead of (-x) and that of left-going disorder
propagator by g, instead of (1-x) then the summed up self-energy diagrams including all con-
nected diagrams in the full augmented space, connected either via the electronic propagator or
via disorder propagator and containing only single propagator loops can be written as

Z4(wn) = =W a0 Tottn 1YL + 011) [Gi i (W) W] N,
+ Ewn 2:;0 zo+t=n W7:75(1 + aTl) [Gim} (wn)W]‘“—l Nm - Wo, (5'4)

where . and 4, give the renormalized contribution of right-going and left-going disorder prop-
agator ; oy represents the contribution from the disconnected portions of the electronic prop-
agator in the Hilbert space which simultaneously renormalizes a left-going and a right-going
disorder propagator , an example of this being Fig.5.9(b) ; N, represents the number of dia-
grams containing s right-going and t left-going propagators.

It is easy to check that N,; = sN,_1¢ + tN,s_y with N,o = §,;and No; = 0 Thesecond
term in the above expression for X ,(wy) represents the correction from self-energy diagrams
independent of wy, an example of this being Figure. 5.9(a) .

The Dyson equation corresponding to the right-going and-the left-going disorder propagators
can be written as (with a denoting either right (r) or left(£) propagators )
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Figure 5.9: Scattering diagrams for an annealed propagator obtained by opening up one of the
electron loops in the scattering diagrams shown in Figure 5.8
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Yo« = 9a + 9a0aVa

with the self-energies o, and o, given by

tu = =X T WGy @) 1N, (55)

wWn n=0sti=n

Contribution of o7 is given by

o0
o = =20 Y Y AW Ghua (@)l NyeNo

wn n=0s+t=n s'4t'=n

...... + WGy a4 (wn). (5.6)

The last term in equation (5.6) is included in order not to double count a factor already included
in o1y,

Thus the evaluation of the summed up expression for the self-energy requires the knowledge
of o,,00 and o1 . Inspecting equations 5.5 it appears that , apart from the summation over
Matsubara frequencies, the formally summed up expression is similar to that of the quenched
self-energy under the single-loop approximation, in which the roles of the electronic propagators
and the disorder propagators have been interchanged . Hence, in order to perform the double
summation over various orders of interaction and over the number of distinct ways of arranging
s number of right-going and t number of left going electronic propagators in equation 5.5 let us
define analogous to Schultz and Shapero(1973) , generating functions for o,,0; .

Do) = 3 u'fi(u)

=1
with fo(u) = 20 N,

It satisfies the recursion relation
- Y
Aio) = o= fia(v)

where
f' = df/dv along with the initial condition f, = Inv.

Utilizing the recursion relation of f,(v) , the partial differential equation satisfied by generating
function I'; can is given by

(== g )T1(wv) = -11;'+ 0Ty (u, v)/8v
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changing variables to § = (u+v)/2andn = (v—u)/2 leads to the canonical form

or, I 1

= - — 5.7
& = @-m - @E+n (6:1)
writing 04 = Y 04(w,) where o can either be r or £ ; one may has
1
Oa(wn) = —;PI(WGﬁ.i:(wn)'Yaa WG, i (wn)a)

Inserting this in equation (5.7) leads to the first order ordinary differential equation

%'da‘:l(: I %d"?:") +%. (5.8)

along with the boundary condition g, — 0 as { — 0

In order to perform the summations in equation (5.6) apart from sum over Matsubara frequen-
cies wy,, we rewrite the formal representation of o4, in the following way :

oy = D op(wn) + WG (wn)

with

o = =2 (WGuu(wa )y L1 Nopes Y, Ny

n=1 =0 a4t =n

We notice that

E Nﬂl.fl = (n-—-l)!

81+t1=n

oo
We now define another generating function I'y(v,u) = Y " (n —1)lv" fu(u) where the function

n=1

fa(v) = DY ulN,,_,. The recursion relation satisfied by f,(u) can be obtained easily as

r=0

faw) = w(l-u)fia(u) + (n—1)ufa-i(u)

with initial condition fi(u) = u

The generating function I';(v, u) can be shown to satisfy the the second -order partial differential
equation
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va’r,(v, u) uazI‘g(v,u) _ Dy(w,u) 1 0@,
ov? ovdu (1 —u)? v Ov
By changing the variables u and vto § = vandn = lnv-—Inu, the above second order

partial differential equation can be reduced to the canonical form of a linear, inhomogeneous
hyperbolic equation of the second order

9Ty

55 = F(¢,n,002/8¢,8T/0n,T5). (5.9)
where
Iy 1
F(¢,n,0T3/0¢,003/0n,T2) = 7 (1 =&/ exp(n)) - 3
In terms of this generating function we obtain
o = —T2(WGi i (wn)ve, 70/ 72) -

We have to solve the equation along the curves defined by ¢ = WG, ;,(wn)ye and n =
In(W G4, i, (wa)¥?/7-) in conjuction with the boundary conditions ¢ — 0,T'; — 0,0I'2/0¢ — 0

The solution of such hyperbolic linear partial differential equations with given sufficient bound-
ary conditions is known exactly in terms of its Green function (see e.g. Sneddon ,1980). Once
we have solved the equations 5.8 and 5.9, the summation over Matsubara frequencies can be
done in a trivial way by performing the contour integration

_ F(z)dz
; Flon) = f{c 1+ exp[A(z — p)]

where the contour is taken to encircle the zeros of the denominator.

As regards the summation in equation 5.4 the first and second term are identical apart from
summation over Matsubara frequencies and a change of sign in case of second term . We
introduce a third generating function

L3(v,u) = f:u"f,,(v)

n=1

with fo(v) = Y v"Npao,

r=0
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It is easy to check that this generating function satisfies the first order partial differential
equation

dTs oTs 1
“Ju T "B " P3[1+(1—v)u]'

Along with the boundary conditions u — 0,I'3 — 0 for all values of v and v — 0,5 — 0

for all values of u. The solution of this equation with the given boundary conditions leads to
" obtaining 34 as

1
TAwn) = —m(l+01,1)P3(WGi1,il(wn)’Yc,%/7:)

+ZG

11,81 (

)(1 + oy, l)F3(WG'1,u (Wares e [ve) — W

Finally since annealed Green function is obtained from scattering diagrams of annealed ther-
modynamic potential by breaking open electronic propagator part annealed averaged thermo-
dynamic potential will be given by an equation identical to that of equation (5.3) where ¥ has
to be replaced by £4 . The form of £4 under single-loop approximation can be obtained in
the above prescribed manner . The advantage of this formalism is since it treats the quantum

as well as statistical part in a unified way , whatever approximation is made applies equally to
both part .

5.3 SUMMARY.

The fermion field theoretic approa,ch'to the augmented space formalism has been applied for
obtaining thermodynamic potential of disordered alloys. Standard diagramatic technique has

been employed for both types of averaging of thermodynamic potential - quenched as well as
annealed with the following results :

(i) Quenched thermodynamic potential of disordered alloys has been obtained in this formalism
in a general way .

(ii) Difference between quenched and annealed averaging of thermodynamic potential appears
in considering certain additional classes of scattering diagrams in latter case. These are
such that although they are disconnected in the real Hilbert space and would have no
contribution if the logarithm were taken prior to averaging, become connected in full

augmented space via disorder propagators .Thus they contribute to annealed and not to
quenched averages.
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(iii) This difference between quenched and annealed averaging is manifested in summed up self-
energy T which in turn is related to thermodynamic potential . Considering additional
contributions to self-energy £4 for annealed case , the effect of disconnected portion of
diagrams in Hilbert space is to renormalize the disorder propagators .

(iv) Under the single-loop approximation , two types of disorder self-energies o, and o, ,reno-
malizing either left-going or right-going disorder propagator and another o4, renormaliz-
ing both of them simultaneously may be obtained from generating functions which appear
as solutions of first-order differential equations and linear hyperbolic partial differential
equation of second order followed by summations over Matsubara frequencies. Given the

boundary conditions these differential equations have solutions whose formal expressions
are available. ‘
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