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Chapter 1

Introduction and Overview

Field theories defined in 2+1 dimensional space-time (planar field theories) are of
importance in theoretical physics in many ways [1, 2, 3, 4, 5, 6, 7]. One of the
chief reasons for the usefulness of planar theories i§ that they serve as simplified
versions of more complicated 3+1 dimensional ones that involve formidable math-
ematical and conceptual difficulties. In such instances, a study of planar theories
may provide valuable insights and informations for developing possible methods of
dealing with their more realistic 3+1 dimensional counterparts. A famous example
for such a theory is the quantum gravity which is soluble in 2+1 dimensions [1, 2].
Another important reason for the widespread interest in the study of planar mod-
els is that they can describe the physics. of 2+1 dimensional systems like surfaces
and thin films in condensed matter physics. Elementary particles confined to two
spatial dimensions behave in distinctly different ways compared to the their usual
behavior in the familiar 3+1 dimensions [7]. Such difference in behavior gives rise to
interesting observable phenomenon thus making the study of planar theories highly

interesting both from theoretical and experimental points of view. For example, one
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such important application of planar theories is the well known fractional statistics

and fractional quantum Hall effect 7, 8].

In this thesis we deal with certain planar field theoretical models uncovering
various aspects of these theories and their interrelationships. A major part of the
work is devoted to the study topologically massive gauge theories which possess the
interesting property of gauge invariance co-existing with mass. The Maxwell-Chern-
Simons (MCS) and Einstein-Chern-Simons (ECS) theories in 241 dimensions are
typical examples of such theories and have evinced tremendous interest among the-
oretical physicists in recent times [9]. While MCS theory ié a vector field theory, the
ECS theory has a symmetric second rank tensor as its basic field. We have investi-
gated certain aspects of MCS theory and the linearized version of ECS theory. The
massive nongauge vector theories, namely Proca and Maxwell-Chern-Simons-Proca
(MCSP) theories, are known to be equivalent to doublets of MCS theories [9, 10, 11].
Also, MCS theories are equivalent to self and anti-self dual models in 2+1 dimen-
sions [12, 13, 14]. Similarly, certain studies have suggested the existence of a similar
connection between linearized versions of ECS theory and the Einstein-Pauli-Fierz
(EPF) theory [9]. We attempt to provide some-resh insight into the interrelationship
between these various theories through the maximally reduced form of the polar-
ization vectors/tensors of these theories. The polarization vectors and tensors are
of importance in phenomenological calculations [15, 16, 17]. Further usefulness of
these polarization vectors/tensors become more transparent when we consider the
gauge transformations generated by the translational subgroup of Wigner’s little
group for massless particles [18]. It is quite well known that the polarization tensor
of free Maxwell theory in 341 dimensions when acted upon by this translational
subgroup undergoes gauge transformations [19, 20, 21, 22, 23, 24]. It has also been

recently extended to linearized gravity which has a second rank symmetric tensor as
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the underlying gauge field [25, 26] and Kalb-Ramond (KR) theory involving 2-form
gauge field [27]. It has also been shown thaf the translational group T'(3), group of
translations in 3-dimensional space, in a particular representation acts as generator
of gauge transformations in B A F theory [27] which is obtained by topologically
coupling Maxwell field to the KR field. Analogous to MCS and ECS theories, BA F
model is a topologically massive gauge theory, but in 3-+1 dimensions [28, 29, 30, 31].
It was later discovered that one can in fact systematically derive this representation
of T'(3) which generate gauge transformations in a massive gauge theory in 3+1
dimensions, using the gauge transformation properties of 4+1 dimensional Maxwell
and massless KR theories by a method known as ‘dimensional descent’ [32]. In
the present work, we not only unravel many new and interesting points pertaining
to the gauge generation by translational groups in 341 dimensional theories, but
extend them to planar gauge theories also. We show that a particular representa-
tion of the 1-dimensional translational group T'(1) generate gauge transformations
in the topologically massive MCS and ECS theories [26, 32, 33]. Connection of
this representation of T'(1) with the representation of T'(2) (group of translations in
2-dimensions) that generate gauge transformations in 3+1 dimensional massless the-

ories is demonstrated explicitly by dimensional descent from 3+1 to 2+1 dimensions
[26, 32].

We considered only Abelian theories in this work and the calculation of the po-
larization vector (or tensor) of these theories is of crucial importance in our context.
In general, polarization vectors/tensors capture the Lorentz transformation property
of the basic fields when expressed as a mode expansion. In the usual field theoretical
models such as Maxwell theory or Proca theory, the components of the polarization
vectors can be independent of each other and are real [34, 35]. However, the com-

ponents of the polarization vector (tensor) of the topologically massive MCS (ECS)
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theory are necessarily complex and cannot Be chosen independently, manifesting the
internal structure of the theory [26, 36]. This is true also for MCSP theory and a
comparison of the polarization vectors of MCSP theory with those of a pair of MCS
theories with opposite helicities explicitly shows that the former can be considered
to be equivalent to the MCS doublet {36]. This equivalence between a pair of MCS
theories and MCSP theories was earlier studied at the level of the basic fields of the
models [10, 11]. As we shall see later in this report, the polarization tensor of ECS
theory is the tensor product of the polarization vectors of a pair of MCS theories
with the same helicity. We take recourse to explicit expressions of the polarization
vector or tensor of the theory under consideration in order to show how the ap-
propriate translational group generate gauge transformation in the theory. For this
purpose we consider only a single mode in the Fourier expansion of the basic field
of the theory and restrict ourselves to a particular reference frame. We then use the
Euler-Lagrange equation to derive the maximally reduced form of the polarization
vector or tensor which is devoid of any spurious degrees of freedom and represent
only the physical sector of the theory [35]. This procedure is named ‘plane wave
method’ and it can be used, with a great economy of effort, to study the gauge
generating nature of translational groups in various theories. Another important
feature of this ‘plane wave method’ is that it yields the mass of the quanta of the
theory under consideration rather effortlessly. Apart from the usual massive non-
gauge theories, this method of extracting the masses (zero or nonzero) of the quanta
can be applied to ordinary gauge theories having massless excitations, topologically
massive theories having massive quanta and nongauge theories elevated to gauge

theories by Stiickelberg mechanism [26, 27, 36, 37).

In chapter 2, we establish the equivalence of the MCSP model to a doublet of

MCS models defined in a variety of covariant gauges. This equivalence is shown to
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hold at the level of polarization vectors of the basic fields. The analysis is done in
both Lagrangian and Hamiltonian formalisms and compatible results are obtained

[36]. A similar equivalence with a doublet of self and anti self dual models is briefly

discussed.

In chapter 3, we review the role of translational subgroup T'(2) of Wigner’s little
group for massless particle as a generator of gauge transformations in 3+1 dimen-
sional theories. First it is shown, following Kim et.al. [22], how the gauge transfor-
mation in Maxwell theory is generated by the defining .representa,tion of T(2). It is
then shown that the same representation of T'(2) generates gauge transformations in
3+1 dimensional linearized gravity {25, 26] and massless KR theory [27]. The gauge
transformations generated by translational group form only a subset of the full range
of gauge transformations available to linearized gravity and KR theories [37]. We
also see in chapter 3 that the reducibility of gauge transformations in KR theory is
clearly manifested in the gauge transformations generated by T'(2). Furthermore, in
the case of the topologically massive B A F' theory, the gauge transformations are

generated by T'(3) [37)].

We discuss in chapter 4, the role of T'(1) as generator of gauge transformations
the topologically massive MCS theory as well the linearized ECS theory in 2+1 di-
mensions. Using plane wave method, we drive the maximally reduced form of the
polarization vector and tensor of these theories and show that a suitable representa-
tion of T'(1) generates gauge transformation in these theories [26, 33]. Polarization

vector of the ECS theory is clearly shown to be the tensor product of the polarization

vector of MCS theory with itself [26].

The method of dimensional descent [32] is reviewed in chapter 5 and the represen-

tation of T'(1) that acts as gauge generator for MCS and ECS theories are derived



using this method by starting from gauge transformation properties of massless
gauge theories (Maxwell and linearized gravity) in 3+1 dimensions [26]. Finally,
the polarization tensor of EPF theory in 2+1 dimensions is shown to split into the
polarization tensors of a pair of ECS theories with opposite helicities suggesting a

doublet structure for EPF theory [26].

One may also construct massive gauge theories by converting second class con-
strained systems (in the language of Dirac’s theory of constraint dynamics [38, 39]) to
first class (gauge) systems using the generalized embedding prescription of Batalin,
Fradkin and Tyutin [40, 41, 42]. On the other hand, in the Lagrangian framework,
one can convert the massive nongauge theories to gauge theories by the generalized
Stiickelberg extension mechanism [43, 44]. It is pointed out in [45] that there ex-
ists a one to one correspondence between this Hamiltonian embedding prescription
and the Stiickelberg extension mechanism based on Lagrangian formalism. By such
embedding prescriptions, one may elevate gauge noninvariant Proca, massive KR
[46] and EPF theories to gauge theories and obtain the corresponding Stuckelberg
~ extended versions of these models. Chapter 6 is devoted to the study of the connec-
tion between gauge generation and translational groups in such embedded massive
gauge theories. Though the models considered in chapter 6 belong to 3+1 dimen-
sional space-time, with suitable modifications these methods and results can be
easily applied also to planar theories. We show that the same representation of T'(3)
that generate gauge transformation in B A F' theory also acts as gauge generator in

the above mentioned Stiickelberg extended models [37].
A brief description of the major results and conclusions are given in chapter 7.

Notation: We use subscripts/superscripts in Greek letters for denoting indices

in 241 dimensional space-time. The letters a, b, c etc. from the beginning of Latin



alphabet are used for indices in 3+1 dimensional space-time whereas z, y, z etc. from
the end of the alphabet denote 4+1 dimensions. Letters like %, j, £ from the middle
of Latin alphabet represent spatial components of vectors/tensors in any dimension.

Signature of the metrics used are mostly negative.

We adopt the following nomenclature for gauge theories having massive excita-
tions. We discuss two types of gauge theories where the gauge fields are massive.
When a massless gauge theory is coupled to a topological term, the theory acquires
mass while retaining the gauge symmetry. The MCS, ECS [9] and B A F' [29, 30}
theories are examples of such gauge theories where the origin of mass is due to the
presence of topological terms in their actions. These theories are clearly referred
to as ‘topologically massive gauge theories’. The term ‘massive gauge theories’ are
used for those gauge theories obtained elevating the massive second class theories to
first class (gauge) theories by the prevously mentioned embedding prescription given
by Batalin, Fradkin and Tyutin [40, 41, 42]. Such massive gauge theories are also
called Stiickelberg extended theories of the corresponding massive nongauge theories

because they can also be obtained by generalized Stiickelberg extension mechanism
[43, 44, 45).

This thesis is based on the following publications.

1. Polarization vectors and doublet structure in planar field theory [36]
R. Banerjee, B. Chakraborty and Tomy Scaria
Int. J. Mod. Phys. A16 (2001) 3967.

2. On the role of Wigner’s little group as a generator of gauge transformation in

Maxwell-Chern-Simons theory {33]
R. Banerjee, B. Chakraborty and Tomy Scaria
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Mod. Phys. Lett. A16 (2001) 853.

3. Wigner's little group as a gauge generator in linearized gravity theories [26]
Tomy Scaria and B. Chakraborty
Class. Quant. Grav. 19 (2002) 4445.

4. Translational groups as generators of gauge transformations [37]
archive report hep-th/0302130

(Communicated).



Chapter 2

Polarization Vectors and Doublet{

Structure in Planar Theories

The polarization vectors or tensors contained in the mode expansions of the ba-
sic fields of field theoretical models usually capture the bLorentz transformation
properties of the fields under consideration. In some theories the polarization vec-
tors/tensors may carry more information on the structure of the theory itself. In such
cases, a simple analysis of the polarization vectors of the theories provide valuable
information regarding these theories. In the present chapter, we study two such
models, namely Maxwell-Chern-Simons theory and Maxwell-Chern-Simons-Proca
theory. The topic of this chapter is the relationship between these models and we
also consider the self and antiself dual model which have a close connection with
these theories. As mentioned before MCS theory is topologically massive gauge the-
ory where the gauge invariant mass occurring already at the classical (tree) level.
Now, it is intriguing to note that the MCSP theory can be regarded as the em-
bedding of a doublet of topologically massive gauge theories [10, 11]. Earlier, this
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was studied at the level of the basic fields in the two theories [10, 11]. Here we
shall pursue this mapping at the more fundamental level involving polarization vec-
tors associated with different modes of these fields. This is all the more important
since proper evaluation of these vectors is crucial for reduction formulae and the
study of the massless limit of the MCSP theory [15]. Besides, as stated before, the
transformation properties of the polarization vectors of various gauge theories under
the action of the translational subgroup of Wigner’s little group display the precise
gauge symmetry of the theory. Therefore, it is obvious that polarization vectors play
a fundamentally important role in the momentum space analysis of these theories.
This motivates us to compute the polarization vectors of these theories in the La-
grangian and Hamiltonian formulations and make a comparison between them. A
difference in the Hamiltonian approach, in contrast to the Lagrangian approach, is
the need to introduce a “new set” of polarization vectors for canonically conjugate

momentum variables (7#) along with those of the basic vector fields (A#).

2.1 Polarization vectors in Lagrangian formalism

2.1.1 Maxwell-Chern-Simons theory

We first review the calculation of the polarization vectors in the Maxwell-Chern-
Simons theory pointing out the differences from the corresponding analysis for the
Maxwell theory. Apart from reviewing the standard analysis [34, 50] where im-
position of Lorentz gauge is required, an alternative analysis depending only on
the symmetries of the theory will also be discussed. The Lorentz gauge condition

emerges naturally in the latter method.
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The MCS Lagrangian in 2+1 dimensions is given by

1 9
Ry /77 hd
4F F, + 26

This is the well known topological gauge theory with a single mode of mass |9| and

L= WA A,0, A (2.1)

spin % [9]. The corresponding equation of motion is given by,

—0"F,, + 9€un0"A* = 0. (2.2)
Imposing the Lorentz gauge,
0uA¥ =0 (2.3)
the above equation reduces to
(Og" + 9e8,) A, = 0. (2.4)
Substituting the solution
AH(z) = €#(k) exp(ik.z) (2.5)

for the negative energy component® in terms of the polarization vector £#(k) in the

above two equations, gives, respectively,

k.4 =0 (2.6)
and
E’(‘;\I/ICS)éu(k) =0 (2.7)
where,
Shics) = —k*g* + 0 k. (2.8)

'Here we simply suppressed the positive energy component which is just the complex conjugate
of the negative energy component appearing in (2.5). Its presence is required to make A*(z) real.

However, this suppression of the positive frequency part is of no consequence to our analysis.
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For a non trivial solution to exist, we must have
det E(MCS) = —k4(k2 - '192) = 0. (2.9)

It follows therefore that, we must have either k% = 0 or k% = 92, When k? = 0, the

solution is,
¢4 (k) = k*1 (k) (2.10)

where f(k) is an arbitrary function. Therefore massless excitations are pure gauge

artefacts, which may be ignored.

Now consider the case k? = 92, which implies that the quanta has mass® |¢|.
This enables a passage to the rest frame with k# = (|¢|,0,0). Then the equation of
motion (2.7) yields,

—192£6,(0) =0 (2.11)
9%£,(0) + i9(~|9])&(0) = 0 (2.12)
9%£,(0) + i9|9)£1(0) = 0 (2.13)

where £#(0) stands for the MCS polarization in the rest frame. The above set yields,
£°0) =0 (2.14)

¢*(0) = —%m H0). (2.15)

2This can also be seen by rewriting the motion (2.2) of MCS theory in terms of the gauge

invariant pseudo vector dual field F* = Le,,aFya:

(@ +9%)F* = 0.

This equation clearly shows that MCS theory has massive excitations. Yet another way to arrive

this result is by calculating the gauge field propagator whose pole gives the mass at k2 = 92 [9].
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Therefore in the rest frame the polarization vector is given by,

£4(0) = (0, ¢'(0), -—if;—lﬁl(o)> (2.16)

and is the maximally reduced form of the polarization vector £# in the rest frame
representing just the single physical degree of freedom of the MCS theory3. The

above expressions are determined modulo a normalization factor. This can be fixed

from the normalization condition,

| £*(0)€,(0) = -1 (2.17)

following essentially from the space-like nature of the vector &, as follows from
(2.6) using the fact that k# is time-like. An important point of distinction from the
Maxwell case is that £é# has complex entries while the z and y components of the
polarization vectors bear a simple ratio between them in the rest frame (2.15), so that
the number of degrees of freedom reduces to one. Furthermore, the normalization
condition(2.17) reveals a U(1) invariance in the expression for &#; i.e., if £# is a
solution, then e*#¢* is also a solution. This observation will be used later on to show

the equivalence among different forms for £~.

The normalization condition fixes |¢'(0)> = 1. Hence,
1 J
£4(0) = —= (0,1,—1——) . 2.18
© =75 (015 219)

Now we present another derivation of this result where only the symmetries of
the model are used. Consider again the equation (2.2) and assume solutions of the

form (2.5). Substituting (2.5) in (2.2) yields,

E kY KF — K2EF + 19" &k, = 0. (2.19)

3This method of obtaining the maximally reduced form of the polarization vector (or tensor) of

a theory by starting from a plane wave solution of the Euler-Lagrange equation for the basic field

is named plane wave method and is used extensively in this thesis

13



The two possibilities for k2, corresponding to massless or massive modes are (i)k? = 0

and (i1)k? # 0. We first take up the case case (i). Using k% = 0 in (2.19) gives,
KH(€ - k) = —ide" k&) (2.20)
Multiplying both sides with €,,5k* one arrives at,
0 =ivks(§ - k)
which implies that the momentum space Lorentz condition
£ k=0 (2.21)

holds automatically. Using k% = 0 and (2.21) in (2.19), we get ¢ = f(k)k* which,

as mentioned earlier, shows that massless excitations are pure gauge artefacts.
Next we consider the case k? # 0, from (2.19) we have,
1 : VA
=1 [(€- B)ky + iPemnk?e] . (2.22)

and we are allowed to go to a rest frame where k# = (m,0,0) and k? = m?2. Let &

in this frame be given by,

£(0) = (£°(0),£'(0),£%(0)) . (2.23)
Then (2.22) gives, .
£(0) = 2g2(0) (2.24)
and
2 “9 1
£°(0) = ——¢(0). (2.25)

Substituting for £2(0) from (2.25) in (2.24) gives
,02 = m2

14



from which it follows,
m = |d|. (2.26)

From the gauge invariance of the model it follows that £°(0) can be set equal to zero.
Therefore from (2.24), (2.25) and (2.26), we reproduce the earlier result (2.16). It is
important to note that the result is compatible with the covariance condition (2.6)
although it was not used explicitly in the analysis. This is also true for Maxwell
theory where the polarization vector automatically satisfies this condition; but there
k* corresponds to the massless physical excitations(k? = 0). On the other hand, the
massive excitations in the Maxwell theory are pure gauge artefacts, as can be easily
seen from (2.19) by setting ¥ = 0. Thus the roles of massive and massless excitations
in MCS theory is just the opposite of Maxwell theory. It is now straightforward to
calculate the polarization vector in a moving frame by giving a Lorentz boost [64]

to the result in the rest frame,

£ (k) 0 78 76 £9(0)
FONERCER R -l il [ RS0 (227)
£2(k) yp? LSS 14 OSHER L £2(0)

where § = ,%‘5 and v = ﬁ%. The ensuing polarization vector is given by,

£0) X z £(0) -k
H(k) = O+ 2k 2.2
#® ( o4Ot @ o) (229
where £ (0) stands for the space part of the vector in (2.18). Thus,
" 1_ ;912 1 _ 912 1_ ;8 1.2
POTTE N d  S t A VP AU Aok | LAY
V2[8| V2 VR + 19))|9) V2[9| V2K + [9))]8]

(2.29)

which agrees with the expression given in [50] calculated in the Lorentz gauge.
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2.1.2 Maxwell-Chern-Simons-Proca theory

The Maxwell-Chern-Simons-Proca(MCSP) Lagrangian is given by,

1 v 4 72 m? u
L= —-ZF F,w + 56 A,,B,,AA + ‘—2—A AM' (2.30)
The equation of motion is,
—0"Fu + 0€un0"A* + m?A, =0 (2.31)

which automatically satisfies the transversality condition 8,A4* = 0. Using this, the

equation of motion simplifies to,
[(O+m?)g" + 0e8,] A, = 0 (2.32)
Substitution of the solution A* = e#(k)exp(ik.z) yields,
(=& + m?)g" + i8¢ kx| &, = 0. (2.33)
From the transversality relation we get k,e# = 0. Let us define,
Thicsey = (=K +m?)g"” + 0" ky (2.34)
Then the equation of motion can be written as,
E‘(‘Kwsp)e,, =0. (2.35)

For ¢, to have a non trivial solution the determinant of X(acsp) should vanish.
That is,

(=k? +m?) [(—K? + m?)? - 0%?] = 0. (2.36)
This implies, either,

~k*+m?=0 (2.37)
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or
(—k* +m?)? — 6%k* = 0. (2.38)
Using (2.37) in (2.33), it follows that the solution must have the form, e#(k) =

k* f (k), which is however incompatible with the transversality relation and is there-

fore ignored. The second case leads to

k* =62 (2.39)
where,
2m2 + 62 + /8% + 4202 2
0i=\/m+0 0" + dm’6 =\/0—+m2i€. (2.40)
2 4 2
Two useful relations follow from this identification,
6=6,-0._ (2.41)
and
m? =0,0_. (2.42)

We use the notation €4 (k+) for the polarization vectors corresponding to k? = 6.2
and let £4(0) denote the polarization vectors in the rest frame. Taking the rest
frames to be the ones in which k* = (k,0,0)T = (|6+],0,0)T we have from the

equation of motion (2.33),
(m2 - Oiz)Eio(O) = 0,

—(m2 - 0i2)5:}:1(0) - i90¢6i2(0) =0
—(m2 - 9i2)5:t2(0) + 100141 (0) =0

where e = (e%,¢€l,€%). From the above set of equations we arrive at,

£0(0) =0 (2.43)
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00 .
£42(0) = Eg—_—ﬂ;?eﬂ(o) = Fie41(0) (2.44)

where the connection among various parameters has been used. Using a normaliza-

tion condition analogous to (2.17)

£(0)e,(0) = —1 (2.45)
gives,
ea (O = 5. (2.46)
Hence,
£4(0) = \/ii (0,1, Fi). (2.47)

The transversality condition k,e# = 0 is preserved which acts as a consistency check.

The polarization vectors in a moving frame corresponding to the two massive modes

with masses 6. are easily found, as before, by giving a Lorentz boost,

EFxik? 1 k' ¥ ik? L i k! F ik? 2)
AW JE k) (2.48
Vo0, VB A+ en e T A ene ) &%)

The pair of polarization vectors are related by the parity transformation in two

eh(hs) = (

space dimensions k' — k',k* — —k? augmented by £} — k% (which also implies
9+ - 9—-):

e} (kS, k' k) = €2 (k2 — k%, k' — k', K® — —k?)
€L (KD, KL, K2) = oL (K0 — KD, k! — kL, k2 — —k?) (2.49)
% (k1 k', k?) = —e2 (k° = k8, k' = k', kK = —K?).
Also, the pair is related by complex conjugation,

et (ky) = €™ (k). (2.50)
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where it is implied that this operation flips the parameter 6, — 6_. Now it may be

pointed out that the polarization vectors satisfy the conditions,
% (0)e£4(0) = 0.

These polarization vectors are therefore light-like. Here however, it is possible to

interpret these conditions as a consequence of the usual orthogonality relations,
e} (0)e-u(0) =0.

together with the parity law (2.50). These observations suggest an inbuilt doublet
structure in the MCSP model. The embedded doublet structure, related by the

augmented parity transformations, in the MCSP theory will be further explored in

the next subsection.

2.2 Application of polarization vectors

2.2.1 U(1) invariance and doublet structure

The above methods of calculating the polarization vectors depend on the existence of
a rest frame. The results obtained in this frame are Lorentz boosted to an arbitrary
moving frame. There is another approach which directly yields the polarization
vectors from a solution of the free field equations of motion. We now discuss this

and compare with the previous analysis.

Let us consider the MCS theory (with ¥ > 0). Since it has a single physical mode

of mass ¥, it is possible to write a general expression for the polarization vector,
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satisfying the Lorentz gauge condition (2.6) and the equation of motion (2.7),
&) 0"92 9 a0
fu(k}) =N |kt — g" ; - Z;ﬁ” ]Ca (251)

with, w = ko = (/92 + |k|? and N is the normalization. This is fixed from the
condition (g"*#é,, = -1),

1 w

V2 9[K|

This expression for the polarization vector was given in [15]. Though (2.51) appears

N =

quite different from the previous result (2.29) they only differ by a U(1) phase factor.

To see this, we express (2.51) in component form as follows.

2 9 w 9

By introducing a phase angle ¢ we can write the spatial components of k* as

= |k|cos ¢ (2.53)
= |k|sin¢ (2.54)

Using (2.53, 2.54), since ¥ =1+ @%‘1:—)5, (2.52) can be rewritten as

5"(10) 7 [“;l, (1 + %) cos ¢ + ¢sin ¢, (1 + —(-u—)l%) sin ¢ — i cos d)]

1 _is K| k2 _, , k2 ..
- ip X1 i¢ i KT i
e [ 9 oot (w+19)19e cos §, —i + (w+19)196 sin¢

no

= ¢4 (k).
(We have used (2.53, 2.54) again in the last step.) Up to a U(1) phase, this exactly
coincides with (2.29) thereby proving the equivalence of the two results. However,

one may notice that the representation (2.51) does not have smooth rest frame limit

whereas for (2.29) this limit is a well behaved one.
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Following identical techniques the polarization vectors for MCSP theory turn
out as,
2 2 2 2 2
wy — k*  wi-—|kP—m
Exy = — ki, — —1 €ank® 2.55
tu \/_2_!k| oL — |2 ( +u ™ Guo Wt O pad ( )
where, wy = /6% + |k|2. Once again this does not have a smooth transition to the

rest frame. But we can show its equivalence with the expressions (2.48) by adopting

the previous procedure. Expressions similar to (2.51) and (2.55) were reported

earlier in |15).

Different representations of the polarization vectors find uses in different con-
texts. For instance when MCS theory is coupled to fermions (MCS-QED), the
infra-red singularities of the 2+1 dimensional model leads to gauge dependence of
the one-loop fermion mass-shell [9]. The expressions (2.51) and (2.55) are used in
[15] for analyzing this fermion mass variance in the MCS-QED mentioned above.
On the other hand, the expressions given in (2.29) and (2.48) reveal the presence of
a doublet‘structure in the MCSP model. Specifically, the pair of polarization vectors
el, corresponding to the distinct massive modes 6., can be exactly identified with

the polarization vectors for a doublet of MCS models,

o R A o
L= —}ZF“"(B)FW(B) - %ie“"*B,,auBA. (2.57)

The necessary symmetry features are preserved provided both 6. > 0 or 64 < 0. It
then follows from (2.29) that the polarization vectors of the MCS doublet exactly

match with (2.48). The two massive modes . of the doublet are exactly identified
with the pair found in the MCSP model.

Yet another way of understanding the doublet structure is to look at the m? — 0

limit of the MCSP model (2.30), which then reduces to the MCS model. From (2.41)
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and (2.42) we see that this limit corresponds to two possibilities;

(¢) 6. — 0,0 — —0_ (2.58)
(#1) 6. —0;6 =0, (2.59)

These two cases (§ — =6.) exactly correspond to the MCS doublet (2.56) and
(2.57). Likewise the polarization vectors(2.48) also map to the corresponding dou-
blet structure. Note that this expression is divergent for . — 0 or §_ — 0, but this

mode does not corresponds to the physical scattering amplitude when fermions are

coupled [15].

It is worthwhile to mention that the limit m? — 0 takes a second class system
to a first class one. From the view point of a constrained system, such a limit is
generally not smooth. However, the polarization vector shows a perfectly smooth
transition. We might also recall that the m? — 0 limit in the second class Proca
model, to pass to the Maxwell theory, is problematic due to the change in the nature
of the constraints. This is also manifested in the structure of the polarization vectors.
Setting the m? — 0 limit in the relevant expressions for the Proca model does not
yield the Maxwell theory polarization vector. In this way, therefore, the massless
limit in the MCSP theory is quite distinctive. Since a pair of MCS theories get

mapped to the MCSP theory, such a smooth transition exists.

It is interesting to compare the above discussed relation between the second class
MCSP theory and a doublet of first class MCS theories to the previously (chapter 1)
mentioned embedding prescription due to Batalin, Fradkin and Tyutin [40, 41, 42].
In their prescription, a second class system is embedded in a first class system. In
contrast, in the present context a pair of first class (MCS) theories gets embedded
in a second class (MCSP) theory. Therefore, the mapping between MCSP is model
and the doublet of MCS models is, in some sense, the opposite of the embedding
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procedure described in [40, 41, 42].

Another point worth mentioning is that, if 6, = 6_, then § = 0 from (2.41).
This means that a doublet of MCS theories having the same topological mass but
with opposite helicities, maps to a Proca model, i.e., massive Maxwell model, with
mass m? = 62 = 62. In this case parity is a symmetry which is also seen from the

generalized transformations (2.49). This mapping was discussed earlier [57, 59] in

terms of the basic fields of the respective models.

2.2.2 Mapping with a doublet of self dual models

We have shown how a doublet of MCS theories can be mapped to a MCSP theory
using the explicit expressions for the polarization vectors of the theories. This
subsection is devoted to a discussion of this seemingly paradoxical mapping between
a doublet of gauge (MCS) theories and a non-gauge (MCSP) theory. We provide the

justification for such a mapping and elucidate its physical interpretation and other

related issues.

In order to explain the various subtleties regarding the mapping mentioned
above, we begin by noting the well established equivalence between a self-dual model

and the MCS theory [12, 13, 14]. The Lagrangian of the self-dual model is given by

1

1 ' v
Lsp = Ef“fu - md‘ 2 .00 fi (2.60)

An obvious difference between the two theories is that, whereas the MCS theory is
manifestly a gauge theory, possessing only first class constraints, the self dual model
is a non-gauge theory and has second class constraints. It has been shown [13], using

both operator and path integral techniques, that the gauge invariant sector of the
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MCS theory given by L, (2.56) gets mapped to the self dual model*. Specifically,
the fundamental field f# of the self dual model and the dual field F* = $€"AF, ) of
the MCS theory get identified, so that f* = F#. Likewise the mass parameters in

the two theories are also equated (6. = M).

In the present context the connection between the self dual and MCS theories
will be discussed in terms of the polarization vectors. Indeed it can be verified
explicitly that the polarization vector of the self dual model matches with the phys-

ical polarization vector {(2.18) and (2.28)] of MCS theory. The equation of motion

following from (2.60) is

1

= 30 =0, (2.61)

As was done before, we consider a solution of the form
f* = gr(k)e*? (2.62)

where £#(k) stands for the polarization vector of the self dual theory. Substitution
of (2.62) in (2.61) yields the equation

1
[g")‘ - —M—e“”’\k,,] &E(k) =0 (2.63)
which will have a nontrivial solution only if

det [g“A - ﬁe’“’)‘ky] =0 (2.64)

4This situation is just analogous to the well known equivalence between gauge non-invariant
nonlinear sigma model(NLSM) and CP! model which is a U(1) gauge theory. Here the mapping
between the NLSM fields n® satisfying n*n® = 1(a = 1,2,3) and the gauge-variant CP! field

22

2 ,
doublet Z = ( ! ) satisfying Z'Z = 1 is given by the Hopf map n® = Zt¢*Z with o® being

Pauli matrices.
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Now, (2.64) leads to the condition k? = M? which in turn implies that the excitations
are massive and that there exists a rest frame for the quanta. Proceeding exactly as
was done in the case of MCS and MCSP theory before, one can find the rest frame

polarization vector of the self dual model as

£#(0) = % (0,1, —1) (2.65)

To make a comparison, we now calculate the polarization vector £#(k) for the dual
field F* = £4(k)e** in the MCS theory given by the Lagrangian £ (2.56). This

is done by using the structure (2.5) for the A, field and passing to the momentum

frame.
FO = GijaiAj =1k X é‘eik.w
F”!l = elu)\aVAA = i(kZEO _ kofz)eik'w
Fz = GZVAaVA}‘ = z(kOEl _ k1€0)eik'w

In the rest frame (where k* = (6.,0,0)) the above set of equations reduces to

O = 0, 1311 = 0+eik.m, F2? = _i0+eik.w

where use has been made of the explicit form for £ given in (2.18). Therefore, the

polarization vector 7#(0) in the rest frame is given by

£4(0) = 6,(0,1, —1) (2.66)

We thus find that the polarization vector for f# matches (up to a normalization
factor) with that of F'* thereby providing an alternative interpretation of the equiv-
alence between the self dual and MCS theories. Moreover since the polarization
vector for F'# matches with that of A* calculated in the covariant gauge, this shows

the equivalence of f# with A* taken in the covariant gauge. Clearly, the polarization
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vectors of f# and F* will match in a moving frame also. Similarly one can show
that the polarization vector of the anti self dual model whose Lagrangian is given

by

1 1
Lasp = Ef”fp + mﬁ" 2 fu0u (2.67)

corresponds to that of the dual field in the MCS model given by £_.

The expressions for the polarization vectors in the self and anti self dual models
obviously agree with the doublet structure found in the MCSP model. This shows
the mapping of the self dual and anti self dual models with the MCSP theory®. A
pair of gauge noninvariant models is mapped to a composite gauge noninvariant
model. Since the self (or anti self) dual model is equivalent to the gauge invariant
sector of the MCS theory, this clarifies the equivalence of the MCS doublet with the
MCSP model. This equivalence should be interpreted as the mapping of the gauge
invariant sector of the MCS doublet with the MCSP theory. Furthermore,since the
mapping involves only the gauge invariant sector, the purported equivalence will
hold in any gauge. Here it has been explicitly shown for a covariant gauge. For a
proof in a noncovariant gauge like the Coulomb gauge we take recourse to an indirect
argument. The equivalence of the self dual model with the MCS theory in different
gauges including the Coulomb gauge has been shown in [13]. Since the mapping of
the self dual and anti self dual pair with the MCSP has been illustrated, this shows
that an analogous mapping must also hold for the MCS doublet in the Coulomb

gauge.

One may also note that it is not possible to consider the two excitations in MCSP
theory as arising from two scalar bosons. It was explicitly shown in [11] that the

spins of the two excitations of MCSP theory are +1. Furthermore, group theoretical

5Such a mapping was also analysed in [11].
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analysis of 2+1 dimensional theories shows that massive excitations arising due to
the presence of parity violating terms(eg. the Chern-Simons term) have spin +1
[53]. For MCS theory it was shown that the spin of the massive excitation in £,

is +1 while that in £_ the spin is -1 [9]. This is also consistent with the mapping

analysed here.

2.3 Polarization vectors in Hamiltonian formal-

iIsm

The analysis of the polarization vectors of MCS theory in the Lagrangian formal-
ism presented above is restricted to a single covariant gauge - the Lorentz gauge.
However it is possible to obtain the polarization vectors with other gauge choices
also. For example, Devecchi et. al.[50] studied the case of polarization vector of
MCS theory in the Coulomb gauge which turned out to be of a different structure in
comparison to (2.29). The MCSP theory not being a gauge theory, the form (2.48)
of the polarization vectors of the theory is unique and corresponds to the fact that
the Lorentz condition 0,A4* = 0 is automatically satisfied here, unlike MCS theory
where it is imposed by hand. In this context one might wonder if it is possible to es-
tablish the doublet structure of MCSP theory in any other Lorentz covariant gauge.
Furthermore, Lagrangian framework is a manifestly covariant formalism while the
Hamiltonian formulation does not possess this covariance because of its very nature
of singling out time. Also, because of the presence of momenta 7#(z) conjugate to
the field variables A,(z) in the Hamiltonian formalism, one has to introduce ad-
ditional polarization vectors (7#(z)) for to implement the mode expansion of the

momenta. Hence it is not clear if the results obtained in the Lagrangian and the

27



Hamiltonian formalisms are mutually compatible. To settle these issues we compute
the polarization vectors in the Hamiltonian formalism based on Dirac’s constrained

algorithm. Different covariant gauge conditions will be considered.

2.3.1 Maxwell-Chern-Simons theory

In this subsection we again consider the MCS field in the Lorentz gauge, but with
the difference that the Lorentz gauge condition is now imposed at the level of the
Lagrangian of the model itself. Consider the Lagrangian,

my LV . 2
£a =—-F F‘IW + -—26 A,‘a,,A)\ - —"—2 (6 A) (268)

which is obtained from (2.1) by adding an extra gauge fixing term —3-(9 - 4)%. (In
this subsection o represents the gauge parameter). For simplicity, the parameter ¢
is taken positive. If the vector field A* satisfies the Lorentz constraint (2.3), the
Lagrangian L, is equivalent to the MCS Lagrangian given by (2.1). The value of
the gauge parameter o being arbitrary, we make the choice oo = 1(Feynman gauge).

With this choice, after an integration by parts in the action, £; transforms to,
1 1
Ly = —56,,A,,8“A” + 58‘, [A, (0" A¥) — (8, A*) A¥] + ge“"*Aﬂ&,A)\.

Ignoring the total divergence term we write,

L, = —%auA,,a"A" + ge‘“’AAﬂB,,AA. (2.69)
The conjugate momenta are given by,
L Ny U (TR (2.70)
0A,

The Hamiltonian corresponding to (2.69) is given by
H1 = /d203 [—%ﬂ'”ﬂ'u + %akA”akA,,]
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+ / d*z [—geij (Agmj + AoaiAj + A;0;A) + %192A2 (2.71)

The Hamilton’s equations following from

A = {A*, Hy}
and
7t = {r#, H}
are explicitly given as follows.
A = 70 (2.72)
Al = -7t — gAZ (2.73)
A?=—q? 4 -;gAl (2.74)
70 = —V2A" + 9€7 5; A; (2.75)
it = —V2A! — 99%A° + %EAI - %ﬁ (2.76)
72 = ~V2A? +99'A° + "%42 + gwl (2.77)

Since our aim is to obtain the explicit form of the polarization vectors of the field,

we consider solutions of the form,

2
AP =" €\ k) ax explik - 2] + c.c (2.78)
A=1
2
™ =Y EH(\ k)b explik - 2] + c.c (2.79)
A=1

Note that the polarization vectors £#(k) used in the previous section have been
expanded in terms of their basis vectors £#(A, k). Since &#(k) is space-like there
are utmost two linearly independent vectors £#(), k) characterized by A, which are
used in the expansion of A¥. The justification for using only the two space-like basis

vectors £#(A, k) for the mode expansion of 7# is that the defining relation (2.70) of 7#

29



involves components of A* (which can be written in terms of space-like polarization
vectors) and their time derivatives. Therefore, 7# also can be written in terms of
the same space-like polarization vectors. The above solutions when substituted in

(2.72) and (2.75) give, in the rest frame (ko, 0,0) of the quanta of excitations,

(ikoay + b1)€°(L, 0) + (ikoas + 52)€°(2,0) = 0
and
(ikob1)€°(1, 0) + (ikob2)£%(2,0) = 0.
In these equations, the symbol k in ayy and by, has been suppressed. It can be seen
that the determinant (a;b; — agb;) of the coefficients does not vanish, since in that

case A* would be proportional to 7#. Hence the only solutions to the above set of

two equations are the trivial ones. That is
£%(2,0) =0 (2.80)

Similar substitution of (2.78,2.79) in (2.73), (2.74) (2.76) and (2.77) gives, in the

rest frame,

Tmesmé(0) =0 (2.81)
where
1koay + by ‘%al 1koag =+ bo %az
—2q tkoa; + b —2%a tkoag + b
YmesH) = 2 v 2 v (2.82)
’I;k()bl - %al %bl ’&'kobz - %'ag gb2
—%bl ikobl - ‘i—zal —gbz ’l:kobz - %az
and
£'(1,0)
- £%(1,0)
£(0) = (2.83)
£'(2,0)
£%(2,0)



The solutions of (2.81) are given by,

£(2,0) = ~ig'(},0) (2.84)

For 9 > 0, (2.80) and (2.84) agree with the result (2.14) and (2.15) obtained in the

Lagrangian approach. The agreement clearly will be preserved for the polarizations

vectors in a moving frame also.

Now we show that the above result is a special case of a more general one in
which we introduce a Nakanishi-Lautrup auxiliary field B in the MCS Lagrangian

and linearize the gauge fixing term [51]. In this covariant gauge formalism the

Lagrangian (2.68) is expressed as,

‘%=_£wwb+gw%%mm+8%ﬂ+%ﬁ (2.85)

Notice that £, does not contain B and that it is linear in A°. The Euler-Lagrange

equations of motion which follow from (2.85) are,

OA* — 04(8,A" + B) +9¢29,45 =0 (2.86)
and
B=-1a4 (2.87)
(0

Note that with the choice o = 1 and eliminating B using the equation of motion

(2.87), one can get £;. The momenta conjugate to the fields A% A and B are,
respectively, given by

T = B

g .

T = 8,~A0 A, + 'é'eijA]
g = 0



The Hamiltonian obtained from L, is

_1 /e 32 ioigi L9 L L e
Ha—2/dz[(7rz) +19e7rA+4+2(F)-
2. | 40(miri _ ¥ ijsiad i giy_ L)
+/dw A%(oir — Yeiigi 49) — B(9'AY) — —B (2.88)
2 o |
The constraints of the model are,
¢, =1 —B=0 (2.89)
and
Dy =m0 (2.90)

which form a second class pair. Setting the second class constraints strongly equal
to zero, one obtains my = B, using which one can eliminate the auxiliary field B

from the Hamiltonian:

2
H, = %/dzw [(m)2 + 9eini AT + >

+ / d*z [AO(aiw" - geijBiAj) — n0(0' Af) - é('/ro)Z] (2.91)

The Poisson brackets between the fields A* and their conjugate momenta 7, are
given by,

{A¥(x,t), m(y,8)} = ¢*.0(x — y). (2.92)

It should be mentioned that the Dirac brackets in the (A*, m,) sector are identical to

their Poisson brackets. Hence the Hamilton’s equations for A# and 7* are obtained

from
A* = {A* H,}, *={m* H,}
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and are the following.

A = 1A' — ar® (2.93)
70 = geij Al - B (2.94)
A= —pf — geiiAf + 0*A° (2.95)
IR B o
7t = —4—A + P FY — 56” (6’A +7r’) - O'r (2.96)

Substitution of the expansions (2.78) and (2.79) in (2.93) and (2.94), in the rest
frame (ko, 0,0) leads to,

[€°(1,0)a1 + £°(2, 0)a) ko + [£°(1, 0)by + £°(2,0)bo] @ = 0
and
[£°(1, 0)61 + £°(2, 0)b) iko = 0
If a # oo we can rewrite the above set as
a gz ) [ 1,0))
bob )\ £@20) )

The above equation does not have any nontrivial solution as a;b; — agb; # 0 for the

same reason mentioned earlier in the case of o« = 1. Hence,
£°(2,0)=0

if v is finite. When o = oo there is no unambiguous solution. This case corresponds
to the fact that when o = oo, the gauge fixing term in £, (2.68) vanishes. The
expansions (2.78), (2.79) when substituted in (2.95,2.96) yields,

62(}" 0) = "’ifl()‘a 0)
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These results are independent of the gauge parameter and naturally agree with the
previous o = 1 calculation and are identical to the results (2.14, 2.15) obtained in
the Lagrangian framework. Clearly the results will agree in a boosted frame also.
Therefore one can conclude that the form (2.29,) of the physical polarization vector

of MCS theory holds for the different Lorentz covariant gauge conditions considered

here.

2.3.2 Maxwell-Chern-Simons-Proca theory

Taking the MCSP Lagrangian (2.30) the canonical momenta are defined as,

i_ 9L _ [ roi 0 i
w—aAi— (F + 3¢ A) (2.97)

and
™ =0 (2.98)

is the primary constraint. The canonical Hamiltonian is,

2
Hyesp = l/d2113 T2 + ‘1'Fij2 + & +m? | A — Oe; Aim; + mPAg?
2 2 4 :
+ / 2z A0 (2.99)
where,

Q= aiﬂ‘i - geija,-Aj - m2A0 ~0 (2.100)

is the secondary constraint. Using (2.100) to eliminate Ay from (2.99), we obtain

the reduced Hamiltonian,

1 1 62 62
Hp = 3 / d*z [71','2 + (§ + -87711_2—) Fij2 + (Z' + ’n’l,z)Ai2 - eéiinﬂ'j]

1 [, ,
tom3 / d*z [(8im:)? — 00y €1 i Am) - (2.101)
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The only non vanishing bracket between the phase space variables is,

{4 (x,1),7(y, t)} = —696(x — y) (2.102)

Therefore the Hamilton’s equations are given by

A'={A' Hg} = —-7'+ Walaw - ge”A’ - 126""6’6%’" (2.103)
and
2
it = {r, H} = (1 + :19—) 6074 — 9 A + m2AT] - Ze¥ [ﬂ + ——afak d
(2.104)
We consider solutions (in terms of the polarization vectors €(k, A)) of the form,
2
= Z (A, K)ayy expik - z] + c.c (2.105)
z
Z (A, k)byy explik - z] + c.c (2.106)

Substitution of the above solutions in the Hamilton’s equations (2.103) and (2.104)

yields, respectively,

2

3 —ikoe* (A, K)ag, = Z{ '\ k) + ———k‘k’e’()\ k)] biex

A=1 A=1

0. . 1 :
+§[e”6’ (A k) — ;n—zelmk’k‘e'"()\,k)]am} (2.107)

and

2

2 2
> —ikoe* (N, K)oy = ;{[kikjsj(A,k) — KkIe' (), k) — m2e* (), k)] (1 + 40_m2)ak)‘

A=1
4 PN 1 i 1.k .k
20, K) = kR (0, 1)) (2.108)
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In the rest frame (k°,0,0), the above set of four equations can be written in the

matrix form as,

Ymesp)E =0 (2.109)
where
YMesp(H) =
b + tkoay gal by + tkoao gaz
—gal b + tkoay —gaz by + ikoas
—-Dm2a1 + ikobl gbl —Dm2a2 + ’ikobz gbz
—-%bl —Dm2a1 + ikoby —g—b2 —Dm?2ay + ikobo
(2.110)
and
e*(1,0)
€2(1,0
= ( ' ) (2.111)
e'(2,0)
€2(2,0)

with D = (1 + %ﬁ—) For a nontrivial solution of (2.109), det Xp¢cspy = 0. This
condition, after a straightforward algebra, reduces to
2

(a1by — aghy)? [ké - 2k§(92 +m?) + m4] =0 (2.112)

from which it follows that

2
[k;} - 2k§(% +m?) + m4] =0 (2.113)

02 0
ko = Z +m?2+ '2- =0, (2.114)

Replacing ko with 6 in (2.109) we obtain, after suitable manipulations, the following

That is,

relationship between the components of £(), 0);
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e2(A,0) = —ie' (), 0)
For ky = 6_ the corresponding relationship is given by
g2(\, 0) = +ig'(), 0).

Denoting the rest frame polarization vectors corresponding to ko = 6. by £.4.(0), the

above two expressions can be written as,

2 (0) = Fiel (0). (2.115)

which agrees with the relationship obtained from the Lagrangian formalism. The
polarization vectors in moving frames are obtained by boosting the rest frame vectors

appropriately, and the result obviously agrees with that obtained earlier within the

Lagrangian framework.

2.4 Summary

A detailed analysis of the polarization vectors in planar field theories involving both
a topological mass and a usual mass has been done. The structure of these vectors
is crucial for the reduction formulae, the study of unitarity in topologically massive
gauge theories[15], as well as for considering the massless limit of these theories
augmented by a normal mass term. Our general approach using either Lagrangian
or Hamiltonian techniques, has shown a U(1) invariance (in the k-space) in the form
of the polarization vectors. This is quite distinct from the usual Abelian invariance
associated with gauge theories. The U(1l) invariance reported here is connected
with the presence of the Chern-Simons(CS) term and has nothing to do with the

presence or absence of gauge freedom in the action. The CS term leads to complex
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entries in the polarization vector, thereby manifesting a U(1) invariance. This can
be contrasted with the pure Maxwell theory where all entries are real so that there
is no U(1) invariance of this type. It was seen that in MCS theories, the massive
modes were physical while the massless ones could be gauged away and hence were
unphysical. This is the exact counterpart of the Maxwell theory where the roles of
the massive and massless modes are reversed. The structures found here naturally
revealed a mapping between the Maxwell-Chern-Simons-Proca model and a doublet
of Maxwell-Chern-Simons theories with opposite helicities. This was also helpful in
studying the massless limit of the MCSP model. A mapping between the MCSP
model and a pair of self and anti self dual models is shown, once again on the basis
of the polarization vectors. The Hamiltonian analysis of MCS theory with various
covariant gauge conditions revealed that the structure of the physical polarization
vector for the theory is the same for all these gauge choices. For MCSP theory
also both Lagrangian and Hamiltonian analyses produced identical results. This
enables one to conclude that the mapping between MCSP theory to a doublet of
MCS theories is manifested at the level of polarization vectors of the basic fields for

arbitrary gauge parameter.
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Chapter 3

Translational groups as generators

of gauge transformations

Wigner’s little group is quite familiar to physicists mainly because of its role in the
classification of elementary particles. Wigner introduced the concept of little group
in a seminal paper [52] published in 1939 and showed how particles can be classified
on the basis of their spin/ helicity quantum numbers using the little group. Sev-
eral decades later Wigner along with Kim showed that the little group relates the
internal symmetries of massive and massless particles [54, 55, 56). A comparatively
less known facet of the little group, namely its role as a generator of gauge trans-
formations in various Abelian gauge theories, was also unraveled in the mean time.
Historically, the first attempts to study this aspect of little group were in the con-
texts of free Maxwell theory [19, 22, 23] and linearized Einstein gravity [25]. These
studies revealed that the defining representation of 3+1 dimensional Wigner’s little

group for massless particles (which is isomorphic to E(2) - Euclidean group in two

39



dimensions)', or more precisely its translational subgroup T'(2), acts as generators
of gauge transformations in 341 dimensional Maxwell theory and linearized gravity.
Recently, this gauge generating property of the little group received more attention
[27, 32, 33]. Moreover, it was shown that the same translational group was found
to be generating gauge transformation in the 3+1 dimensional Kalb-Ramond (KR)
theory involving a massless 2-form gauge field [27]. (A further study on the gauge
generating property of Wigner’s little group in the context of massless KR theory
can be found in [58] where its connection with BRST cohomology is explored.) On
the other hand, the same study [27] showed that for the B A F' theory which is ob-
tained by topologically coupling Maxwell field to a KR field, the generator of gauge
transformation is a particular representation of the three dimensional translational
group T'(3). Note that B A F' theory is a topologically massive gauge theory where
gauge invariance co-exist with mass [28, 29, 30]. Thus we see that different trans-
lational groups in their appropriate representations generate gauge transformations
in Qarious Abelian gauge theories in 3+1 dimensions. In this chapter we provide a
review of the gauge generating property of translational group T'(2) and T'(3) with
necessary details. All the theories considered in this chapter belong to 3+1 dimen-
sional space-time. In later chapters, we borrow some of the techniques developed
in the context of these 3+1 dimensional theories for similar investigations in planar

theories.

1 A brief review of the essential properties of this little group is given in appendix A.
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3.1 Translational subgroup of Wigner’s little group

A brief review of the essential aspects of Wigner’s little group for massless particles
[19, 22, 70] which are relevant to the present study is provided in appendix A.
Wigner’s little group is defined as the subgroup of homogeneous Lorentz group that
preserves the energy-momentum vector of a particle. For a massive particle, it is
trivial to see that the little group is given by SO(8) as one makes the transition
to rest frame. As discussed in appendix A, an element of the little group that

preserves the four-momentum k° = (w, 0, 0,w)T of a massless particle moving in the

z-direction is given by

W(p,q; ¢) = W(p,q)R(¢) (3.1)
where
1 + 22_;22 p q _22_2}_42
10 -p

W(p,q) =W(p,q0) = (3.2)

ESS

01 —q
2 2 2+2

-+

is a particular representation of the translational subgroup T'(2) of the little group
and R(¢) represents a SO(2) rotation about the z-axis. Note that the representation
W (p, q) satisfies the relation W(p,¢)W (5,q) = W(p + p,q + @).

3.2 Maxwell theory

We now discuss how this representation of T'(2) generates gauge transformation in

Maxwell theory which has the well known Lagrangian,

1
E - —Z abFab. (33)
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Maxwell theory is invariant under the gaugé transformation
Aqa(z) = A(2) = Au(2) + 0uf(2) (3.4)
where f(z) is an arbitrary scalar function. The Lagrangian (3.3) leads to following
equation of motion:
0, F* = 0. (3.5)

Denoting the polarization vector of a photon by £%(k), the gauge field A%(z) can be

written as
A%(z) = e°(k)et* 2. (3.6)

In terms of the polarization vector, the gauge transformation (3.4) is expressed as
eq(k) = €l(k) = e4(k) + if (k)k,. (3.7)

where f(z) has been written as f(z) = f(k)e™*. The equation of motion, in terms

of the polarization vector, will now be given by
k%€ — k°kpe® = 0. (3.8)

The massive excitations corresponding to k2 # 0 leads to a solution €® o< k® which
can therefore be gauged away by a suitable choice of f(k) in (3.7). For massless
excitations (k% = 0), the Lorentz condition k,e® = 0 follows immediately from (3.8).
For a photon of energy w propagating in the z-direction (i.e., ¥* = (w,0,0,w)7, it
follows from (3.8) that the corresponding polarization tensor e#(k) takes the form
(% €', €2,€% which can be reduced to the maximally reduced form

e*(k) = (0,¢',¢%,0)T (3.9)
by a suitable gauge transformation (3.7) with f(k) = % Note that the maximally

reduced form displays just the two transverse physical degrees of freedom &' and
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£2. Under the action (3.2) of the translational group T(2) this polarization vector

transforms as follows:
, b pe' + ¢e?
g* = e =W%(p,q)e° =€+ — k* . (3.10)

Clearly, this can be identified as a gauge transformation of the form (3.7) by choosing

1 2
f(k) =P e

— (3.11)

Hence one says that the translational subgroup of Wigner’s little group for massless

particles acts as a gauge generator in Maxwell theory.

3.3 Linearized gravity

The pure Einstein-Hilbert action in 3+1 dimensions is given by

I = - / d*zLE,  LF=./gR = \/Gg®Ra (3.12)

where LP is the Einstein Lagrangian and Rg, is the Ricci tensor. In the linearized

approximation the metric g, is assumed to be close to the flat background part 7%

and therefore
9ab = Nap + h'a,b (313)

where hgp is the deviation such that |hg| << 1. When the deviation is small one
considers only terms up to first order in hgy. The raising and lowering of indices is

done using 7% and 7, respectively.

The linearized version of Einstein-Hilbert Lagrangian is

1 1

£5 = Sha [Rg" - §n“°RL] . (3.14)
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Here R2 is the linearized Ricci tensor given by
R% = -;-(—Dh“b + 0°0.h® + 8°8,h°® — 8°8°h) (3.15)

with h = h°. Similarly Ry, = R} . As mentioned before, the translational subgroup
of Wigner’s little group for massless particles generates gauge transformations in
linearized Einstein gravity also [25, 26]. However, the gauge transformations gener-
ated by the translational group constitute only a subset of the entire set of gauge
transformations available in linearized gravity. Here we give a detailed review of

this partial gauge generation in linearized gravity by the translational group T'(2).

Gravity (linearized) in d space-time dimensions is described by a symmetric
second rank tensor gauge field and has }d(d — 3) degrees of freedom?. Therefore
general relativity in 341 dimensions has two degrees of freedom. The field equations

for h° following from the Lagrangian (3.14) is given by
—Oh® + 8°9.h® + 8°9,h™ — 8°8°h + 1®(0h — 8,85h°%) = 0. (3.16)
The above equation is invariant under the following gauge transformation:
A% = K% = b + 5°C%(z) + 8°¢%(x) (3.17)

Here C“'(x) are completely arbitrary except that they are considered to be small.

?The degree of freedom counting can be done by following Weinberg [60]. To start with, note

that a symmetric second rank tensor in d dimensions has %d(d + 1) independent components.
Analogous to the Lorentz gauge condition (6#A, = 0) of Maxwell theory, in general relativity we
have the harmonic gauge condition g#*T'*,, = 0 which amounts to d constraints on the components
of guy. These along with the d independent components of the gauge parameter (which by itself is
a d-vector now; see the ensuing discussion below, particularly (3.17)), in the linearized version of

the theory, reduces the number of independent components of the tensor field to -}d(d +1)-2d=
3d(d - 3).
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Following the plane wave method, we now adopt the ansatz
A = x%(k)e* + c.c. (3.18)
where x?°(k) is the symmetric polarization tensor. With the choice
¢%(z) = —i¢®(k)e™*® + c.c. (3.19)

the gauge transformation in k% can be written in terms of the polarization tensor

as
X2 (k) = X' (k) = x*(k) + k*C(k) + k°¢%(k). (3.20)
Just as in the Maxwell case, hereafter we will consider only the negative frequency

part for simplicity. Substituting the ansatz in the equation of motion yields

k2xab _ kakcxcb _ kbkcxca + kakbx + T]ab(—kzx + kckdXCd) = (. (321)

As was done in the previous cases, we separately consider the two possibilities
k* # 0 and k* = 0. Choosing the massive ( k* # 0) case first, we contract the

equation of motion (3.21) with n* to obtain

kX — kckax® =0; x=Xx%. (3.22)

A general solution to this equation is given by

X (k) = k£ (k) + K £2(k) (3.29)

with f4(k) being arbitrary functions of k. Therefore, it can be easily seen that this
solution can be ‘gauged away’ by appropriate choice of the variables (?(k) in (3.20)

as this corresponds to pure gauge. Thus, analogous to Maxwell theory, the massive

excitations of linearized Einstein gravity are gauge artefacts.
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For massless (k? = 0) excitations, the equation of motion (3.21) reduces to
—k%kex® — KPkex® + Kk x + n®kckax®® = 0. (3.24)

In a frame of reference where k* = (w,0,0,w)” the above equation can be written

as

—w[ka(XOb _ X3b) + kb(XOa _ X3a)] + kakbx + w2nab(XOO + x33 _ 2X03) =0. (3.25)

Various comﬁonents of the above equation together with the symmetricity of x*
leads to the reduction in the number of independent components of x**. In (3.25),
a=b=01leadsto x'' = —x®2;a=0,b=ito x" =x* and a = b =i to x*® = x*3.

Therefore, one can write the polarization tensor x* in a reduced form as

XOO XOl X02 XOO
01 11 12 01
=] XXX X (3.26)
¥ 12—yl 02
XOO XOl X02 XOO

Now if we make a momentum space gauge transformation with the choice ==

00 2 01 2 _ 02 . . ab R .
—%— (% = —% (? = —%—, the polarization tensor {x*} can be written in the

maximally reduced form as follows:

0 0 0 0
0 Xll X12 0
{x*} = o e g (3.27)
X =X
0 O 0 0

Here x!! and x'2 represent the two physical degrees of freedom for the theory. (This

form of the polarization tensor of linearized Einstein gravity in 341 dimensions is

46



derived in [60] following a different approach.) In this form (3.27), the polarization

tensor {x*} satisfies the harmonic gauge condition,

kox® = —;-k"xf: (3.28)
in momentum space, automatically. Using the maximally reduced form (3.27) of
the polarization tensor, it is now straightforward to show that the group W(p,q)
in (3.2) generate gauge transformations in linearized Einstein gravity also. For this

purpose consider the action of W(p, q) on {x*} in (3.27),

{x*} = {x**} = W(p, ) {x*IW"(p, q)

( o ) (px'" +ax'®)  (px™* —gx') ( = ) \
+2pgx'?) +2pgx'?
= )+ (ox" + gx™?) 0 0 (ox™ + gx'?)
(px'? — ax'") 0 0 (px'* = gx™)
2 _ 2411 2 _ 2,11
\ ( v +;pzx)‘§ ) (px" +ax'*) (px** = ax!) ( v +;p211X)1>: ) )
(3.29)
The above transformation can be cast in the form of a gauge transformation (3.20)
with the following choice for the arbitrary functions (*(k):
R it qz)x;1 20X e :qx”, =X = o’ (3.30)

However, since k* = (w,0,0,w)T, a general gauge transformation for this polariza-

tion tensor (3.27) has the form

(0 = ) = et} + (R0} + (R
2¢° ¢t ¢ O+
¢! 0 0 %
CZ 0 0 C2

°+¢) ¢t ¢ 2¢

= {x*} +w (3.31)
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Upon comparing the above form of general g@uge transformation with the one gener-
ated by W (p, q) given in (3.29), it becomes clear that the latter is only a special case
of the former as the relation ¢° = ¢® in (3.30) restricts the number of independent
components of the arbitrary vector (%. Therefore, the translational subgroup T'(2) of
Wigner’s little group for massless particles generates only a subset of the full set of
gauge transformations in linearized gravify. The reason for this partial gauge trans-
formation is as follows. We must notice that our starting point of gauge generation
by W (p, q) in linearized gravity is the maximally reduced polarization tensor (3.27)
which contains just the physical sector of the theory (in the reference frame where
k* = (w,0,0,w)T) and is devoid of any arbitrary variables to begin with. Hence
in the gauge generation by W(p, q), we must rely entirely on the two parameters
p and ¢ of the translational group to manufacture the gauge equivalence class of
the state corresponding the polarization tensor (3.27). However, the gauge freedom
in linearized gravity is represented by the arbitrary vector variable (* having four
components. Naturally, in the gauge generation by W (p, q) in linearized gravity,
only two of the four components of {® remain independent (as is evident from(3.30))
when expressed in terms of the two parameters (p, ¢) of the translational group and
therefore the gauge generation is only partial. It was noted in [25] that the gauge
generation by the little group in linearized gravity is subject to the ‘Lorentz condi-
tion’ k,(%(k) = 0. This also can be seen from the first relation ¢ = ¢3 in (3.30).
Thus, we have unraveled all the constraints behind the partial gauge generation by
Wigner’s little group in linearized gravit}". In contrast, we may note that the gauge
freedom in free Maxwell theory is represented by a single arbitra,ry scalar variable
f(k) (3.11) which can be expressed (without any restrictions) in terms of the two
parameters of W(p,¢) in the gauge generation by little group as is evident from

(3.10). Hence translational subgroup of Wigner’s little group generates the full set
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of gauge transformations in Maxwell theory.

3.4 Massless Kalb-Ramond theory

By similar methods it can be shown that gauge transformations are generated by
T'(2) in the 3+1 dimensional Kalb-Ramond(KR) theory [27] which has a second

rank antisymmetric tensor as its basic field. The KR theory is described by the

Lagrangian

1

L= —15 abcHa‘bc; Hyye = 0,Byc + 0pBea + OcBap (3.32)

where By, is a 2-form gauge field:
By, = — By, (3.33)

The equation of motion is

O, H® = 0. (3.34)

The KR theory is invariant under the gauge transformation
By (z) = Bl (z) = Bay(z) + 0, Fb(z) — OpFo(x) (3.35)

where F,(z) are arbitrary functions. However, these gauge transformations are not

all independent. One can see that under the transformation

Fi(z) = F!(z) = Fi(2) + 0.8(x) (3.36)

(where 3(z) is an arbitrary scalar function) the gauge transformation (3.35) remains
invariant. In particular, if F, = 0,A, the gauge transformation vanish trivially.
This is known as the ‘gauge invariance of gauge transformations’ and is a typical

property of reducible gauge theories where the generators of gauge transformation
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are not all independent [49]. Since the components of the arbitrary field F,(z)
(which represents the gauge freedom in the KR theory) are not all independent,

there exists some superfluity in the gauge transformation (3.35).

In order to obtain the maximally reduced form of the antisymmetric polarization

tensor €45(k) of the massless KR theory, as was done in the previous models, we

employ the plane wave method using the ansatz
By (z) = eqp(k)e™ 2. (3.37)

In terms of the polarization tensor £%°, the gauge transformation (3.35) can be

written in the momentum space as

€av(k) = €05(k) = €ap(k) + ilkafo (k) — Ky fa(k)) (3.38)

while the counterpart of (3.36) is given by

fa(k) = fu(k) + ik (3.39)

(where we have written F,(z) = f,(k)e?** and 8(z) = B(k)e™**) and the equation
of motion (3.34) as

ka[koe + kP& + k™) = 0. (3.40)

For massive excitations (i.e., when massive k% # 0), we have
1
(k) = F[kb(kae“) — k°(kq,e®)) (3.41)

Using (3.38), this can be gauged away by choosing

C ’l: C
fé(k) = ﬁkas“ (3.42)
We thus find that massive excitations of KR theory are gauge artefacts.
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For massless excitations (k* = 0), the momentum-space equation of motion
(3.40) reduces to

ke® =0 (3.43)
which is equivalent to the “Lorentz condition” 8, B* = 0. Using this condition, the
six independent components of the antisymmetric polarization matrix {¢®} can be

reduced further. In the reference frame where the light-like vector £* takes the form

k* = (w,0,0,w)T, the condition (3.43) can be written as

0 g0l 02 03 w
0 g2 (13 0
{e®}.p= = 0. (3.44)
—802 —812 0 623 0
g% g8 28 w
The above equation can easily be simplified to
eB =0, M=gld 02— (3.45)
so that the polarization tensor €% can now be written as
0 601 602 0
—0 gl2 GOl
{e®} = (3.46)
%2 g1z g 02
0 —gf g2 g

With the gauge choice f! = £¢% and f2 = 1%, if we now make a gauge transforma-
tion (3.38), the above form of the polarization tensor yields the following maximally

reduced form:

0 0 0O
0 0 10
{e®} = £ (3.47)
0 -1 00
0 0 00



The transformation of this maximally reduced polarization tensor (3.47) of the mass-
less KR theory under the translational subgroup W(p,q) (3.2) of Wigner’s little

group, can be written as

0 —-¢gp O
0 0

() = (€} = Wip, eI (p,q) = {e*} +£2 | R

-p 0 0 -p

0 —-¢gp O

This can be cast in the form of (3.38) with
— 6.12 p€12

fl —_ ’(L]w , 2 _..,’:_;J__, f3 —_ fO. (349)

Hence we can say that defining representation W (p, ¢) of the translational subgroup
T(2) of Wigner’s little group for massless particles generate gauge transformations
in massless KR theory also. However, as in the case of linearized gravity, on account
of the requirement f3 = f9 the gauge transformations generated by the translational
group T'(2) fails to include the entire set of gauge transformations in KR theory. The

general form of gauge transformation (3.38) in the matrix form is

0 Lo ooy

{e?} = {*} = {e¥} +w R (3.50)

-2 0 0 —f?

f3_ g0 f1 g2 0

which makes it quite explicit that the transformation (3.48) does not exhaust (3.50),
but is only a special case (where f® = f3) of it. Here again, for the case of gauge
transformation (3.48) generated by the translational group W (p, ¢), the arbitrary
vector function f%(k) which correspond to the gauge freedom of KR theory satisfy
the ‘Lorentz condition’ k,f%(k) = 0 since k* = (w,0,0,w)T corresponds to a KR

quantum propagating in the z-direction.
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Similar to the gauge generation (3.29) in linearized gravity, the transformation
(3.48) is an attempt to generate the gauge equivalence class of the completely phys-
ical (maximally reduced) polarization tensor (3.47) of KR theory using only the two
parameters of the translational group W (p,q) while the full gauge freedom of the
theory is represented by the four arbitrary components of the vector f@. Here again,
the components f! and f2 of f# can be expressed in terms of the parameters p, ¢ of
the translational group W(p, ¢) and they remain independent of each other as can
be seen from (3.49). However, unlike in the case of linearized gravity, the other two
components (f°, f3) are independent of the parameters (and of the components of
maximally reduced polarization tensor) and are left completely undetermined sub-
ject only to the constraint f® = f3. Thus, in the gauge generation by W(p, q) in
KR theory, corresponding to any given pair (f!, f2) there exists a continuum of al-
lowed choices for f%(= f?) representative of the invariance of gauge transformations
(3.38) under (3.39). Therefore, the partial gauge generation by W(p,q) in mass-
less KR theory clearly exhibits the reducibility of its gauge transformations. The
reducibility of the gauge transformation (3.35) is manifested in the special choice
(3.49) which makes the transformation (3.48) of the maximally reduced polarization
tensor £% effected by W (p, q), a gauge transformation of the KR theory. This may
be compared to the gauge generation (3.29) in linearized gravity by W (p, q¢) where
all the components of the arbitrary vector variable (# are expressed in terms of the

parameters (p, g) (see (3.30)) hence indicating the absence of any reducibility in the

gauge transformation of the theory.

Notice that the transformation (3.36) is of same form as the gauge transformation
(3.4) of Maxwell theory where the generator of gauge transformations is W(p, q).
Hence, one may consider that the ‘gauge transformation (3.36) of gauge transfor-

mations’ in KR theory as being generated by a translational subgroup W(p,q) of
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little group for massless particles. Therefore, in KR theory which is a 2-form gauge
theory, two independent elements of the translational group W(p, q) are involved
in generating gauge transformations, one for the underlying 2—fofm field B,, and
the other for the field F,. In the gauge generation for massless theories by the
translational group W (p, q), we therefore perceive an appealing hierarchical struc-
ture, namely in a n-form theory, n elements of the translational group W (p, ¢) being

involved in gauge generation.

3.5 B AF theory

B A F theory [28, 29, 30, 31] is obtained by topologically coupling the B, field
of Kalb-Ramond theory (3.32) with the Maxwell field A, and is described by the

Lagrangian

1 1
L= —ZFabFab + ’i'z‘HabcHabc - %eadeHabcAd- (351)

The equations for motion for A,(z) and B (z) fields are given by

0, F — %’eabcdﬂa,,c =0 (3.52)
and
0, HY = %medechde. (3.53)

The gauge transformations of the fields A,(z) and By, (z) are respectively of the same
form as (3.4) and (3.35). Just like the massless KR theory discussed in section 3.4,
the gauge transformation of the B, is reducible for B A F' theory also. Substituting
for A, and By, respectively from (3.6) and (3.37), we obtain the momentum space

version of the above equations of motion in terms of the polarization vector ¢, and
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€qp as follows;

k*? — k%k,e® + %mef‘bc‘ikaebc =0 (3.54)
k2e® + ek kb — £Pk k® + imk €% = 0. (3.55)

The momentum space gauge transformations of the fields are obviously of the form

(3.7) and (3.38). Considering the massless case k* = 0, we see using (3.54) that
€gabck®hee® = im(ke€be — KpEac + KcEap) | (3.56)
Contracting with k® on either side of (3.56) yields,
kokbey. + kokPeq = 0. (3.57)
Using (3.57) and the masslessness condition (k2 = 0), one can immediately see using
(3.55) that

kagqe®®e = 0 (3.58)

so that any general solution of £, can now be written as,
e = f(k)kq (3.59)

for some function f(k). Therefore, using (3.7), one can easily see that massless
excitations, if any, are gauge artefacts. This is in contrast with the Maxwell and
KR models considered earlier, where the massive excitations are gauge artefacts.
Next let us consider the massive case (k* = M?). Going to the rest frame with
k* = (M,0,0,0)T, one can relate the spatial components of € and €* by making

use of (3.54) and (3.55) to get the following coupled equations

.

e = Me"ifkejk (3.60)
e = —%ewksk (3.61)
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whereas £° and €% remain arbitrary which can be trivially gauged away by making
use of the gauge transformations (3.7) and (3.38) and the form k* = (M, 0,0, 0)7 for
the four-momentum in the rest frame. On the other hand, the mutual compatibility

of the pair of equations (3.60) and (3.61) implies that we must have
M? =m2 (3.62)

This indicates that the strength ‘m’ (taking m to be positive) of BAF term in (3.51)
can be identified as the mass of the quanta in BAF model. With this, (3.60) and

(3.61) simplify further and one can write £%* and &® in terms of the three independent

parameters,
0 0 0 0 0
0 0 ¢ -b a
{e*} = , &%= —i : (3.63)
0 —c 0 a b
0 b =a O c

displaying a dual structure. Another way of understanding the degree of freedom
count is to recall that the BAF Lagrangian (3.51) can be regarded either as a massive
Maxwell (i.e., Proca) theory or a massive KR theory [46, 47, 48]. This can be
achieved by eliminating once the KR field or, alternatively, the vector field from the
coupled set of equations (3.52, 3.53). Both these theories have three massive degrees

of freedom. It is interesting to note that the polarization tensor/vector in (3.63),

satisfy an orthogonality relation,
%, = 0. (3.64)

By a straightforward calculation involving the explicit forms of the polarization
tensor €% and vector £° (3.63), one can see that W (p, q) fails to be a generator in

BAF theory. Therefore, it appears that the translational T'(2) in the representation
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W (p,q) , in contrast to the Maxwell and KR examples, is not a generator of gauge
transformation in the BAF theory. So, what would be generator of gauge transfor-
mations in the topologically massive BAF theory? In order to answer this question
consider the matrix,
1 pgr
D(p,g,7) = o Lo0 (3.65)
0 010
0001

involving three real parameters p,q,r. This generates gauge transformations (3.7)

and (3.38) acting on the polarization tensor and polarization vector (3.63):
e* = £ = D%(p,q,7)e’ = €* — —%(pa + gb+ re)k¥, (3.66)

{e®} — {£*} = D(p, q,m){e*}D(p, q,7)

0 (rb—qc) (pc—ra) (qa — pb)
_ ety | Tm@ 0 0 0 (3.67)
—(pc — ra) 0 0 0
—(ga — pb) 0 0 0

as both (3.66) and (3.67) can be easily cast into the form (3.7) and (3.38) with the
proper choices of f(k) and f(k) given by

b+ re
fg) = Petabre (3.68)
m
_rh—gqc _pc—ra 3,1y _ 90— pb

while the component f0(k) of f(k) remain completely undetermined manifesting
the reducible nature of the gauge transformation of the B% field as explained in
the previous section in the context of KR theory. However, unlike KR theory, the

gauge transformations generated by D(p, g,) (3.65)exhaust the entire set of gauge
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transformations in B A F theory. This is because the components of f®(k) as given
in (3.69) are independent of one another: the three spatial components f?, f2, f2
are expressed in terms of the three parameters (p,q,7) while f° is left completely
undetermined. This is unlike massless KR theory where the gauge transformations

generated by D(p, q,r) is restricted by the condition f0 = f3.

We can now identify the group in which D(p, ¢,7) belongs. One can easily show
that

D(p,¢,r)-D(¢,¢,r) =D(p+p,q+¢,r+7) (3.70)
and
[T1,T2) = [T, T3) = T2, T3] = 0 (3.71)
where
T, = BD(Z;0,0); T, = BD(g:Iq, 0); T, = BD(g,TO,r) (3.72)

can be thought of as three mutually commuting “translational” generators. The
group can therefore be identified with T'(3) - the invariant subgroup of E(3) or
ISO(3) [70]. Although this gauge generating representation of D(p,q,r) has been
obtained here in a somewhat empirical manner, it can be derived systematically
from Wigner’s little group in a space-time of one higher dimension, i.e. in 441
dimensions through dimensional descent. We shall elaborate on this in a subsequent

chapter.

3.6 Summary

In this chapter we have reviewed the gauge generating nature of the translational

subgroup T'(2) of Wigner’s little group for massless particle. We have seen that the
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representation of T'(2) inherited from the defining representation of Wigner’s little
group generates gauge transformations in several massless Abelian gauge theories
in 3+1 dimensions. Our illustrative examples consisted of free Maxwell theory,
Kalb-Ramond theory and linearized gravity. In the case of Maxwell theory T'(2)
is found to generate the entire spectrum of gauge transformations while in KR
and linearized gravity, it generates only a subset of the whole range of available
gauge transformations. In Kalb-Ramond theory theory, the reducibility of the gauge
transformation is clearly manifested in the gauge generation by 7°(2). When it comes
to the topologically massive B A F' theory, one has to go beyond the Wigner’s little
group and it is the translational group T'(3) that generates the full set of gauge
transformation in this theory. The generation by T'(3) also explicitly manifest the

reducibility of the gauge transformation in the antisymmetric tensor field in B A F'

theory.
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Chapter 4

Translational groups as gauge

generators in planar theories

We have seen in the previous chapter that the translational subgroup of Wigner’s
little group generate gauge transformations in 3+1 dimensional massless gauge the-
ories. However, the 2+1 dimensional little group for massless particles has only
one parameter and is isomorphic to the translational group 7'(1) in 1-dimension.
Nevertheless, this little group will generate gauge transformation in Maxwell theory
in 241 dimensions’. As we know, there exist topologically massive gauge theories
in 2+1 dimensions, namely the MCS and ECS theories. The question now is if the
translational group T'(1) generate gauge transformations in these theories as well.
The present chapter addresses this question. We first discuss the 2+1 dimensional
little group briefly and then go on to study the relationship between the little group

and gauge transformations in the topologically massive theories.

1The linearized gravity and massless KR theories do not have any propagating degree of freedom
in 241 dimensions.
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4.1 Wigner’s little group in 241 dimensions

Following identical techniques as in 3+1 dimensions, one can derive the 241 dimen-
sional Wigner’s little group that preserves the momentum 3-vector k* = (w,0,w)T

for a massless particle {33] as

1+ ”2—2 ap —-’323
{W#, Hp) = p a -p (4.1)
2 2
5 wl-F

where a = £1. For a = +1, one can easily show that,
W(p) - W(p)=W(p+p) (4.2)

and therefore the little group represented by (4.1) is isomorphic to R, the additive
group of real numbers. It is well known that the Wigner’s little group for massless
particles (in 2+1 dimensions) is isomorphic to R x Z; [53]. The 2, factor is required

to take into account of the fact that the value of a is restricted to +1.

The generator G in the representation W (p) in (4.1) is clearly given (with a =
+1) by,

01 0
ow
G= -5;)— IP=0= 1 0 -1 (4-3)
01 0
satisfying,
10 -1
G*=|00 0 |; G*=0 (4.4)
1 0 -1
so that W(p) can be re-expressed as,
1
W(p) =e’% =1+ pG + §p2G2 (4.5)
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One can thus construct various representations of Wigner’s little group for mass-
less particles in 2+1 dimensions just as in the usual 3+1 dimensions. The important
point is that although the various representations are, by definition, isomorphic to
each other, not all of them belong to the Lorentz group. In the following section we
construct another representation of the little group in 241 dimensions, not inher-
ited from SO(1,2), which will be shown to act as a gauge generator in topologically

massive MCS theory.

The little group for the massive particle, which in this case can be trivially seen
to be O(2), however, does not have any role as a generator of gauge transformation.
This does not mean however that they are completely unrelated. In fact, one can

write W (p) for |p| < 1, as a product of three matrices;

W (p) = B, (p)R(p)Ba(p) (4.6)
where
2—p? 2 1
= 0 5 100 7 7 0
B/')=| 0o 1 0o [iR@=[01q —p [;Bslp)=]| 2 L 0
2 _m2
_% 0 27’% 0 p 7« 0 01

| (4.7)
with v = /T—p% These matrices are themselves the elements of the Lorentz
group SO(1,2); B, represents a boost along the z-direction, R represents a spatial
rotation in the x—y plane and B;l represents a boost along the negative y-direction.
Appropriate transformations in this order can preserve the energy-momentum 3-
vector of a massless particle moving in the y-direction. Here R clearly corresponds to
the little group of a massive particle. Thus (4.6) relates the elements of the connected
parts of identity element of the little group of massless particles with massive ones

as long as [p| < 1. But this does not provide the natural homomorphism existing
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between R (the additive group of real numbers) with SO(2).

4.2 Little group as gauge generator in Maxwell-

Chern-Simons theory

It is easy to see that the little group W(p) in (4.1) with a = +1, generate gauge
transformations in 2+1 dimensional Maxwell theory. For that consider a photon
of energy w moving in the y-direction and polarized in the z-direction so that the

potential 3-vector takes the form

AP (z) = €8 exp(—ik.z) = €¥ exp(—iw(t ~ y)), (4.8)
where
0
=11 (4.9)
0

is the polarization vector and the subscript denotes that this vector is in the z-

direction. Under the action of W(p) (4.1), £¥ undergoes the transformation
e =WhE =g+ S (4.10)

This can be identified as the gauge transformation as the corresponding gauge field

undergoes the transformation

AM(g) = A¥(z) = Ak(z) + O (%’-e—iw(t—v)) . (4.11)

In contrast to Maxwell theory, MCS excitations are massive as we have seen

in section 2.1.1 and the rest frame polarization vector £#(0) takes the simple form
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(2.18) in the rest frame. That is,

0
E“(0)=—\;—§ R (4.12)
;9

where ¢ is the CS parameter. Note that it has complex entries having both = and
y components unlike the Maxwell photon polarization £¥. In fact in their Coulomb
gauge analysis Devecchi et. al.[50] have pointed out that the spin (l%l) of the MCS

quanta stems from this particular complex structure of the polarization vector.

We shall now investigate whether this same little group can generate similar
gauge transformation on the MCS polarization vector (4.12). To that end, let us
apply W (p) on £#(0) (4.12). Without loss of generality, henceforth we shall consider
¥ < 0 case only. We find that it undergoes the following transformation,

[ »p—3p
£0) » O =WhEE©O) = 7= | 1-ip (4.13)
p+i(l—-%)
Clearly this cannot be cast in the form of (4.10). One cannot therefore interpret
this transformation as a gauge transformation. However, taking advantage of the
fact that this little group involves a single parameter only, we can easily construct

a (non-unique) representation which does the required job. This is given by,

1 p —ip
Dp)=101 0 |5 peR (4.14)
0 0 1

so that in place of (4.13) one has the desirable form in the sense that it can now be

put in the form of (4.10);

£4(0) - £4(0) = DA,£/(0) = £4(0) + Y22 (4.15)
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where k* = (]9],0,0)T is the energy-momentum 3-vector of a MCS particle in the
rest frame. This shows that D(p) acts a generator of gauge transformation in the

MCS theory.

By denoting the rest frame polarization vectors of a doublet £ ((2.56)and (
2.57)) of MCS theories with helicities +1 by &4 and the corresponding elements of
92+1 dimensional little group that generate their gauge transformation by D (p.)

respectively, we may write

V2
£4 — Da(pa)él = €4 + —WI‘I’—W (4.16)
where
1 P+ :l:’ipi 0
1

D —_ y [ = — . 417
+(p+) 0 1 0 &L 72 1 (4.17)

0 O 1 ==

with py representing the parameters of the little group elements D.. In the next
chapter we show how we can derive these representations of Wigner’s little group
in 241 dimensions from the gauge generating representation W(p, q) of T'(2) for

Maxwell theory in 3+1 dimensions by a method called dimensional descent.

Now, certain comments on some subtle points regarding representation D(p)
(4.14) are in order. Although D(p) is not an element of the Lorentz group, it
is perfectly admissible to regard it as a representation® of the little group for a
massless particle in 2+1 dimensions. This is because it satisfies D(p) - D(p') =
D(p+7p'), so that there exists a natural isomorphism between W (p) (4.1) and D(p)
(4.14). This is analogous to 3+1 dimensional case of Wigner’s little group (3.1)

for massless particles. The Lie algebra of this little group (which acts as gauge

2Note that this representation is different from the defining representation, the latter can only

be obtained as a subgroup of the Lorentz group SO(1, 2).
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generators [22, 23, 24, 27, 33, 26]) is isomorphic to the algebra of the Euclidean
group F(2) as explained in appendix A. However, notice that the algebra of the little
group, being a combination of boost and rotation generators (A.24), is a subalgebra
of the homogeneous Lorentz algebra whereas the defining representation of E(2)
algebra (comprising of two translational generators and a rotational generator in
a plane), is a subalgebra of Poincare algebra but not of the homogeneous Lorentz

algebra.

Coming back to the issue of similarities and dissimilarities between the polariza-
tion vectors of pure Maxwell theory and that of MCS theory, note that a photon
state is entirely characterized by (4.9) where both the “spatial” transversality con-
dition, k.fx = 0 and the temporal gauge condition £ = 0 are trivially satisfied.
Therefore the gauge field configuration (4.8) corresponds to the radiation gauge.
Clearly the same gauge condition will no longer be valid under a Lorentz boost.
However, we shall show now that the radiation gauge condition can still be satisfied,
provided the gauge field undergoes an appropriate gauge transformation preceding
the Lorentz boost. Considering the Maxwell case first, the gauge transformed field
configuration A'(z) corresponding to a photon polarized along the z-direction and

propagating along the y-direction can be written as,
A'M(z) = A¥(z) + 8*p(x) = A¥(z) + pkte @ (4.18)

where the scalar function p(x)is taken to be of the form ip(k) . A Lorentz boost of

velocity v = tanh ¢ for example, in the z-direction yields,

cosh¢ sinh¢ 0 P pcosh ¢ 4 sinh ¢
A% =| sinh¢ coshg 0 || 1 |e™* =] psinhg+coshg |e ™ (419)
0 0 1 D P
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where k'* is the appropriate energy-momentum 3-vector in the new boosted co-

ordinate frame z'* and is given by,

cosh ¢
k" =w | sinh¢ (4.20)
1

Preservation of spatial transversality condition implies that we must have,

T
- cosh ¢ + psinh sinh
K@) K =w ¢+ psinh¢ 0 (4.21)
P 1
Solving for p, one gets,
p=—tanh¢=—v (4.22)
This solution, when substituted back in (4.19) yields,
A’ =0 (4.23)

which is nothing but the temporal gauge condition. Thus with an appropriate
gauge transformation preceding a Lorentz boost, the radiation gauge condition can
be satisfied. But, as we shall see now, the same is not true for MCS Theory. Upon

a gauge transformation, the polarization vector (4.12), in the rest frame, becomes

1 p —ip 0 2p
£4(z) — €(z) = D(p)¢*(z) = \/ii 01 0 1| = JJE 1 (4.24)
00 1 i i

Then a Lorentz boost like (4.19) along z-axis, for example transforms this to,

sinh ¢ + 2p cosh ¢
T
k= 7 cosh ¢ + 2psinh ¢ (4.25)

1
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Simultaneously, the k* = (1,0, 0)T, associated to the rest frame, transforms to,

cosh ¢
k* —~ k™ =] sinh¢ (4.26)
0

Demanding that the spatial transverality condition is satisfied in an arbitrary boosted

frame (i.e., ¢ # 0) and using (4.25) and (4.26) we get,

( sinh ¢ )T ( cosh ¢ + 2psinh ¢ ) =0, (4.27)
0 1

which when solved for the gauge transformation parameter p in terms of the boost

parameter ¢, yields,

1 1
= e = ——, 4.28
p 2tanh ¢ v (4.28)

So just like in the Maxwell case the spatial transversality condition can be main-
tained in any boosted frame, provided the boost is preceded by a suitable gauge
transformation. However, in contrast to Maxwell case (4.23), the temporal gauge

condition (A® = 0) is not satisfied simultaneously since for p satisfying (4.28)

1

(.
= pe (4.29)

Nevertheless, £ (4.29) can be made to vanish in the infinite momentum frame (in

the limit ¢ — oc), i.e., when p — — and tanh¢ — 1.

For a boost along the z-direction, one can write

tanh g = . (4.30)

Using (4.28), (4.30) and the mass-shell condition k¥* = 92, one can simplify (4.25)

68



to get the polarization vector as,

gm___ _1_

V2

o Ts

(4.31)

1

At this stage, we can see clearly that although the spatial transversality (kf = 0)
holds trivially in the rest frame, the temporal gauge condition is not well defined
(since €0 — oo as k! — 0). This is expected from the simple consideration that a
Lorentz transformation (to the rest frame) alone should not also lead to a complete
gauge fixing. Note that, unlike MCS theory, a rest frame is not available in Maxwell

theory.

4.3 Linearized Einstein-Chern-Simons theory

As explained in section 3.3, pure gravity in 2+1 dimensions is a null theory in
the sense that it does not have a propagating degree of freedom. However, 2+1
dimensional gravity coupled to a non-Abelian Chern-Simons topological term, with
gauge group being the Lorentz group itself, possesses a single propagating massive
degree of freedom [9]. Just like the MCS theory, the gauge invariance coexists with
mass in the linearized version of this theory too where the gauge group reduces
to Abelian group T(l). In this section we study the role of translational group
in generating gauge transformations in the linearized version of gravity coupled to

Chern-Simons term 2+1 dimensions [26].
The full action of the topologically massive gravity in 2+1 dimensions is

IFCS = [P 4 [CS (4.32)
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where the 2+1 dimensional Einstein action here is

IE = / &z, /gR (4.33)
and the Chern-Simons action I°° is given by
1 2
IS = I / B [Rpuyopwr® + §w,,,3'7w,,7°‘wmﬂ]. (4.34)

The wy,p are the components of the spin connection one-form and are related to the
curvature two-form by the second Cartan’s equation of structure (R*s = dw®s +
w®y Aw?g). Note that the sign in front of the Einstein action is now opposite to the
conventional one (3.12) and is required to make the full theory free of ghosts [9].
The linearization, g, = 1, + hy, of the ECS theory (4.32) results in the Abelian
theory [9, 61] given by

IECS — / LB LECS (4.35)
where
LECS =P 4 85 (4.36)
Here
E 1 N 1 v
£F = —Zh [RL - S RL] (4.37)

now is the Lagrangian for linearized version of pure gravity in 241 dimensions and
is the same as (3.14) except that it has the opposite sign and the indices, in this

case, vary over 0,1,2. Similarly,
1 1
L8 = ~p-tonm [Rﬁ" _ —Z-nﬂ"RL] ] (4.38)

is the linearized Chern-Simons term with the Chern-Simons parameter u. Under
the gauge transformation hy, — hl, = hy + 8,6 (2) + 8,(u(x), the Chern-Simons
part £L$° changes by a total derivative:
1 -
§LS8 = ;ema& (Ryf0"C%) (4.39)
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The equation of motion corresponding to £FCS is given by [9, 66]

OR™ — G4, K" — 30, h + 83" h — i (Oh — 0,05h"°)

—E:lﬁe””667(ﬂh§ ~ 8,8"h}) — é%e””"av(mhg — 8,8"R}) = 0. (4.40)

With the ansatz h#* = x*(k)e*, the above equation of motion can be written
in terms of the symmetric polarization tensor x,,(k) and the 3-momentum k* as

follows

—X + KX + K X — RR X — 0P (=KX + Eaksx™)

_5% [k (=k2X5 + kek'X5) + €Pky(=KPXG +hektXG)] = 0. (4.41)

Analogous to (3.20), the expression for the gauge transformation for ECS theory in

terms of its polarization tensors x*”(k) is given by
x* (k) = x* (k) = x* (k) + k*¢"(k) + k" CH(k) (4.42)

where (,(k) are small arbitrary functions of k. Depending on whether the excita-

tions are massless or massive, we have two options for k?:

(i) k% = 0 or (ii) k2 # 0.

case (i): k2 =0
Contracting the (4.41) with 7, gives

kukyx* = 0. (4.43)
A general solution to this equation consistent with the equation of motion (4.41) is

X" = k*fY (k) + K7 f4(k) (4.44)
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where f#(k) are arbitrary functions of k. However, with f# = —(* we can ‘gauge
away’ these solutions. Therefore, massless excitations of ECS theory are pure gauge
artefacts. We now proceed to the other option:

case (ii) k% # 0

Let k2 = m?. On contraction with 7, (4.41) gives

ke x™ = m2x (4.45)
where x = x*,. With k* = (m,0,0)7, this yields
X1+ x22 = 0. (4.46)

By considering the spatial part of (4.41 ) one can show that the mass m of the
excitations can be identified with the Chern-Simons parameter y as follows. The
spatial part of (4.41) is
—m®X7 + K k™ + K kX" — KK x ~ 0 (k%X + Kk, x™)
___z:_ i'ydk —k}2 j kky T j'76k __kZ i kkz ] _
2 L€ A(—K*X5 + kekX5) + €7k (K5 + Ky Xa)] =0. (4.47)
In this equation ¢, j takes values 1 and 2. On passing to the rest frame the above

equation simplifies to

—x + 77”ka _ E’E [EikX;c + ejkxk] =0 (4.48)

from which we obtain (for i = j = 1 and i = j = 2 respectively)
m m
W = +7[X12 Loy M (4.49)

With 7 =1 and j = 2 we have

X2 = +’7mx22. (4.50)



This relation together with (4.49) implies that m? = p?. The remaining components
can be made to vanish by a suitable gauge choice. Finally, for the Chern-Simons
parameter u > 0, the polarization tensor x4 of the gravity coupled to Chern-Simons

theory in 2+1 dimensions in the rest frame can be written as

00 0
x+=EY=10 1 —i |7 (4.51)
0 —i -1

where 7 is an arbitrary real parameter. Notice that the ECS theory has only a
single degree of freedom corresponding to the parameter 7. Similarly, the rest frame

polarization tensor for an ECS theory having the Chern-Simons parameter y < 0 is

00 0
x-={x&r=]01 i [ (4.52)
0 i -1

It is important to note that these rest frame polarization tensors x4 of ECS the-
ories (with 7 = }) can be obtained as direct products of the rest frame polarization

vectors &4 (4.17) of MCS theories. i.e.,
Xt = §4€L. (4.53)

This suggests that we adopt orthonormality conditions for x+ which are similar to

the ones (2.17) used for £#. Hence we require

tr((e)t)) =05 tr ((xa)(a)) = 1 (4.54)

Therefore, we have the following maximally reduced form for the polarization tensors
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of a pair of ECS theories with opposite helicities
0 0
1 Fi |- (4.55)
Fi -1

[NCR I

X+ =

o O O

Note that these polarization matrices of ECS theories are traceless and singular. We
are now equipped to study the role played by the translational group in generating
the gauge transformation in this theory. The representations of T'(1) that generates
gauge transformation in pair of MCS theories with opposite helicities is given by
D.(p) (4.17). On account of the relation (4.53) it is expected that the same rep-
resentations will generate gauge transformations in ECS theories also. Indeed one

can easily see that D, (py) are the gauge generators in ECS theories:

208 ps Fips
X+ = Xk = Di(pe)xeDilpx) =x=+| pr 0 0 |. (4.56)
Fipx 0 O
This transformation can be cast in the form of the gauge transformation (4.42) with
the following choice of (’s;
2 .
i
G =22, G =5 C2=:—F—%E--
| | |l

One can obtain the moving frame expression for polarization tensors x. (k) from the

(4.57)

above rest frame results by applying appropriate Lorentz boost as follows:

xx(k) = AT (k)x+(0)A(k)

k}g—-’[,l,z kokle’l,“”kz k0k2i'l»|[.l:|k1
1 . 01,1+, 212 02,142 2 0124 s 1 .
= o KOk 4| p|k? 3 kko_zuzk (k0K ﬂulllzg)_(zzk ilulk!) | E2ig(k)
; Ok i ulk?) (KO k2 ki |k 0 k244l ulkl)2
KOK? + i|p|kt (% leulllgg)_izzk +ilulk!) K kk::—z,ﬁk

(4.58)
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where ¢(k) = arctan(%—i) and the momentum space boost matrix [64]

v vB! B2
. _ 1y2 _1\a142
Ak) = | 48 1+4 (1})(51 i (;Q)ﬂﬂ (4.59)
— 152 _ 242
A 1+ 032

with § = X% and v = ]kﬁol as given in (2.27). Results identical to (4.53) and (4.58)
Weie obtained in other contexts [66] by different methods. Here, we have shown
how these results can be obtained in a simpler and straightforward manner just
by considering the momentum space expression of the equation of motion in the
rest frame using the plane wave method with a subsequent boost transformation.

Obviously, the relation (4.53) holds true in the moving frame also.

4.4 Summary

Though, the defining representation of Wigner’s little group for massless particles
in 2-+1 dimension generate gauge transformations for Maxwell theory, the same rep-
resentation does not generate gauge transformations ih the topologically massive
Maxwell-Chern-Simons and Einstein-Chern-Simons theories. However, using the
fact that this little group has only one parameter, we have obtained a different rep-
resentation of the little group that generate gauge transformations in these theories.
The similarities and dissimilarities between the Maxwell and Maxwell-Chern-Simons
theories in the context of gauge fixing (spatial transversality and temporal gauge) are
also analyzed. Detailed analysis of the polarization tensor of Einstein-Chern-Simons
theory is carried out and the polarization tensor is found to be a tensor product o.f a
pair of polarization vectors of Maxwell-Chern-Simons theory with the same helicity.

This is quite natural since Maxwell-Chern-Simons (spin +1) and Einstein-Chern-
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Simons (spin +2) theories correspond to different spin representations of the 2+1
dimensional Poincare algebra® [65] and these spin representations are related by a

tensor product [9, 66].

3Note that spin is a scalar in 2+1 dimensions.
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Chapter 5

Dimensional descent

As introduced in [32), dimensional descent is a method by which one can obtain
the energy-momentum vector, polarization vector/tensor and the gauge generating
representation of the translational subgroup of Wigner’s little group etc, in a topo-
logically massive gauge theory living in a certain space-time dimension from similar
results for massless gauge theories inhabiting a space-time of one higher dimension.
In this sense, dimensional deséent is a unification scheme for the results presented
in the previous chapters regarding various gauge theories. In the present chapter,
we discuss dimensional descent as applied to topologically massive gauge theories
[26, 32]. Dimensional descent is also applicable to massive gauge theories [37] ob-
tained by the previously mentioned embedding procedure of Batalin, Fradkin and
Tyutin and we provide a short account of dimensional descent for such theories
in the following chapter. It may be noted in this connection that the relationship
between massless gauge theories in a given space-time dimension and lower dimen-
sional gauge theories having massive excitations can be studied using other methods

also (for example, see [68, 69]).
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5.1 Review of dimensional descent: 441 to 3+1

dimensions

We begin our discussion of dimensional descent by noting that, the translational
group T(3) which generates gauge transformation in 3+1 dimensional B A F' the-
ory is an invariant subgroup of E(3). Now, just as E(2) is the generator of gauge
transformation in 4-dimensional Maxwell and massless KR theories, E(3) gener-
ates gauge transformation in the 5-dimensional versions of these massless theories.
This indicates that the generators of gauge transformations in B A F' theory and
5-dimensional massless gauge theories are related. This relationship is explicitly
demonstrated through the method of dimensional descent [32] which we will de-

scribe below.

An element of Wigner’s little group in 5 dimensions can be written as

(14 pigir g po —piger )
p | —-p
Ws(p,q,m;%, ¢,m) = q R(4, ¢,m) —q (5.1)
T —r
\ 22+q22+1'2 p q r o1— 22+922+7‘2 )

where p, g,7 are any real numbers, while R(¢, ¢, 1) € SO(3), with (1, ¢,7) being a
triplet of Euler angles. The above result can be derived by following the standard
treatment (see, for example [19]) adopted in appendix A for 3+1 dimensional case.
"The element of the translational subgroup T'(3) of Ws(p, ¢,7;%, ¢, 1) can be trivially
obtained by setting R(v,¢,n) to be the identity matrix and will be denoted by
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W(p,q,7);

(142agart g gagar )
D 100 —p
W(p,q,r) = Ws(p,q,7;0) = q 010 ~q . (5.2)
r 001 —r
\ P pogor 1B

Let us now consider free Maxwell theory in 5-dimensions,

L= _iFwyFwa z,y=0,1,2,3,4. (5.3)

For a photon of energy w (in 5-dimensional space-time) propagating in the z = 4

direction, the momentum 5-vector is given by
k® = (w,0,0,0,w)T. (5.4)

By following the plane wave method and proceeding exactly as in section 3.2, one
can show that the maximally reduced form of the polarization vector of the photon
is

e = (0,a,b,¢,0)T (5.5)
where a, b, c represent the three transverse degrees of freedom (since the polarization
vector satisfies the ‘Lorentz gauge’ ek, = 0). If we now suppress the last rows of
the column matrices k® (5.4) and &® (5.5), we end up respectively with the energy-
momentum 4-vector and the polarization vector of 3+1 dimensional Proca theory in
the rest frame of the quanta if we make the identification w = m (m being the mass
of the Proca particle), or equivalently, of B A F theory since the gauge invariant
sector of the latter is equivalent to the former. This is equivalent to applying the

projection operator given by the matrix
P = diag(1,1,1,1,0) (5.6)
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to the momentum 5-vector (5.4) and the polarization vector (5.5).

Similarly, to reproduce the polarization tensor of B A F' or equivalently, massive
Kalb-Ramond theory in 3+1 dimensions let us consider free massless KR model in
5-dimensions,

1

L= SHYH,y, (5.7)

Analogous to (3.47) (for massless KR theory in 341 dimensions), the maximally
reduced form of the polarization tensor ¢®¥ of the 441 dimensional massless KR

model can be obtained by plane wave method as,

(0 0 o0 o0 o)
0 0 €2 3 90
=0 -2 0 &80 (5.8)
0 —e® -8 0 0
\0 0 0 0 0)

Again deleting the last row and column, one gets the polarization tensor(e®) in
(3.63) of the B A F model or of massive KR theory. This is equivalent to applying
the projection operator as PeP. Thus the polarizatidn vector and tensor of the
Proca and massive KR models respectively, or B A F' theory have been reproduced.
This is quite natural since, as mentioned in section 3.5, the gauge invariant physical
sector of B A F' theory can be considered equivalent either to Proca theory or to

massive KR theory in 3+1 dimensions.

Now coming to the gauge transformation properties of polarization vector (5.5)
and polarization tensor (5.8) under the translational subgroup T'(3), let W(p, q,r)
act on these objects one by one. First, acting on £7(5.5), one gets

T

g% = €% = W(p,q, T)° Y =e" 4+ 6e® =" + (pa+ ¢b + rc)%— (56.9)
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which is indeed a gauge transformation in (4+1) dimensional Maxwell theory. Ap-

plying the projection operator P (5.6) on (5.9) yields
: 1
§e® = Pée® = ;)—(pa + gb+ re)k® (5.10)

where &% = (0,’a, b,c)T and, modulus the i-factor, corresponds to the expression in
(3.63) of BA F theory. This is precisely how the polarization vector in B A F' theory

transforms under gauge transformation [27]. In fact we can write

1(pa+ gb+rc)k® (6.11)

6e® = D%(p,q,7)e’ — &® = =

where D(p, ¢, r) is a representation of the translational group T'(3) given in (3.65),

1 pgr
0100
D(p,q,7) = (5.12)
0010
0 001

In terms of the generators (3.72) of T'(3), the change in the polarization vector (5.11)
can be expressed as the action of a Lie algebra element:
Ea
0e® = (pT1 + QTz + ’I"Tg)—c;. (513)

Coming next to the polarization matrix {e*¥}, its transformation law is given by,

{e} = {"} = W(p, ¢, r){e™}WT(p,q,7) = {e™} + {6e™}
where,
/ 0 o1 O O3 0 \
- 0 0 0 —01
{(58”} = ~ag 0 0 0 —ay (5.14)

~as 0 0 0 —0i3

\0 o1 Q2 Oy 0}
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and oy = —(gc+71d), oy = (pc—ra)), a3 = (pb+ ga). Again this can be easily
recognized as a gauge transformation in (4+1) dimensional KR theory involving
massless quanta, as 6c%¥ can be expressed as ~ (k°f¥(k) — k¥f2(k)) with suitable
choice for f*(k), where k? is of the form (5.4). Now applying the projection operator
P (5.6) on (5.14), we get the change in the 341 dimensional polarization matrix
{e®}, by the formula, {§e®} = P{6e*¥}PT. This simply amounts to a deletion of

the last row and column of {§&*¥}. The result can be expressed more compactly as

{6c**} = (D(p, q, ") {e*}D" ((p, g, 7) — {™}). (5.15)

Again this has the precise form of gauge transformation of the polarization matrix

of B A F model, since it can be cast in the form

{6e™} = i(k*f* (k) — k() (5.16)

for a suitable f(k), where k* = (m,0,0,0)7.

Thus we have shown that the gauge generation representation D(p, g,r) of T'(3)
for topologically massive B A F' gauge theory in 3+1 dimensions can be connected
to the Wigner’s little group for massless particle in 4+1 dimensions through di-
mensional descent. This involved appropriate projections in the intermediate steps,
where the massless particles moving in 4+1 dimensions can be associated with a
massive particle at rest in 3+1 dimensions. Similarly the polarization vector and
tensor respectively of B A F' theory in 3+1 dimensions can be associated with po-
larization vector and polarization tensor of free Maxwell and KR theories in 4+1

dimensions.
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5.2 Dimensional descent: 341 to 2+1 dimensions

We have seen from the previous discussion that using dimensional descent one can
obtain several properties regarding the gauge transformation in 3+1 dimensional
topologically massive gauge theory (the B A F theory) by starting from higher di-
mensional massless gauge theories. We have also seen earlier that the MCS and
ECS theories are topologically massive theories in 2+1 dimensions. Therefore one
is naturally led to the question as to what would be the role of dimensional de-
scent in these 241 dimensional topologically massive gauge theories with respect
to the massless gauge theories (Maxwell and linearized gravity) in 3+1 dimensions.
This section is devoted to a detailed discussion of this issue and the application of

dimensional descent from 341 dimensions to 2+1 dimensions (26, 32].

5.2.1 Proca theory and doublet of Maxwell-Chern-Simons

theories

Here we describe the method of dimensional descent from 3+1 to 241 dimensions for
vector theories [32]. Let us recapitulate certain properties of free Maxwell theory in
3+1 dimensions from section 3.2, which are essential in the present context. The 3+1
dimensional Maxwell theory has two transverse degrees of freedom. Correspondingly
the polarization vector &* takes the maximally reduced form & = (0,,e!,€2,0)T
(3.9), if the 4-momentum is k* = (w,0,0,w)”. We have seen earlier (section 3.2,
(3.10)) that the generator of gauge transformation in this case is T'(2), which is a

subgroup of E(2):

a

6e® = W(p,q)e® — e = (pz-:1 + qs2) ~]Z)— (5.17)
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We now proceed forth to discuss dimensional descent from 341 dimensions to 2+1
dimensions. By applying the projection operator P = diag(1,1,1,0) on £* and k°,
and then suppressing the last rows of % and k%, we obtain the descended objects
e* = (0, a,b)T (with £! = a and €2 = b) and k* = (w,0,0)T. These can be considered
to be the polarization vector and momentum 3-vector in the rest frame of 2+1

dimensional Proca theory described by the Lagrangian

2
L= —%FWF,W + T—Z—A”AM (5.18)

provided we make the identification w = m, the mass of Proca excitations. Anal-
ogous to (5.10), the projection operator P = diag(1,1,1,0) when applied on the

gauge transformation (5.17) yields
1
de# = Ple® = E(pa + gb)k* (6.19)

Since Proca theory is not a gauge theory, (5.19) cannot be considered as a gauge
transformation. We have, however, seen earlier that Proca theory in 241 dimensions

is actually a doublet of Maxwell-Chern-Simons theories [36, 57, 59]

£ = [/+ @ ﬁ_ (5.20)
where
1 uv v UvA
Ei = —ZF FFW + -2—6 Aua,,A)‘ (5.21)

with 4 > 0 and each of £, or L_ being a topologically massive gauge theory. The
mass of the MCS quanta is m = ¥, where m is the parameter entering in (5.18). We
can therefore study the gauge transformation generated in this doublet. For this

purpose, analogous to (5.12), it is essential to provide a 3 X 3 representation of 7'(2)

84



(denoted by D(p,q)),
1 pg
Dip,g)=|0 1 0 |- (5.22)
001

The corresponding generators are given by,

010 0 01
D
Op Oq
0 00O 0 00

In analogy with (5.13), here also one can rewrite (5.19) as,
det = (pT1 + QTz)quV (524)

so that the change in the polarization vector £* is obtained as the actoin of a Lie
algebra element. Proca polarization vector £* is just a linear combination of the two

real orthonormal canonical vectors €' and £? where,
e = aeV + be?; e® =(0,1,0)T,e® = (0,0,1)7. (5.25)

Correspondingly the generators T; and T3 (5.23), form an orthonormal basis as they

satisfy ¢r(T)T;) = 8;;. Furthermore,

k#

Tie® =Te® = (1,0,007 ==, Tie® =T = 0 (5.26)

On the other hand, the rest frame polarization vectors for L4, with only one

degree of freedom for each of £, and £_ (section 2.1.1), as given by

0
1
Ti



also provide an orthonormal basis (complex) in the plane as
EDNE =0 (ENE) =ENEH =1 (5.28)

Here we note that spatial part Ei of £&4 can be obtained from the space part of

the above mentioned canonical ones by appropriate SU(2) transformation. That

1 1 1 0
is, U= 75 ( ‘ ) € SU(2) when acts on &) = ( ) and €@ = ( ) yields
11 0 1

- 1 - 1
respectively the vectors . = % ( . ) and &4 = 71-5 ( ‘
7

) (up to an irrelevant
—1

factor of 7)':

e, =Us®, £ =UsW, (5.29)

This suggests that we consider the following orthonormal basis for the Lie algebra
of T'(2):

0 1 =i
1 1
Ty = —=(T1 £iTh) = —= - (530
+ \/§(1 '52) \/‘2‘ 00 O ( )
00 0

instead of T} and T;. Note that they also satisfy relations similar to the (T} — T3)
basis,

tr(TITy) =tr(TiT)=1; tr(TiT) =0 (5.31)

One can now easily see that

j
T =T¢ = m’ T\6- =T, =0 (5.32)
analogous to (5.26). Furthermore,
06% = pu Tyt = Epn. (5.33)

m
1This ambiguity of i factor is related to the U(1) phase arbitrariness of the polarization vector

discussed in section 2.1.1.
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This indicates that T, - the generators of the Lie algebra of T'(2) in the rotated
(complex) basis - generate independent gauge transformations in £, respectively.
One therefore can understand how the appropriate representation of the generator
of gauge transformation in the doublet of MCS theory can be obtained from higher
3+1 dimensional Wigner’s group through dimensional descent. A finite gauge trans-
formation is obtained by integrating (5.33) i.e., exponentiating the corresponding
Lie algebra element. This gives two representations of Wigner’s little group for
massless particles in 2 + 1 dimensions, which is isomorphic to R x 25, although here

we are just considering the component which is connected to the identity,

1 B ik

vi TV
Di(ps) =™ =1+4psTu=|0 1 0 (5.34)
0 0 1

Note that D (p.) generates gauge transformation in the doublet L.,

Db g% = ¢4 + %—lkﬂ (5.35)

and are related by complex conjugation. This complex conjugation is also a sym-

metry of the doublet as we saw in section 2.2.

Therefore, it is clear that the gauge generating representation of little group for

MCS and ECS theories can be obtained by the method of dimensional descent.

5.2.2 EPF theory and doublet of Einstein-Chern-Simons the-

ories

Now we discuss dimensional descent from 3+1 dimensions to 2+1 dimensions for

theories with symmetric second rank tensor fields [26]. For this, it is essential to
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discuss the relevant aspects of 2+1 dimensional Einstein-Pauli-Fierz (EPF) theory

[9, 62, 63] whose action is given by

IPPF = / diz (—ﬁR - ”—Zz(hfw - h2)) : (5.36)

Note that the usual sign in front of Einstein action has been restored to avoid
ghosts and tachyons, as has been observed recently by Deser and Tekin [67]. As
noted in [67], both the relative and overall signs of the two terms in (5.36) have to
be of conventional Einstein and Pauli-Feirz mass terms in order to have a physically
meaningful theory. On the other hand in the ECS theory, sign of the Einstein
term has to be opposite to that of the conventional one for the theory to be viable.
Therefore, if one attempts to couple the ECS theory with a Pauli-Fierz term, one is
faced with an unavoidable conflict of signs. Upon linearization, (5.36) reduces to

87 = L, (oo~ Lywry] - g2, g 5.37
L —2 (124 L 2”7 L 2(;“/ )' (' )

Analogous to the doublet structure of Proca theory discussed above, the EPF theory
is a doublet, as was suggested in [9], comprising of a pair of ECS theories having
opposite helicities. And just like the Proca theory, EPF theory does not possess
any gauge symmetry. The equation of motion following from the EPF Lagrangian

is given by
—Elh""+3“67h""’+6"87h"’“—6"6”h+n"”(Dh—6,,35h75)—f(h‘“’—n’“’h) =0. (5.38)

With the ansatz h** = y* e where x* is the polarization tensor in this case,

this equation can be written as
k2x‘“’—k“k,yx"’"—k"k,,x"“‘+k“k”x+n"”(—k2x+k7k5x75)——/ﬁ(X""—n“"X) =0 (5.39)

We now proceed along the same lines as was done in the previous cases to arrive

at the physical polarization tensor of EPF theory. By a heuristic argument we can
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easily see that the EPF theory does not possess any massless excitations. (It can
also be seen from the propagator of the h*” field that the EPF theory has massive
excitations [62, 63].) If we cheose k? = 0, the equation of motion (5.39) leads, upon

contraction with k,, to the condition

kux* = k"x. (5.40)
On the other hand, the contraction of (5.40) with k, leads to

k3™ = 0. (5.41)

A solution of the above pair of equations (5.40, 5.41) is given by x** = k°fb(k) +
k? f¢(k) where f’s are arbitrary functions of k¥ which satisfies the condition k.f = 0.
However, such a solution is compatible with the equation of motion (5.39) if and
only if the f’s vanish identically thus demonstrating that EPF theory does not have

massless excitations.

Now for £? # 0, in the rest frame k* = (m,0,0)7 and so the (00) component of

the equation of motion yields u2(x* — x) = 0 which in turn gives
x4+ x*2 =0. (5.42)

Therefore, one is free to arbitrarily choose either x'* or x*2. Similarly, the (0s)

component in the rest frame becomes u?x% = 0 implying
x% =0. (5.43)

The space part ((ij)-components) of the equation of motion with i = j = 1 and

i = j = 2, respectively yields in the rest frame,

=12 + x%) +m*x =0 (5.44)
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_/J'2(X00 -+ Xll) =+ m2X22 = 0. (545)

Adding the above two equation gives,
X" =0. (5.46)
Substituting (5.46) back in (5.44) and using (5.42) one arrives at
(m* — p*)x*; =0. (5.47)

Finally, the spatial component (u = 1, v = j) of (5.39) for i # j in the rest frame

becomes

(m? ~ p*)x'5 = 0. (5.48)
The equations (5.47) and (5.48) can be satisfied if either (m? — u?) = 0 or x!; =
x'2 = 0. On account of (5.42), (5.43) and (5.46), the latter choice will lead to a null

theory and can be ruled out. Therefore, we must have
m? = p? (5.49)

thus establishing that the mass of the EPF excitation to be |u|. This choice leaves

the two components x'! and x'? arbitrary representing the two physical degrees of

freedom in the theory.

On the other hand, if the Einstein term in (5.36) were +ve (i.e., the same as the

Einstein term in (4.32)), instead of (5.48) we would have had
(m? + p¥)x', = 0. (5.50)

This in term would have meant m? = —u? leading to an unphysical tachyonic mode
for theory. Thus, in EPF theory, the sign of the Einstein term must necessarily be
negative, i.e., the conventional one. Therefore, our analysis also shows the unvia-

bility of coupling both Chern-Simons and Pauli-Fierz terms to Einstein gravity in
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2+1 dimensions since such a coupling puts conflicting demands on the sign on the

Einstein term.

Therefore, it is obvious that we can write the polarization tensor of EPF model

in the rest frame as

0 0 O
{x*}=]10a b |- (5.51)
0 b —a
where ¥} = —x* = q and x!2 = x! = b. With the aid of the expressions

(5.51) for x** of EPF theory and (4.55) for {)x+} of a pair of ECS theories, we now
embark on a discussion of dimensional descent for the case of second rank symmetric
tensor gauge fields emphasizing the near exact parallel with the case of vector gauge
fields discussed in the previous subsection. One can obtain the momentum 3-vector
k* and polarization tensor {x**} (5.51) of EPF model in 241 dimensions from
those of linearized gravity in 341 dimensions as follows. By applying the projection
operator P =diag(1,1,1,0) on momentum 4-vector k* = (w,0,0,w)” of a massless
graviton moving in the z-direction of 341 dimensional linearized Einstein gravity
and subsequently deleting the last row of the resulting'vector, one get momentum
3-vector k* of 2+1 dimensional EPF quanta at rest. By a similar application of
P on {x®} (3.27) and deleting the last row and column, one gets the polarization
tensor {x*'} (5.51) in the rest frame of the EPF quanta. Next we notice that, just
like the way Proca polarization vector ¢# is written as a linear combination of two

orthonormal canonical vectors (5.25), one can write the EPF polarization tensor
{x*} as

00 0 000
{xX*}=aXi+bXp=a| 0 1 0 |+b| 0 0 1 |. (5.52)
00 —~1 010
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We may consider the above equation to be the EPF analogue of (5.25) in the case
Proca theory. Notice that the space parts of the matrices appearing in the above

linear combination are nothing but the Pauli matrices

0'1=(01), 0'3=(1 O). (5.53)
10 0 -1

Clearly, the space part {x+%} of the ECS polarization tensors {x%'} (4.55) can be

expressed in terms of o, and o3 as follows:

iy L Lo,
{x= }—\/5(\/§ sF 75 1) . (5.54)

This amounts to an SU(2) transformation in the 2-dimensional subspace (of the
SU(2) Lie algebra in an orthonormal basis) spanned by ¥; = %01 and X = %0’3

as can be seen from the following?:

1 (1= [ i)
Ti(z 1)(22)—({%”})' 559

It should be noticed that (5.54) is the analogue of (5.29) in the case of Proca and
MCS theories. In the case of vector (Proca and MCS) field theories, the basis vectors
) and & (5.25) of the Proca polarization vector, when transformed by a suitable
SU(2) transformation yield the polarization vectors &. of a pair of MCS theories.
We can see an exact analogy of this in the EPF theory as follows. Similarly, in
the case of tensor (EPF and ECS) field theories, the same SU(2) transformation
when acted on the X} and X; provides the polarization tensors {x4’} of a doublet
of ECS theories with opposite helicities just as Proca theory is a doublet of MCS

theories having opposite spins. This corroborates the proposition that EPF theory

ZNote that the {x"_"} obtained in (5.54) differs from the one obtained by SU(2) rotation by an

irrelevant ¢ factor just as in the vector case.
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is consisted of a doublet of ECS theories with opposite spins at least at the level
of polarization tensor. Moreover, as we have discussed earlier, the polarization
tensor and momentum vector of (2+1 dimensional) EPF theory can be obtained
from those of linearized Einstein gravity (in 3+1 dimensions) by applying suitable
projection operator. This relationship between EPF and ECS theories resemble the
one between Proca and MCS theories. Therefore we expect that the procedure of
dimensional descent to be valid here as well. As described in section 5.2.1, the
generator of the representations of T'(1), obtained by dimensional descent, that
generate gauge transformation in a pair of MCS theories with opposite helicities are
given by T4 (5.30). Also, the ECS polarization tensors x can be made to satisfy the
orthonormality relations (4.54) similar to (5.28) for MCS case owing to the fact that
the former is a tensor product of MCS polarization vectors. Hence it is natural to
expect that the T'(1) group representation Dy (ps) (5.34) obtained by exponentiation
of Ty generates gauge transformation in ECS doublet, which in fact it does, as we
have shown in (4.56). Therefore, it is evident that by a dimensional descent from
3+1 dimensional linearized gravity one could obtain the representations of T'(1) that
generate gauge transformations in the doublet of topologically massive ECS theories
in 2+1 dimensions. This is similar to the dimensional descent from 341 dimensional

Maxwell theory to 2+1 dimensional MCS theory discussed in the subsection 5.2.1.

5.3 Summary

We presented a review of how the gauge transformations in the 3+1 dimensional
B A F theory is related through the method of dimensional descent to the gauge

transformations in Maxwell and massless Kalb-Ramond theories in 4+1 dimensions.
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In the same fashion, dimensional descent relates the gauge transformations in 3+1
dimensional Maxwell theory to those in the doublet of Maxwell-Chern-Simons the-
ories which is the equivalent to a Proca theory in 2+1 dimensions. There exists
an analogous relationship between the gauge transformation in 3+1 dimensional
linearized gravity and in a doublet of Einstein-Chern-Simons theories in 241 di-
mensions. Analysis of the polarization tensors of the Einstein-Pauli-Fierz theory
and of a doublet of Einstein-Chern-Simons theories with opposite helicities suggests
that the EPF theory is the doublet of ECS theories just like the Proca theory is a
doublet of MCS theories. However, the analogy between EPF and Proca theories
with their respective doublet structures breaks down if one considers the fact that
sign of the Einstein term flips from EPF to ECS theories in contrast to Proca theory
where the sign of the Maxwell term remains unchanged irrespective of whether it is
coupled to a Chern-Simons term or a usual mass term. Therefore, further investi-
gations are necessary in order to rigorously establish the doublet structure, if any,

of EPF theory beyond the level of polarization tensors.
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Chapter 6

Massive (GGauge theories

In the preceding chapters we have seen that various translational groups in their
appropriate representations act as generators of gauge transformations in a vari-
ety of Abelian gauge theories. We have demonstrated this for theories which have
vector, symmetric and antisymmetric second rank tensors as the underlying gauge
fields. Such theories considered so far are either massless or topologically massive
gauge theories. However, there are other types of gauge theories which are obtained
by converting second class constrained systems(in the language of Dirac’s theory of
constraint dynamics) to first class (gauge) systems using the generalized prescription
of Batalin, Fradkin and Tyutin [40, 41, 42, 43, 45]. By such a prescription, one can
obtain from the massive Proca theory, the Stiickelberg model for vector field that
is massive while possessing a gauge invariance [46]. Similarly one can obtain the
Stiickelberg extended versions of massive KR and EPF theories. The discussion in
this chapter is confined to 341 dimensions since the Stiickelberg embedded theories
are usually studied in that space-time. Nevertheless, with suitable modifications, all

the methods as well as results of this chapter are equally valid in 241 dimensions
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also. This chapter consists of the study of the gauge transformations in such theo-
ries and their relationship with translational groups. Here we show that the same
representation of the translational group T'(3) that generates gauge transformation
in the topologically massive B A F' theory also generates gauge transformation in
the Stiickelberg extended first class version of Proca, massive KR and EPF theories

in 341 dimensions.

6.1 Massive vector gauge theory

One can convert the 4-dimensional Proca theory (which does not possess any gauge
symmetry) into a gauge theory by Stiickelberg mechanism with the introduction of

a new scalar field a(z) as follows;

1 m? ,
= —JFaF® + S-(Aa + 0,0)(4° + 8°0) (6.1)

The Lagrangian remains invariant under the transformations
Ag(z) = Al (z) = Ao(z) + GuA(2), a(z) = o (z) = a(z) — A(z) (6.2)

where A(x) is an arbitrary scalar function. The equations of motion for the theory

are

—0pF® + m? (A% + 8%a) =0, %A, + 8,a) =0. (6.3)

One must notice that by operating 9, on the first equation in (6.3) one yields the
second. Hence the latter is consequence of the former. This implies that the gauge
transformation of the a-field can be deduced by knowing that of the A%-field. Similar
to (3.6), here we adopt the ansatz A%(z) = &*exp(ik.z) and a(z) = &(k) exp(ik.z).
As before, e%(k) is the polarization vector of the field A%(z) and &(k) is a particular
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Fourier component of a(z) . In terms of the polarization vector £?(k), the equations

of motion become respectively,
ky(k°e® — kPe®) + m2(e® +ik°&) = 0, ik®(ep + tkp@) = 0. (6.4)

Analogous to (6.3), the second equation in (6.4) is a consequence of the first one.
For massless excitations k? = 0, the second equation of the above pair of equations

gives the Lorentz condition kye® = 0 which when substituted in the first gives,
e* = —ik“a. (6.5)

Since this is a solution proportional to the 4-momentum k%, it can be gauged away by
an appropriate choice of the gauge. Thus, massless excitations are gauge artefacts.

For k? = M? (massive excitations), the equations of motion (6.4) becomes,

7. b
(m? — M?)e® + k°kye® + im?k®a =0, &= zﬁ; . (6.6)
Substituting the second equation in (6.6) in the first yields,
ko k}b .
(m* — M?) [n“" -3 ] £ =0 (6.7)

In this equation, the expression inside the parenthesis is a projection operator which
projects out the transverse component of £,. Since longitudinal component can be
gauged away, transverse part of €, should be nonvanishing in order to avoid having
no physical excitations. Therefore we must have m? — M? = 0. Therefore, one can
conclude that the mass of the excitation is given by m itself and the rest frame
momentum 4-vector of the theory can be written as k* = (m,0,0,0). In the rest

frame, the second equation in (6.4) gives
0 _

e = —ima. (6.8)
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Therefore, the polarization vector of A%(z) field of (6.1) can be written as

g% = (—ima, e',e%, %) (6.9)

The maximally reduced form of the polarization vector can be obtained from (6.9),

by a gauge transformation with the choice A(z) = a(z) and is given by
e = (0,a,b,¢c)T (6.10)

with the free components a = €!,b = &%,c = &3 representing the three physical
degrees of freedom of the theory. One must note that (6.10) is of the same form
as that of the B A F theory polarization vector (section 3.5). Therefore, just as
in the case of B A F' theory, the action of representation D(p,q,r) (3.65) of T'(3)
on the polarization vector (6.10) amounts to a gauge transformation in Stiickelberg

extended Proca theory:
£* = €' = D%(p, q,7)e’ = &° + T—%(pa + gb+re)k® (6.11)

The above transformation can be cast in the form of the momentum space gauge

transformation

e = € +ik*A(k) (6.12)

(where A(z) = A(k)e'*) corresponding to the field A(z), by choosing the field A(x)

such that

k) = (—Iiﬁ%’:i—”—). (6.13)

As mentioned before, it is possible to obtain the gauge transformation property of

o-field from that of the A%-field for which we now proceed as follows.
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Consider the second relation in (6.6);

1k,

m2

(6.14)

a=

and let €* undergo the gauge transformation (6.12) which has the effect of making

a corresponding transformation in o-field as

&__>&l=zka(6n-zl;zk A):__zl::; IR (6.15)

Here A is given by (6.13) corresponding to the gauge transformation generated by
the translational group 7'(3) in the A%(z) field. Notice that the above equation
(6.15) corresponds to the second equation in (6.2). We have thus obtained the
gauge transformation generated in the o field by T(3) from that in the A%(z)-field.
It follows therefore that a-field can be gauged away completely by a suitable gauge
fixing condition (unitary gauge) and it does not appear in the physical spectrum of
the theory. Hence it is obvious that the representation D(p,q,r) of T'(3) generates

gauge transformation in the massive vector gauge theory governed by (6.1).

We noticed that the maximally reduced polarization vector e* (6.10) of the
Stiickelberg embedded Proca model takes the same form as that of B A F' theory
(3.63). Also both are massive gauge theories and the gauge transformations in both
cases are generated by the representation D(p, q,r) of T'(3). Therefore, by starting
from 4+1 dimensional Maxwell theory, the dimensional descent can be employed
to study gauge transformations in Stiickelberg embedded Proca model just as the
gauge transformation of the vector field in BA F' theory is studied using dimensional

descent in section 5.1.
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6.2 Massive symmetric tensor gauge theory

Consider the massive and non-gauge Einstein-Pauli-Fierz (EPF) theory in 3+1 di-

mension as given by the Lagrangian,

1 1 ?
CEPF = ha |RY — 51 Ra| - & ((ha)? = ). (6.16)

The EPF theory does not posses any gauge invariance. Just as the Proca theory was
elevated to a gauge theory (section 6.1) by Stiickelberg mechanism, the linearized

EPF theory also can be provided with a gauge symmetry by introducing the an
additional vector field A% as follows:

1 1 2
LEPF = Shos [ = SnBa| = & ((has + 0usls + 840" = (h+ 20 A)%) . (617)

The transformations
hav = By = has + 0o + OpAa (6.18)
Au(z) = Ay (z) = Aa(z) — Au(z) (6.19)
represent the gauge symmetry of the theory described by (6.17). The equation of
motion for hgy is

—Oh® + 0°0,h + " 0che® — 8°0°h + 71**(Oh — 0,0eh™)

—u? [(h® + 0° A" + B A%) — (R + 20 - A)] =0 (6.20)

and that for A4, is
OA® + Byh%® — 8°h — 0°(0 - A) = 0. (6.21)
Analogous to the case of massive vector gauge theory discussed before, the equation
of motion (6.21) for 4, can be obtained from (6.20) by applying the operator 8.

Therefore, gauge transformation of A* is obtainable by knowing the gauge transfor-

mation of the h® field. As in the previous cases, we employ the plane wave method
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to obtain the maximally reduced polarization tensor x,, and vector &, involved in
ha and A, respectively. Considering only the negative frequency part of a single

mode in the corresponding mode expansions, we write,
hap(z) = Xap(k)eF= (6.22)

Aq(z) = g4(k)e. (6.23)
In terms of the polarization tensor x,, and vector &, the gauge transformations
(6.18) and (6.19) respectively can be written as

Xab = Xap = Xab + tkaCp + iksCa (6.24)

Eo = €y = €4 — (g (6.25)

where Aq(z) = (4(k) exp(ik.x). Substituting (6.22) and (6.23) in (6.20), one gets
k2xab _ kachCb _ kbkcxca + kakbx + nab(_kZX + kckdxcd)

— [X“b + k% + ikbe® — n™ (x + 2ik¢s“)] =0. (6.26)

Contracting with 74 and considering only massless (k?* = 0) excitations the above

equation reduces to

2kakpx™ + u? [3(x + 2ikqe®)] = 0. (6.27)

The solution of the above equation is
x® = —i(k%" + kbe%). (6.28)

Hence it is also the solution of (6.26) with £2 = 0. It is obvious that this solution
is a gauge artefact since one can choose the arbitrary vector field A, = 4, in (6.19)

so as to make this solution vanish.
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Next we consider the massive case (k* = M2, M # 0) and consider the (00)
component of the equation of motion (6.26) which, by a straightforward algebra,

can be reduced to
X'+ X+’ =0 (6.29)

Similarly the (0¢) component of (6.26) gives

Xoi = —i1Me; (6.30)
Now, the (i) component of (6.26) is given by
kx5 — M (x = x°) — 1[xi5 — nu (x +2iMe%)] = 0 (6.31)
Using (6.29), the above equation can be reduced to
M2xi; — #*Dx; — mis(x + 2iMe%)] = 0 (6.32)
For i = j = 1,2, 3 respectively in (6.32), we have the following set of equations;
M?x11 — p*[Xoo — X22 — X33] — 2iMeg = 0,
M?x22 — p?[x00 — Xx11 — X33] — 2iMeo = 0,

M?xa3 — p[x00 = X11 — X22] — 2iMeg = 0.

Adding the above three equations together and subsequently using (6.29), we arrive

at
Xoo = —2iMeg (6.33)

When i # j, the equation (6.32) reduces to
(4 — MP)xi5 =0. (6.34)

At this juncture notice that only two of the three components xi;,¢ = 1,2,3 are

independent on account of the equation (6.29). Also, the xgo and Xo; components
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can be set equal to zero by choosing the arbitrary field A, to be A,. Therefore,
i x =0 (for ¢ # j) in the above equation (6.34), the number of independent
components of x4 will be only two. Since this is not the case, we can satisfy the
equation (6.34) only if u? = M?2. Thus we see that the parameter p represents the

mass of the physical excitations of the field h,, and that its polarization tensor is

—2iueq —ipEL —IUEQ —IUES
(xa} = -’&:u61 X1t X12 X13 (6.35)
—thE2  Xi12 X22 X23
—ipEs  Xi3 X23 X33
where x11 + X22 + X33 = 0 (see (6.29)). As mentioned before, by choosing the field
A, to be A, and making a gauge transformation, the above form of the polarization

tensor can be converted to its maximally reduced form given by

0 0 0
X1 X1z Xi3

{Xab} =

5 X1+ Xe2 + x33 = 0. (6.36)
Xi2 X22 X23

o O o O

X13 X23 X33

Our next task is to show explicitly that it is possible to obtain the gauge trans-
formation of A% from that of h%. For this purpose we consider now the equation of
motion (6.21) corresponding to the vector field A, and the associated polarization
tensor £,. Substituting (6.22) and (6.23) in (6.21)(or by contracting (6.26) with k,
) we get,

k%e® — k%kye® — ikyx*® + ik®x = 0. (6.37)
On making a gauge transformation (6.24) in the polarization tensor x,s, the polar-

ization vector €, in (6.37) automatically undergoes a gauge transformation.
k26! — kokye™ = iky (030, + ikaC® + ik°Co) — ko (X + 26K°C). (6.38)
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This implies

kel — kakye® = [ikoX®, — tkax] — K*Ca + ka(k.) (6.39)

From equation (6.37), substitute for the expression inside the square bracket in

(6.39) to obtain

(k%€ — kokpe™] — [k?eq — kakpe®] = —k>Cy + ko(k-C) (6.40)

It is now easy to see that this relation can be satisfied only if &/, — e, = —(, in
agreement with the previous relation (6.25). Therefore a knowledge of the gauge
transformation of hg, is enough to deduce the gauge transformation property of
A,field. Like the o-field in Stiickelberg extended Proca theory, this A,-field too

disappears from the physiceil spectrum.

Now we study the gauge transformation properties of the field h,, under the
action of translational group T'(3). It is easy to see that, similar to the case of BAF
theory, the representation D(p,q,r) (3.65) of T'(3) generates gauge transformation
of the massive field (hg). The action of D(p,g,r) on the polarization tensor {Xab}
(6.36) is given by,

{Xa} = {Xa} = D(®, ¢, 7){Xa} DT (D, 2, 7) = {Xab}

( p(px11 + axa2 + rXa3) ’
PX11 + gX12 PX12 + gX22 PX13 + gX23
+q(px12 + gX22 + TX23)
+7X13 +7X23 +7X33

+ +7(pXx13 + gX23 + TX33)
PX11 + gXx12 + TX13 0 0 0
PX12 + qX22 + TX23 0 0 0
K PX13 + qX23 + TX33 0 0 0

(6.41)
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By choosing

G = ’;'(PQ + G + r(3)

1

G = ;(pXu + gxa2 + rx13)
1

G = E(I’Xu + gX22 + TX23)

1
(3= ;(PX13 +gxes +7X33); X1+ X2+ X3 =0

it is straightforward to see that (6.41) is of the form (6.24) which is the gauge trans-
formation of 4. Notice that when one makes the above choices for the components
C1, (2, (s in terms of the parameters p, ¢, r of the translational group T'(3), the com-
ponent oy gets automatically fixed. Therefore, in the gauge transformation (6.41)
generated by the representation D(p, ¢, ) of T'(3) only the three space components of
the field {, remain arbitrary. However, in the complete set of gauge transformations
(6.24) all the four components of ¢, should be chosen independent of one another.
Hence, the above gauge transformations (6.41) generated by the translational group
D(p, q,r) does not exhaust the complete set of gauge transformations available to
the massive symmetric tensor gauge theory (6.17). This is because of the fact that
in order to generate the entire gauge equivalence class of the maximally reduced po-
larization tensor (6.36) we require four independent variables (corresponding to the
four components of the arbitrary vector function (,(k) which represents the gauge
freedom) whereas the translational group T'(3) provides only three independent pa-

rameters.

Therefore, in the present case (6.17) of massive tensor gauge theory, a partial
set of gauge transformations are generated the representation D(p, ¢,7) (3.65) of the

translational group 7'(3). The gauge transformation of the A,-field can be obtained
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from that of the hg-field, though the former one does not appear in the physical

spectrum of the theory.

By considering the linearized gravity in 4+1 dimensions, one may obtain through
the method of dimensional descent, the above discussed results concerning the gauge
transformation properties of Stiickelberg extended version of EPF theory. The max-
imally reduced form of the polarization tensor for linearized gravity in 441 dimen-
sion can be obtained using plane wave method by proceeding exactly as in the 3+1

dimensional case (section 3.3) and is given by

(000 0 0 0)
0 Xll X12 X13 0
X¥r=10 x2 x® x® 0 |; x"+xP+xP=0. (642
0 x¥3 B ¥3 0
\0 0 0 0 0)

Notice now that by suitably applying the projection operator P =diagonal(1,1,1,1,0)
on this polarization tensor, one can get the maximally reduced polarization tensor
(6.36). Also by a similar application of this P on the energy-momentum vector
k* = (w,0,0,0,w) of a five dimensional particle propagating along the z = 4 direc-
tion yields the rest frame momentum 4-vector of particle belonging to Stiickelberg
extended version of EPF theory. Therefore it is clear that the dimensional descent

connects these two theories also.

6.3 Massive antisymmetric tensor gauge theory

Here we show that the translational group T'(3) generates the full range of gauge

transformations in the Stiickelberg extended massive Kalb-Ramond theory. Similar
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to the massless KR theory discussed in section 3.4, the gauge transformation in
Stiickelberg extended massive KR theory is also reducible. Though the analysis
in this case closely resembles that of Stiickelberg extended EPF theory detailed
before, here the reducibility of the gauge transformation is manifested in the gauge

generation by T'(3).

The Lagrangian of the Stiickelberg extended massive KR theory is

2
L= —1-15 abcHabc - _TZ—(Bab + 0 ds — abAa)(Bab +9°4" - 6bAa) (6'43)

with By, = —By, and Hgy, = 0,By. + 03Beg + 0.Bgp. It can be easily verified that
the above Lagrangian is invariant under the joint gauge transformations
By (z) = Bgp(z) + 0, Fy(z) — OpF, () (6.44)
and
Ag(z) = Ay(z) — Fu(z). (6.45)

Here we must notice that the transformation (6.44) is reducible exactly as in the case
of massless KR theory; i.e., the transformation (6.44) remains invariant if we make
the change Fy(z) — F,(z) + 8,8(z). Therefore, there exist a ‘gauge invariance
of gauge transformation’ in the theory described by (6.43) also. The equation of

motion corresponding to B(z) is given by
B H + m?(B*+ 0°A° — 0°A%) = 0 (6.46)
and that corresponding to A® is
0.(B® + 9°A® — 8°A°) = 0. (6.47)

As in the case of the Stiickelberg extended massive theories considered previously

in sections 6.1 and 6.2, the equation of motion (6.47) for A® can be obtained from
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the equation (6.46) by the application of the operator 8, upon the latter equation.
Hence, one can obtain the gauge transformation property (6.45) of the A’-field from
that of the Bb-field. (This can be easily achieved by a straightforward procedure
similar to the ones adopted before in the cases of Stiickelberg extended Proca and

EPF theories for the same purpose and hence is not elaborated here again.)

We now proceed to obtain the maximally reduced polarization tensor £% (k) cor-
responding to the antisymmetric field B%(z) so that the role of T'(3) as a generator
of gauge transformations in (6.43) can be studied. For this purpose, as usual we use

the ansatz
B®(z) = e®(k)e*®,  A%(z) =e%(k)e*®, F%(z) = fo(k)e*® (6.48)

and employ the plane wave method. The momentum space gauge transformation

corresponding to (6.44) now has the same form as (3.38);
Eab(k) = €ap(K) + 1(Kkafo(K) — ko fa(K)) (6.49)
Then the equation of motion (6.46) can be written (in the momentum space) as
—k2e% — KPk,e® — Kk, + m2 (" + ik®e® — ik°e®) = 0. (6.50)
If k2 = 0 (massless excitations), the above equations reduces to
~kPkoae®® — kChoe® + m (% + ik%e® — ik%€®) =0 (6.51)
whose solution must be of the form
e’ (k) = C(ik’° — ik€®) + D(e**kqe.) (6.52)

where C' and D are constants to be fixed. Substituting (6.52) in (6.51), we can
easily see that C = —1 and D = 0. Therefore, the solution to (6.50) corresponding
to massless excitations is

(k) = —ikbe® + ik’ (6.53)
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However, such solutions can be gauged away by choosing the arbitrary field F%(z) =

A%(z) in (6.45), which shows that massless excitations are gauge artefacts.

Next we consider the massive case, k2 = M2, (M # 0) where it is possible to
go to the rest frame and one has the momentum 4-vector k® = (M, 0,0,0)%. In the

rest frame, the equation of motion (6.50) reduces to
(m? — M?)e® — M (kP + k) + m?(ik’e® — ik%®) = 0. (6.54)

Note that, since the polarization tensor €% is antisymmetric, all its diagonal entries
are automatically zero. Considering the components of (6.54) for which (b = 0,c =

1), we have

e = iMe' (6.55)
For (b =1,c = j) with ¢ # j, the equation (6.54) gives
(m? — M?)e¥ =0, (6.56)

This leads to two possibilities; either €% = 0 or M? = m2. The former possibility
can be ruled out by the following reasoning. Since (6.43) is the first class version
(obtained by a Stiickelberg extension mechanism) of massive KR theory possessing
three physical degrees of freedom, the former too must inherit the same number of
degrees of freedom. However, the € elements can all be made to vanish by the
gauge choice F, = A,. Therefore the possibility €¥ = 0 leads to a null theory and
hence should be discounted. Therefore, we have M? = m? which is also consistent

with the degrees of freedom counting. Finally, analogous to (6.36), the maximally
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reduced form of the polarization tensor corresponding to (6.43) is given by,

0 O 0 0
0 0 512 513
{e*} = (6.57)
0 —e2 0 &2
0 __613 _523 0

As in the case of Stiickelberg extended EPF theory, the A,-field disappears from the
physical spectrum in this case also. Here it must be emphasized that the maximally
reduced form of polarization tensor of B A F' theory also has the same form (6.57).
This is not surprising since the physical sector of B A F' theory is equivalent to
massive KR theory whose first class version is the theory (6.43) under consideration
now. It is now straight forward to see that the translational group T'(3) in the
representation D(p, ¢,7) (3.65) generates the full set of gauge transformations in the

theory described by (6.43) also. The action of D(p,g,r) on (6.57) is given by,

{e®} = {£™*} = D(p, q,7){e*}D" (p, q,7)

0 —gel? — 113 pel2 e peld | ge®
g2 4 reld 0 0 0
=+ | ¢ (6.58)
—pel? + reB 0 0 0
—pe!d — ge23 0 0 0

Since in the rest frame k* = (M, 0,0,0)T, (6.58) can be considered to be the gauge

transformations of the form (6.49) if

1 1 -1
ft= %(qem +re®), fi= ;‘77;("19512 +re®), fi= %@513 +¢e®)  (6.59)

Here one must clearly note that the component f° remains completely undeter-

mined and does not depend at all either on the parameters p,gq,r of T'(3) or on

the components of maximally reduced polarization tensor of the theory whereas the
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other components f!, f2, f3 are determined by these parameters and the elements
of the polarization tensor. Interestingly, it is exactly in the same fashion as in the
present case (of Stiickelberg extended massive KR theory) that gauge transforma-
tions of B A F' theory are generated by the translational group D(p,q,7) (section
3.5). Hence, analogous to the gauge transformation generated by W(p, ¢) in mass-
less KR theory, for any given set of (f!, f2, f3) we have a continuum of values for f°,
representing the reducibility of the gauge transformation in the underlying 2-form
field both in Stiickelberg extended first class version of massive KR theory and in
the B A F' theory. Therefore, the complete independence of the time-component of
f? on the maximally reduced polarization tensor or on the parameters of the group
D(p,q,r) is a consequence of the reducibility of the gauge transformations of these

theories.

Dimensional descent relates the gauge transformations in 5+1 dimensional mass-
less KR theory to those in the presently discussed Stiickelberg extended massive KR
theory just the same way it is related to the gauge transformation of the antisym-

metric field of B A F' theory.

6.4 summary

We showed that, just like in the case of topologically massive B A F' theory, trans-
lational group T'(3) acts as generators of gauge transformations in gauge theories
obtained by Stiickelberg embeddings of massive theories having no gauge symmetry.
We-illustrate these with the examples of Stiickelberg extended first class versions of
Proca, Einstein-Pauli-Fierz and massive Kalb-Ramond theories in 3+1 dimensions.

In each of these cases, we have shown that the representation D(p, ¢,7) of T(3) gen-
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erates gauge transformation when acted suitably on the corresponding maximally
reduced polarization tensor. The reducibility of the gauge transformations transfor-
mation in Stiickelberg extended massive Kalb-Ramond theory is manifested clearly
in the gauge generatioh by the translational group T'(3). With suitable 4+1 dimen-
sional theories as the respective starting points, dimensional descent can be applied

consistently in all the Stiickelberg embedded models considered here.
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Chapter 7

Conclusions

We have studied several aspects of a variety of planar field theories with particu-
lar emphasis on topologically massive gauge theories and the role of translational
groups in generating gauge transformations. Attention is also focused on the in-
terrelationship between the different theories. We considered Abelian models with
vector, symmetric and antisymmetric second rank tensors as underlying fields. Our
methodology relied crucially on the maximally reduced form (i.e., representing just
the physical sector) of the polarization vectors and tensors of these theories. The
maximally reduced polarization vector/tensor is usually derived by considering a
plane wave solution corresponding to a single component in the mode expansion of
the basic field of the respective theory. 'Hence this method of derivation is named
the ‘plane wave method. In this method, the plane wave solution is substituted in
the equation of motion of the theory and confining to a particular reference frame
we obtain the explicit form of the maximally reduced polarization vector/tensor
corresponding to that frame, using mainly the structure of equation motion itself

and finally making a gauge transformation. The plane wave method is used for the
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derivation of the maximally reduced form of the polarization vector/tensor of every

model considered in this work.

To begin with we obtained, using the plane wave method, the polarization vec-
tors of Maxwell-Chern-Simons and Maxwell-Chern-Simons-Proca models in both
Lagrangian Hamiltonian frameworks with compatible results. In Lagrangian for-
malism the polarization vector of MCS theory is calculated in the Lorentz gauge
while in the Hamiltonian formalism, the calculation is done in a variety of covari-
ant gauges and it is found that the maximally reduced polarization vector has the
same form in all these gauges. The structure of the polarization vectors explicitly
display the doublet structure of Maxwell-Chern-Simons-Proca theory consisting of
a pair of Maxwell-Chern-Simons models with opposite helicities and different mass
parameters. The polarization vector of self-dual model is of exactly the same form
as the maximally reduced polarization vector of a Maxwell-Chern-Simons theory
with positive helicity whereas there is a similar correspondence between antiself-
dual model and a Maxwell-Chern-Simons theory with negative helicity. This is in
agreement with the well known equivalence of self and antiself-dual models with a

pair of Maxwell-Chern-Simons theories with opposite parities.

We have also made a comparison of the polarization vectors of Maxwell and
Maxwell-Chern-Simons theories in different gauge choices and in different reference
frames. The time component of the Coulomb gauge polarization vector of Maxwell-
Chern-Simons theory is undefined in the rest frame. Like Maxwell theory, basic field
in Maxwell-Chern-Simons model can be made to satisfy the spatial transversality
condition k- A = 0 in a boosted frame provided it undergoes a suitable gauge
transformation. However, unlike Maxwell theory, the temporal gauge condition

A® = 0 cannot be satisfied simultaneously by Maxwell-Chern-Simons field except in
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the ultra-relativistic limit, whereas it blows yp in the rest frame. In comparison,
the Maxwell-Chern-Simons polarization vector satisfying Lorentz gauge condition is
well defined in all reference frames including the rest frame. Notice that rest frame

is not available in Maxwell theory.

We reviewed, with necessary details, the role of translational subgroup 7'(2) of
Wigner’s little group for massless particles in generating gauge transformations in
3+1 dimensional massless gauge theories - Maxwell, massless Kalb-Ramond and lin-
earized gravity theories. In all these cases, it is demonstrated that the transformation
of the respective maximally reduced polarization vector/tensor under the represen-
tation of T'(2) inherited from defining representation of the little group amounts to
a gauge transformation in momentum space. Our analysis, however showed that,
the gauge transformations generated by the translational group in massless Kalb-
Ramond and linearized gravity constitute only cerpain subsets of the full spectra
of gauge transformations available in these two the'ories. This is attributed to the
fact that the gauge freedoms in these second rank tensor theories are represented
by arbitrary vector fields with four components while the translational group pro-
vides only two parameters. Because of this deficit in the number of parameters
the range of gauge transformations generated by T'(2) become restricted. We also
reviewed the gauge generation by the translational group T'(3) in the 3+1 dimen-
sional topologically massive B A F' gauge theory. Both massless Kalb-Ramond and
B A F' theories have reducible gauge transformations. We have shown that the re-
ducibility of gauge transformations is manifested clearly in the gauge generation by

translational groups.

Just like T'(2) generates gauge transformations in 3+1 dimensional massless the-

ories, translational group T'(1) acts as generator of gauge transformations in 2+1
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dimensional Maxwell theory. (Massless Kalb-Ramond and linearized gravity possess
no physical degrees of freedom in 2+1 dimensions.) We show that T'(1) generate
gauge transformations in the topologically massive planar gauge theories namely
Maxwell-Chern-Simons and Einstein-Chern-Simons theories. A suitable representa-
tion of T'(1) when acted on the respective maximally reduced polarization vector and
tensor generate momentum-space gauge transformations in these theories. The po-
larization tensor of Einstein-Chern-Simons theory is found to be the direct product

of the polarization vector of a Maxwell-Chern-Simons theory with itself.

It has been known that the gauge transformations in a topologically massive
theory living in a certain space-time dimensions can be related to those of massless
gauge theories in a space-time of one higher dimension through the method of di-
mensional descent. We presented a short review of dimensional descent from 4-+1
dimensional Maxwell and massless Kalb-Ramond theories to 3+1 dimensional BA F
theory and derived the gauge generating representation of T'(3) with the help of the
gauge transformation properties of these higher dimensional theories. Subsequently
we have derived, using dimensional descent, the previously mentioned gauge gener-
ating representation of T'(1) for Maxwell-Chern-Simons and Einstein-Chern-Simons
theories in 241 dimensions by considering the gauge transformation properties of
341 dimensional Maxwell and linearized gravity theories respectively. In this pro-
cess, we have also considered the massive non-gauge Einstein-Pauli-Fierz theory in
2+1 dimensions whose basic field transforms like a second rank symmetric tensor.
A comparison of the polarization tensors of Einstein-Pauli-Fierz theory with those
of a pair of Einstein-Chern-Simons theories having opposite helicities suggested a
doublet structure for Einstein-Pauli-Fierz theory. This is analogous to the vector
case in which Proca theory in 2+1 dimensions is equivalent to a doublet of Maxwell-

Chern-Simons theories with opposite helicities. In connection with this analogy, it
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should be noted that the relative and overall signs of the Einstein term as well as
the Pauli-Fierz term in the Einstein-Pauli-Fierz theory should be the same as the
conventional ones for the theory to be meaningful. However, the sign of the Einstein-
term in Einstein-Chern-Simons theory should be opposite to that the conventional
one. Therefore, a theory with all three terms present simultaneously (the tensor
analogue of Maxwell-Chern-Simons-Proca theory) is not possible because of the un-
avoidable conflict of requirements on the signs of the Einstein term. Therefore, the
suggestion that Einstein-Pauli-Fierz theory is a doublet of Einstein-Chern-Simons

theories needs further investigation.

Next we have considered, the role of translational group in generating gauge
transformations in some massive gauge theories obtained by elevating massive non-
gauge theories to their first class versions by Stiickelberg embedding mechanism.
Such theories considered in this work are the Stiickelberg extended versions of Proca,
Einstein-Pauli-Fierz and massive Kalb-Ramond théories which have vector, sym-
metric and antisymmetric second rank tensors respectively as the basic fields. The
investigation of these theories is done in 3+1 dimensional space-time in which such
models are usually studied. However, with suitable modifications the methods and
results of our study of these theories are applicable to the corresponding 2+1 dimen-
sional theories as well. We have shown that the representation of T'(3) that generates
gauge transformation in B A F' theory also generates gauge transformations in the
above mentioned massive gauge theories in 3+1 dimensions. Analogous to the case of
linearized gravity, the gauge transformations generated in the Stiickelberg extended
Einstein-Pauli-Fierz theory by T'(3) constitute only a subgroup of the full set of
gauge transformations in the theory. The gauge transformations in the Stiickelberg
extended massive Kalb-Ramond theory are reducible and this reducibility is clearly

exhibited in the gauge generation by the translational group.
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Appendix A

Wigner’s Little group in 341

dimensions

Wigner’s little group preserves the energy-momentum vector of a particle and is a

subgroup of homogeneous Lorentz group. Here we give a derivation of the explicit

expression for the little group for a 3+1 dimensional massless particle {19]. Let

mp M2 M3 M4
W = Pr P2 DP3 D4 ( A 1)
qi Q42 Qg3 4qa

T Ta T3 T4

be a representation of an arbitrary element of the little group that preserves the

momentum 4-vector of a massless particle of energy w propagating along the 2-
direction:

Wk = k%, k* = w(1,0,0,1)%. (A.2)
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With ¢ = (1,0,0,1)T, we obviously have W%,I® = [° also. Consider a time-like vector

a® = (1,0,0,0)T which has the following obvious Lorentz covariance properties,

(Wa)* (Wi)a = (Wa)la = 0l = 1, (A.3)
(Wa)*(Wa), = a®a, = 1. (A.4)

Since (Wa)® = (m1,p1,q1,71)7 (which is nothing but the first column of W), one
can see using (A.3) that r; = m; — 1. Therefore, the form of (Wa)® that satisfies
the relation (A.4) is given by

2 2 2 o\T
(Wa)a= (1+p1+q17p17QI7p1+q1) . (A5)

2 2
Now, W acting on the space-like unit vector 8¢ = (0,0,0,1)T yields (WgB)* =
(Mg, Pa, g2, 72)T. Analogous to (A.3) and (A.3) in this case we have
(W) (Wl)y = (W), = B, = —1, (A.6)
(WB)*(WB)q = B*Ba = —1. (A7)

It is easy to see that (A.6) and (A.7) restrict the form of (W3)* to

T _
(—’i‘ig—qi, Da, Q4,1 — -’fgﬁ) which, along with (A.6), when substituted in the relation
(Wa)*(Wh)a =B =0 (A.8)

yields (p; + ps)? + (¢ + ¢4)® = 0. This implies that p, = —p4 and ¢, = —q,. Thus
the fourth column of W (A.1)is given by

2 4 g2 2 4 g2 T
(WIB)a = (_pl qla—ph—ql)l - A ‘—ql) . (Ag)

2 2
In a similar fashion, by considering another space-like unit vector v* = (0,0,1,0)T
we can obtain (W+v)® = (ms,ps,qs,73)7, the third column of W. A simple algebra
using the properties
(W) (Wha = (W7)°la =7 =0, (W) (W7)a=7"7=-1 (A.10)
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leads to the condition p2+¢2 = 1 which enables one to make the parametrization p3 =
sing, g¢s = cos¢. Hence we have (Wv)® = (mgs,sin ¢, cos ¢, ms)T. Furthermore,

since
(WB)*(W7)a =Y =0 (A.11)
we obtain the relation ms = p; sin @ + q; cos ¢ wherein we used (A.9) and the form

(W+)® mentioned above. Therefore

(W+)® = (py sin ¢ + ¢; cos ¢, sin ¢, cos @, p; sin @ + ¢, cos ¢)T. (A.12)

Lastly, we introduce the spacelike vector §% = (0,1, 0,0)7 so that
(Wé)* = (mq,pa, g2, 72)T is the second column of W (A.1). Then, just as in the

previous case, using the covariance properties
(WA (W) = (W), = 6%, =0,
(W82 (W), = 8%, = =1, (WE)*(Wa), =0%, =0

we get (W6)® = (p1 cosf + g1 sin 6, cos §,sin @, py cos 6 + ¢, sinf)™. Contracting with
(W+7), and using the relation

(Wé)* (W7)a =061 =0 (A.13)
we deduce that § = —¢. Therefore we have
(Wé)® = (prcos¢d — q1sinp, cos¢, —sing, picoseé— gising)’. (A.14)

From (A.5), (A.9), (A.12) and (A.14) we then obtain the representation of the little

group for a massless particle in 341 dimensions as

1+ 242 pcosd—gsing psing+qcosd i
D cos ¢ sin ¢ -p
W(p,q; ¢) = , (A.15)
q —sin¢ cos ¢ —q

22_;!2 pcosd — gsing psing + qcos¢ 1—&;93
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dropping the subscripts on p, g which are any real numbers. This little group can

be written as

W(p,q; ¢) = W(p,q)R(¢) (A.16)
where
1 + 221_!2 p q _ 2_;_ 2
D 10 —-p
W(p,q) =W(p,q;0) = (A.17)
q 01 —q

2 2 2 2
+ +
2 p g 12T

is a particular representation of 7'(2) - the group of translations in a plane and R(¢)
represents a SO(2) rotation in the plane. It is clear that W (p,q) and are Abelian
subgroups of the little group W (p, ¢; ¢):

W(p, )W (p,q) =W(p+p,9+7) (A.18)
R(¢)R(¢) = R(¢ + ) (A.19)

Moreover, the subgroup W (p, ¢) is invariant since
R(¢)W (p,q)R™"(¢) = W (pcos ¢ + gsin ¢, —psin ¢ + g cos 4). (A.20)

Therefore, the little group is not semi-simple. The group generators are given by

(010 0 )
: 100 —1
A = —Zw |p=0= —’i ’ (A21)
Op 000 0
\0 10 0 |
(001 0 )
: 000 0
B _; 0,60 lomo= —i , (A.22)
dq 100 -1
\0 01 0 )
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.OW (0, 0; .
J3 = —’&'—‘g“;qs) |¢=0= -1

5 (A.23)

o o © O
l o
[y
o O =OO
o o o ©

It is important to note that the generators A and B can be expressed as a combi-

nation of the generators of boosts and rotations':
A=J;+K,, B=-Ji+K,. (A.24)
The Lie algebra of the little group is given by
[A,B] =0, [J3,Al=1B, [J3,B]=—iA. (A.25)

This is identical to the algebra of E(2) - the Euclidean group in two dimensions,
comprising of two mutually commuting translation generators (corresponding to A
and B) and a generator of rotation in the plane (J3). Thus, the algebra of the 3+1

dimensional little group for massless particles is isomorphic to the E(2) algebra [70].

1We denote by J; (¢ = 1,2,3) the generator of rotation about the j-th axis. Similarly, the
generator of boost along z;-direction is denoted by Kj;. In this notation, the algebga of the

homogeneous Lorentz group is given by [Ji, Jj] = ie,;jk Jk, [Ji,Kj] = ieiijk, [K,‘, Kj] = -ie,-,-k Jk.
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