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Chapter 1

Introduction

1.1 Mesoscopic Physics

In 1947, with the invention of world’s first transistor [1], a trend towards miniaturization
started. In his seminal lecture entitled “There’s plenty of room at the bottom” [2] delivered
on 29th December 1959 at the annual meeting of the American Physical Society at the
California Institute of Technology, R. P. Feynman discussed, predicted and challenged the
future generations of physicists to unravel the beauty and huge potential utility lying in the
realm of ‘small’ world. Mesoscopic physics is the branch of solid state physics that deals
with this world of ‘small’, the system sizes intermediate between the length scale regimes
of atoms and molecules and the macroscopic world. Since the building of first transistors,
the size of the devices have steadily shrunk, coming down to the micrometer scale in 1980’s.
The technological drive of miniaturization is to make new devices which occupy less space,
can contain more information, can perform operations faster and also cost effective. This
drive of miniaturization has lead us into the world of ‘nanoscience’. Besides technological
aspects this leads us to several fundamental issues of quantum mechanics, possibilities and
experimental verifications of new phenomena. Furthermore, the measurements of most of
the basic effects requires little more than a conductance measurement.

Massive industrial research and development efforts towards the miniaturization of semi-
conductor devices has produced sophisticated crystal growth and lithographic techniques,
which allow fabrication of artificial structures, or devices having dimensions of a few atomic
spacings. Nowadays it is possible to confine electrons in a conductor with a lateral extent
of 100 nm or less, resulting in narrow quantum wires, constrictions and quantum dots. The
small size of these structures largely eliminates the defect scattering and one can get ex-
tremely high mobility conducting channels, thus motivating interest in ballistic transport.
Physical properties of such systems can differ significantly from what one would expect on
the basis of classical description. These systems exhibit several new phenomena as their di-
mension become shorter than some relevant physical length scales. The only relevant process
in mesoscopic systems having dimensions less than the phase coherence length [, is elastic
scattering. This [, is the typical length on which a wave packet can travel without loosing
its phase coherence. [y depends on coupling of electron to other degrees of freedom like
phonons, electromagnetic fluctuations, other electrons, magnetic impurities etc. The phase
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FIGURE 1.1: Schematic cross section of a GaAs/AlGaAs heterostructure. The 2DEG is located
at the interface.

breaking scattering of electrons due to these other degrees of freedom decreases with decreas-
ing temperature, thereby increasing ly. If system size is much much larger than l4 we recover
classical behaviour, due to average over several phase-breaking processes. One can by tuning
temperature, observe quantum effects at low temperatures which crossover to classical re-
sults at high temperatures. In low temperature properties of mesoscopic systems, quantum
interference plays the most crucial role. Except for quantum interference, discreteness of
charge, electron numbers being even or odd, specific techniques (two or four probe) of con-
ductance measurement, system lead coupling strength etc. control the observed mesoscopic
phenomena. As the phase coherence is maintained over the entire sample, several intrin-
sic quantum mechanical phenomena have been observed (3, 4]. Convincing demonstrations
of quantum transport regime have come from experiments in thin metal or semiconductor
films or multiply connected structures. Some of the observed quantum phenomena include
breakdown of Ohm’s law [5], quantized conductance in the point contact [6, 7], breakdown
of Onsager’s symmetry relation [8], Integral and Fractional Quantum Hall Effect (IQHE
and FQHE) [5, 9], Aharonov-Bohm oscillations in the magnetoresistence [10, 11], universal
conductance fluctuations, persistent current, reproducible sample specific non self-averaging
fluctuations in conductance as the magnetic field or the chemical potential is varied. A

few such notable mesoscopic phenomena are described below following the ‘fabrication of
mesoscopic samples’.

1.1.1 Fabrication of high mobility samples

In a modulation-doped GaAs/Al,Ga;_,As heterostructure the two-dimensional electron gas
(2DEG) is formed at the interface (see Fig.1.1) [9]. On the GaAs substrate a layer of typically
100nm Al,Ga;_,As is grown. Somewhere halfway in the Al,Ga;_,As layer there is a thin
layer where the Ga atoms are replaced by Si donor atoms. With a proper amount of Si one
finds that at low temperature the only mobile electrons are located at the GaAs/Al,Ga;_,As
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interface. These free electrons are attracted by the GaAs since they can lower their energy
in this smaller band gap material. They are also held as close as possible to their ionized
Si* donors and thus they form a thin conducting layer near the interface. Since GaAs
and Al,Ga,_,As can form a nearly perfect interface on the atomic scale and since the Si
donors are spatially separated, the electrons experience very little scattering. In n-type or
p-type semiconductor where the sample is doped with impurities which are necessary to
create carriers, the sample looses the periodicity and scattering at these impurities reduces
mobility. But in the 2DEG the donars are spatially separated from the region of carriers and
hence the high mobility. This 2DEG has a low electron density which implies a large Fermi-
wavelength, comparable to the dimensions of the smallest structures that can be fabricated.
For example, at low temperature in GaAs/Al 3Ga;As semiconductor heterostructure, it is
possible to reach mobilities of 10%cm?/V's, which leads to an elastic mean-free-path of the
order of 10um and an inelastic mean-free path even larger. A unique feature of a 2DEG is
that it can be given any desired shape using lithographic techniques. The shape is defined
by etching a pattern (resulting in permanent removal of the electron gas), or by electrostatic
depletion using a patterned gate electrode (which is reversible). A local (partial) depletion
of the 2DEG below a gate is associated with a local increase of the electrostatic potential,
relative to the undepleted region. At the boundaries of the gate a potential step is thus
induced in the 2DEG. The potential step is smooth, because of the large lateral depletion
length (of the order of 100 nm for a step height of 10 meV). This large depletion length is
at the basis of the split-gate technique [12, 13], used to define narrow channels of variable
width with smooth boundaries.

One of the simplest devices that may be fabricated using this technique is the quantum
point contact (QPC), which basically is a very short and narrow constriction in the 2DEG.
The width of this constriction being comparable to the Fermi wavelength, this is called QPC.

At low temperatures, the conductance of such a QPC is approximately quantized in units of
2¢2/h.

1.1.2 Observed Quantum phenomena in Mesoscopic Conductor

Quantized conductance : In 1988, van Wees et al. [6, 14] and Wharam et al. [7] inde-
pendently observed the two-probe conductance of a QPC at sub-Kelvin temperature. In
absence of applied magnetic field i.e. B = 0, they measured the conductance G as a func-
tion of the gate voltage V. Assuming the linear dependence of the width on V;, they showed
the conductance decreases with narrowing constriction. However, around this classical de-
pendence, G changes in quantized steps of 2—;% These data exhibited conductance plateaus
quantized in integer multiples of fundamental conductance Gy = -2;—2 as G = NGq. Typically
all these measurements were performed in a two-terminal configuration where voltage and
current measured through the same set of source-drain contacts. The number N increases
with the decrease in gate voltage i.e. as the gate-voltage is made less negative. As the gate
voltage is made more negative, the potential in the narrow region of the QPC squeezes the
2DEG, pushing successive 1D sub-bands through the Fermi energy. As each 1D sub-band
is depopulated, the conductance drops by an amount, G4 until finally all the sub-bands are
completely depopulated and conductance approaches zero. The conductance quantization is
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not as exact as the Hall effect. A series resistance originating from the wide 2DEG regions
has been subtracted [6] to line up the plateaus at their quantized values and the plateaus
are not completely flat.

Integer and Fractional Quantum Hall Effect : ‘Hall measurement’ or measurement of con-
ductivity in presence of weak magnetic field is useful for characterizing semiconducting thin
films because both the electron density and mobility can be measured simultaneously. When
a magnetic field (é ) is applied in perpendicular direction to the current (1:3 through a rect-
angular conducting bar, the charge carriers experience a Lorentz force (q¥ x E) in the
perpendicular direction to both the current and applied magnetic field. These charge car-
riers are accumulated in the direction of force. As a result, an electric field is generated in
the system. This effect is named after its discoverer as ‘Hall effect’. From Classical Drude
model, the longitudinal resistance is independent of the applied magnetic field whereas the
Hall resistance is a linear function of B. As long as the magnetic field is very low, this Drude
model for ‘Hall effect’ is valid. At cryogenic temperatures (< 4K) for stronger magnetic
fields, the longitudinal resistance shows oscillations in B and the Hall resistance exhibits
plateau corresponding to the minima in longitudinal resistance. These features can be ex-
plained in terms of Landau levels which are purely quantum effect. Thus two-dimensional
electron gas (2DEG) shows Quantum Hall effect (QHE) [5] when it is placed under a strong
perpendicular magnetic field. QHE was discovered in 1980 by Klaus von Klitzing, Michael
Pepper, and Gerhard Dorda. In an isolated 2DEG in Quantum Hall state, the Hall current
is carried by the edge channels as all the bulk states are localized. These edge channels are
free from backscattering because of chirality. The most striking feature of the QHE is the
precise quantization of the Hall resistance. The plateaus are precisely quantized at integer
and fractional multiples of e% The integer plateaus are known as the integer quantum Hall
effect (IQHE). The precision of the IQHE is so accurate that it now forms the international
standard of resistance. An important quantity in the quantum Hall regime is the filling
factor which is defined as number of electrons divided by the flux quanta per magnetic field
ie v= };—’:‘3&. For filling factor v = 1, the system is in the center of the first plateau at h/e?,
for v = 2, in the center of the second plateau at h/2e2 and so forth. The filling factor is con-
venient for determining the electron density. The oscillations in the longitudinal resistance
which have minima at the same magnetic fields where Hall resistance shows plateaus, are
called the Shubnikov-de Hass oscillations. The temperature dependence of the oscillation
minima is an accurate determination of the mobility and mean free path of the 2DEG. In
1982, Daniel Tsui and Horst Stormer discovered the FQHE. It refers to fractional plateaus
i.e. v =1/3,1/5 etc.

Aharonov-Bohm oscillations in magnetoresistance : Aharonov and Bohm [10] first proposed
an experiment to show that there exist effects of potentials on charged particles, even in the
region where all the fields (electric or magnetic) vanish. This effect is named after Aharonov
and Bohm. In Fig. 1.2 an experimental set-up, suited for verifying the prediction of Aharonov
and Bohm, is given schematically. To see the interference pattern for the electron traversing
the ring, the circumference of the ring should be smaller than the phase coherence length.
One of the pioneering experiments in mesoscopic physics was performed by Washburn et.
al. [11] using a small ring, 820nm in diameter, etched out of a high quality gold film. They
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FIGURE 1.2: Schematic diagram of a circular loop connected to semi infinite leads. The conductor
exhibits periodic oscillations in its conductance as a function of enclosed magnetic flux ¢

observed that the conductance of the normal metal ring oscillates as a function of the mag-
netic flux enclosed by the ring. The fundamental period of the oscillations is found out to
be the flux quantum & = % Classically no such oscillation can occur. This is because
the quantum phase memory of the electron is not randomized during a travel around the
whole circumference. A quantum wave associated to such an electron separates into two
partial waves at the entrance of the ring and recombines at the exit point. These electron
waves moving along fixed paths acquire a phase difference because of monotonically changing
magnetic field. The interference between these two partial waves traversing two arms of the
ring leads to this oscillatory behaviour of the conductance. In presence of the magnetic field
B using proper gauge for the vector potential in which the magnetic field appears only in
the boundary conditions rather than explicitly in the Hamiltonian [15, 16], the transmission

coefficient becomes t;(B) = t;(0) exp[if fj A.dl), where A is the vector potential defined by

B =V x A. Here j denotes the upper (say j = 1) or lower (j = 2) arms of the ring. While
interfering the resultant transmission probability will be proportional to the phase difference
between two transmission coefficients correspond to waves traversing two arms of the ring.
Thus the probability of resultant transmission coefficient becomes |T(B)| ~ cos(Aca), where
the phase difference Aa = I—:Ll $ Adl = % fs B.dS = %‘)—}i, Py = % is the quantum unit of
flux. Conductance being proportional to transmission probability [Landaiier formula] is also
periodic in flux. This is known as ‘¢’ oscillation. Note that here we have not considered
all possible paths while calculating transmission from a mode in lead 1 to another mode in
lead 2. Depending on the nature of the ‘beam-splitters’ at J; and J, there will be more
complicated paths such as one going through the upper arm, transmitting into the lower
arm at Jp, getting reflected back into the lower arm at J; and then exiting into lead 2 at
Ja. These paths would contribute to higher order oscillations that could be classified as %"
oscillations, N being an integer. Experimentally the higher order effects are increasingly
more difficult to observe because they involve longer paths and it is difficult to maintain
phase coherence over the entire path. Another important point to note is that randomly

distributed static non-magnetic impurities do not destroy phase coherence of electrons. So
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the Aharonov-Bohm (AB-) effect holds in presence of these impurities.

Universal conductance fluctuations : At low temperatures quantum interference gives rise
to fluctuations in conductance. In 1986, Washburn and Webb [17] measured the fluctua-
tion in conductance of an Au wire as a function of applied magnetic field at 10mK. These
fluctuations are not time dependent noise as they are completely reproducible. Supporting
the earlier theory on conduction fluctuations [6] these data showed that the magnitude
of fluctuation is of order % These fluctuations are universal in nature because firstly the

N\ 2
variance of conductance is of order (9,;) , independent of the sample size and the strength

of the impurities and secondly this variance decreases precisely by a factor of two when
time reversal symmetry is broken. This variance of conductance is weakly dependent on the
shape of the conductor. At zero temperature, for a quantum wire the variance %—f = —125 B
This is independent of the mean free path l., wire length L or the number of transverse
modes N as long as the wire is much longer than the mean free path but much shorter
than the localization length i.e. l. << L << Nl,. Various explanations came after the
discovery of the universality of conductance fluctuations. Imry’s argument was in terms of
transmission eigenvalues [18]. Most transmission eigenvalues are exponentially small in a
disordered conductor while a fraction lf of the total number N of transmission eigenvalues
is of order unity. Depending on these transmission eigenvalues, the corresponding channels
are referred as closed and open channels. Only the open channels contribute to the con-
ductance: EGJ = Nepen ® N % Thus the fluctuations in conductance can be interpreted as
the fluctuations in number N, of the open channels in the sample. If the transmission
eigenvalues were uncorrelated, one would calculate that the fluctuations in Nope, would have
been of the order \/Nype, which would imply the variance in conductance %—f would be of
order Nypen (>= 1). Due to the strong suppression of fluctuations in Nype, by eigenvalue
repulsion the variance of conductance is of order unity.

Violation of Onsager’s symmetry relation : The Onsager-Casimir relations was originally
derived for macroscopic conductors using thermodynamic arguments. These are symme-
try conditions for correlation functions. In electronic transport measurements, microscopic
reversibility requires that in the presence of a magnetic field B the conductance obeys
Gij(B) = G;(—B) between contacts ¢ and j. In particular, for a two-probe conductor
the conductance is an even function of magnetic field G(B) = G(—B). Such relations
generally hold for macroscopic systems near thermodynamic equilibrium. Experimentally
[19], there is no evidence that this relation is ever violated in the linear response regime
regardless of the nature of the transport. When transport is phase coherent as it occurs in
mesoscopic conductors, the conductance is not just material specific but also depends on
the probe configuration. Four probe conductance of a sample is not symmetric under flux
reversal i.e. Giju(B) # Giju(—B). Herein, the first pair of indices represent the probes
used to supply and draw current, while the last pair of indices denote the probes used to
measure the potential difference. Though Onsager’s symmetry relations fail in this regime
but it holds Onsager’s reciprocity relations. The reciprocity relations tell us the conductance
of a mesoscopic sample is invariant under the magnetic field reversal accompanied by the
exchange of voltage and current probes i.e. Gyju(B) = G ij(—B). This also prove that
unlike bulk sample there is no material specific quantities like resistivity (or conductivity).
Instead there are only global properties like resistance [20].
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1.2 This Thesis

In this thesis, some novel low dimensional electronic transport problems are discussed. All

through phase coherence is assumed as low temperature behaviours of mesoscopic conductors
are dominated by phase coherence.

Chapter 2 describes some basic concepts and theoretical frameworks which will be exten-
sively used throughout the thesis. Mesoscopic samples being finite the system-environment
coupling often have strong effect on system properties. In section 2.2 we discuss this effect.
In section 2.3 we introduce the generalized Landauer-Biittiker formula. The importance of
scattering phase-shifts, Fano lineshapes etc. have been discussed in context of a couple of
experiments in section 2.4. In sections 2.5, 2.6 and 2.7 we introduce the important concepts
of tunneling phase time, persistent current and current magnification. In section 2.8 we
discuss the framework of scattering matrix.

Chapter 3 addresses Friedel-Sum-Rule (FSR) which connects the experimentally measur-
able scattering phase shifts to the density of states (DOS) of a given system. We derive the
canonical form of FSR in section 3.1.1. In section 3.2 we generalize FSR to incorporate the
effect of system-environment coupling through a self-energy term. In following sections we
show that the impact of this term is appreciable for a quasi-one dimensional (Q1D) quantum
wire (in presence of elastic scattering) even in those energy regimes where transport occurs.
We show this, in the energy regime where a single channel is propagating [21], in section 3.4.
We digress a bit and show in section 3.3 that the impact of self energy term is negligible
in higher energies for a truly one dimensional wire. We return to multi-channel transport
in Q1D wire in section 3.5.1 and in section 3.5.2 we prove the non-negligible effect of self-
energy in FSR for transport through multi-channel Q1D quantum wires [22], in general. We
generally observe the Fano lineshapes in various transmission amplitudes for multi-channel
quantum transport eg. in section 3.5.1. We discuss Fano resonance for a simple model
system [23] in section 3.6 to obtain better understanding of the underlying phenomenon. In
the appendix of this chapter except for the other derivations required in its main body we
present the mode rescaling technique for a singular potential in a multi-moded Q1D system.
This will, in general, be required for calculations of any such QLD transport properties eg.
current magnification in chapter 4.

Chapter 4 discusses a novel effect called quantum ‘current magnification’ in a Q1D quan-
tum ring [24] in presence of time invariant biasing. This effect was earlier predicted for
purely one dimensional quantum wires. We have shown that the effect persists for multi-
channel wires despite mode mixing (at scatterer sites) and cancellations. We systematically
study the effects of ring-lead coupling, scattering potential strength, quasi-bounded states
and Fano resonances. In section 4.2 we discuss about the possible experiments which can
verify our predictions.

In chapter 5 we have described ‘phase time’ which is one of the well-accepted ‘tunneling
times’ in the community. For opaque barrier, the ‘phase time’ shows saturation as the
length of the barrier, known as ‘Hartman effect’. In section 5.2 we have studied this effect
even in presence of embedded Aharonov-Bohm (AB) flux in two different ring geometries. In
section 5.2.1 and section 5.2.2 we have focused on the transmission and reflection phase times
respectively for a ring connected with two external leads [25] and a single lead [26]. We have
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seen the effect of different system parameters eg. the strength of the barrier, flux etc. on
the saturation phase times. In section 5.3 we have considered another geometry, a quantum
network [27] consisting of several side branches attached to a base arm, to study ‘Hartman
effect’. In addition to this effect, we have studied the saturation phase time through a barrier
in one arm varying nonlocal parameters eg. strength of the barrier in other arm, shifting
this barrier from the junction etc.

Finally we draw overall conclusions in chapter 6.



Chapter 2

Basics of electron transport in
mesoscopic system

2.1 Introduction

Mesoscopic conductors having dimensions less than the phase coherence length of the elec-
trons can be treated as phase coherent scatterers and all their conductance related features
and thermodynamic properties can be studied through underlying scattering phenomena.
At sufficiently low temperatures, only elastic scattering survives. In this chapter, we provide
a brief overview of the basics of electronic transport through such phase coherent scatterers.
In experiments on non-equilibrium electron transport through such a phase coherent con-
ductor, it is connected to the environment (reservoir) through leads and due to small size
of the conductor its physical properties get affected by the couplings at the conductor-lead
interfaces. This will be discussed in the section 2.2. In section 2.3 we shall present the
Landauer-Biittiker formula for calculating conductance from the scattering matrix elements.
This is a key ingredient of transport studies. The conductance is proportional to the avail-
able density of states (DOS), the measure of the occupied energy states by the electrons in
the system. This DOS can be obtained from experimentally measurable scattering phase-
shifts. In section 2.4 we shall describe an experiment on phase measurement in a quantum
dot by R. Schuster et al. The measurement of phase-shift is connected to another crucial
concept in scattering, the ‘phase time’, which is a measure of the time spent by a quasi-
monochromatic wave in a scatterer region. In section 2.5 we discuss the concept of ‘phase
time’ in the context of tunneling particles. ‘Persistent current’ is one of the experimentally
observed thermodynamic properties which can be studied using the scattering properties of
the system, we shall describe the effect briefly in the section 2.6. In the last section 2.8 of this
chapter we shall discuss the formulation of scattering matrix in context of elastic scattering
in a typical quasi-one-dimensional (Q1D) mesoscopic conductor.

2.2 Effect of environment on mesoscopic conductor

Conductance by a mesoscopic system must be considered in the presence of an environment
provided, for instance, by the leads. The very fact that the system is mesoscopic implies some

9
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subtleties in the description of the underlying process. In statistical mechanics of thermo-
dynamically large systems, the probability distribution for the Grand Canonical Ensemble
can be derived from that of the Canonical Ensemble by hypothetically decomposing the full
domain of constant (N,V,T) system into a grand canonical system and an environment.
The total Hamiltonian H(p,q, N) of the canonical system with N particles of coordinates
and momenta (g, p) can be decomposed as [28],

H(p,q,N) ="H.(p1,q1, N1) + Hi(p2, g2, N2), (2.1)

where Hc(p1,q1, N1) is Hamiltonian of the grand canonical system with N; particles in
presence of the environment consisting of Ny (Ny >> Nj) particles having Hamiltonian
H(p2, g2, N2). While decomposing in the above fashion, the interactions between particles
in the system in contact with the environment at the interfaces have been neglected. This
is plausible if the system size is thermodynamically large. For a finite sized system, instead,
the interface effect is not negligible and hence the probability distribution of this truncated
part, called system, has to be in addition a function of the interfacial energy.

In mesoscopic systems, having dimensions of the order of few hundred nanometers, the
effect of environment is important. In this case one needs to incorporate the ‘interaction’
between the system and the environment to obtain correct physical properties. In what
follows we show how this conductor-lead (system-environment) interaction is taken into
account in mesoscopic transport problems. The ‘density of states (DOS)’ play a crucial role
in all of quantum statistical physics. In particular it is required to calculate conductance,
a central quantity in all quantum transports. The DOS of an isolated conductor can be
expressed in terms of its retarded (advanced) Green’s function

Gra = [(E:l:ie)fl . Hc] - (2.2)

1 A ~
= P{ —=—= imd | El— HC ;

[ (E]I - Hc> Fims ( )]
where P denotes the principal part in the sense of integration on complex plane. The DOS
is defined as p=> ,6(E — E;) =Tr [6 (Ef[ - ﬁc)] Hence the above expression yields

1 o
— T r(a)
p=F_Im [Tﬁ(Gc )] . (2.3)

This ensures that any change in Green’s function affects the DOS. Now we show how the
Green’s function of an ‘open conductor’ (conductor in contact with the environment) is
affected in presence of interactions with the reservoirs through the leads. The retarded
Green’s function for a conductor-lead composite system can be written as,

&= [(E+z'e)fl - fltot]_l (2.4)

which is infinite dimensional because the total system of conductor plus lead stretch out to
infinity. Hyqt is the Hamiltonian for conductor-lead composite system. In the same spirit as
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in statistical mechanical case discussed above, we can partition the overall Green’s function
of Eq. (2.4) into submatrices [5]

[é{ A;},}_{(E—i—ie)ﬁ—f[l # ]‘1
=

7 El- H, (2:5)

ol

where the operator (E + ie) I- A, represents the isolated lead, while E1— H, represents the
isolated conductor. 7; gives the coupling between the conductor and the lead. This allows us
to avoid calculation of infinite dimensional G and reduces the problem to the conductor’s
(open) Green’s function GY. From Eq. (2.5), using the matrix identity, i.e.
~ A -1 ~ ~ A o
Gi Gp G G IO
Ar N A A = AT ) (26)
ol Go Go 0 I

ol

we obtain the explicit expression for é’; in terms of the Green’s function of the isolated lead
and conductor-lead coupling as,

~

G = [pt- A -], (2.7)

. . -1
with X" = ;% §] 71, called the (retarded) ‘self-energy’. Here §] = [(E +ie) I — Hl] is
the Green’s function for the isolated lead. Thus the ‘self-energy’ $r provides the effect of
environment in the conductor’s Green’s function G of a finite sized conductor. Similarly,

the advanced Green’s function G*g depends on the advanced self-energy Yo (= 2”) through
the relation,

Ge = [Eﬁ . iza]_l , (2.8)

where £% = 7,7 g2 7;. Now the DOS being a function of the .system’s Green’s function (as
we see from Eq. (2.3)), it also gets affected in presence of the environment and it becomes

p = (1/m)Im |Tr (C3)] , (2.9)

in the conductor, which is the region of interest, thereby affecting all the conductance prop-
erties. In Chapter 3 we shall describe in details the effect of environment on DOS and the
related consequences in the context of the Friedel-sum-rule.

2.3 Landauer-Biittiker conductance formula:

Landauer-Biittiker (LB) scattering theory provides a powerful approach to multi-terminal
transport in conventional (Fermi-liquid) mesoscopic devices where leads are explicitly ac-
counted for. The effect of environment comes into picture through the attached leads. In
contrast to the Kubo formalism which is time-dependent, the Landauer formula connects the
conductance of a mesoscopic system to its static scattering properties. Landauer in his pio-
neering work [29] expressed the current through a conductor in terms of the probability that
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@)

FIGURE 2.1: Mesoscopic sample (shaded region) connected to two electron reservoirs, charac-
terized by chemical potential p; and po respectively, by ideal leads (leadl and lead2). A voltage
difference 6V = (u1 — pg2)/e between the reservoirs causes a current I through the sample.

an electron can transmit through it. Thus the electrical conduction of a device is reduced to
a scattering problem. This approach is intuitively very appealing because it seems obvious
that the conductance of a sample ought to be proportional to the ease with which electrons
can transmit through it. For ballistic conductor, the transmission probability being unity,
the finite current obtained from Landauer approach gave rise to a question 'where does this
resistance come from?’ Imry [30] clarified this question using earlier notions due to Engquist
and Anderson. Biittiker [8] extended this approach to describe multi-terminal measurements
in presence of magnetic field.

In Chapter 4 for a Quasi-one-dimensional (two dimensional system with width much
less than its length) quantum ring geometry (the ring shaped system having mesoscopic
length scale, where wave properties of electrons become important) in contact with electron-
reservoirs via leads, we use Landauer-Biittiker conductance formula to calculate the elec-
tronic current in different segments of the system.

2.3.1 General Landauer formula

To derive the Landauer conductance formula, we consider a mesoscopic conductor at zero
temperature connected to two electron reservoirs by ideal leads as shown in Fig. 2.1. The
left and right reservoirs are characterized by chemical potentials u; and us respectively. The
‘conductor’ is represented as a scattering region. The current is seen as a consequence of
the imbalance of chemical potential at the external reservoirs. When u; is greater than
U2 a current starts flowing through the system from left to right. The current flow takes
place entirely in the energy range between p; and us. The contacts are assumed to be
‘reflectionless’ i.e. electrons can exit the device into the contacts without any reflection. In
a narrow conductor due to confinement in transverse direction, several modes or channels are
present. Only the propagating modes i.e. k2 > 0 participate in conductance. The dispersion
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S~

FIGURE 2.2: Dispersion relations for several transverse modes. Just for clarity we have drawn
only five modes. The electrons that constitute the net current have energies ranging in between
and pa.

curves for each mode has a cut-off energy
en = E(n,k=0).

For a given energy E of the system the number of propagating modes can be obtained by
counting the number of modes having cut-off energy smaller than F :

N=> O(E-¢)

For simplicity we consider equal number of transverse modes ‘N’ are present in both leads
i.e. leads are of equal width. Since u; > ug, carriers are injected into the left lead from the
left reservoir. The incoming current (see Fig. 2.2) carried by channel ¢ is
I" = e % (k1 — p2) (2.10)

where v; is the longitudinal velocity along z-direction and the density of states in the leads
for the i-th mode is

Bni . (91’1;1 81@ . 1 1

OE  0k; OE  2m hw;
Apart from this there will be another term, originating from the oscillatory local density
of states (LDOS) in the leads, which has been ignored to derive Landauer conductance
formula. Though in quantum regime, the oscillatory LDOS can be very large yet predictions
of Landauer conductance formula has been observed to an accuracy of one part in a billion.
Therefore, it is suitable to assume that the reservoirs screen away the oscillatory LDOS
and it has no effect on transport properties or thermodynamic properties of the mesoscopic

sample. Both v; and %% are evaluated at the Fermi energy. Using these two relations in
Eq. (2.10) we find that

in e

1" = I (11 — p2) (2.11)

which is same for all the propagating modes (channels) present in the system. Thus the total
influx of current from lead 1 is given by

in_ _© _
I" = 27rhN(N1 fi2) (2.12)
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The outflux from lead 2 is simply the influx at lead 1 times the transmission probability

N

I = ‘2'% N i;Tij(ﬂl l/f2)a (2'13)
where T;; denotes transmission coeflicient from mode j in the left lead into the mode ¢ of
the right lead. The rest of the flux is reflected back to left reservoir

N
_ €
I" = 5= N(m —p2) (1 - S Ty).

ij=1
Thus the net current I flowing at any point in the conductor is given by

N
. e
I="—]"=""=__N T — 2.14
orh z; ij (U1 — pe) (2.14)
Hence the conductance is equal to the net current divided by the proper voltage difference
AV. When two non-invasive voltage probes ( i.e. there is no (finite) current flowing through

the probes ) are attached at the reservoirs AV = (u; — uz)/|e| and thus

G- 2y 2.15

N Z ij (2.15)
1,7=1

which is the celebrated ‘Landauer two probe conductance formula’.

When these voltage probes are attached to the leads adjacent to the conductor the
potential difference is determined by the piled up charges to the left and to the right of the
conductor represented by the chemical potentials 4 and up respectively. pas and pp are
smaller than y; and larger than us. pa ( up ) is found from the condition that the number
of occupied states (electrons) above pa (pp) must equal the number of unoccupied states
(holes) below pa (15). Then potential difference is

pa—ps 2l (Ry =Tyl v
V=TT > 2/ (b = iz).
Thus we obtain the conductance as
2¢? Z 2/'Un
G,=25N"T1, n :
TR A S, (Ran — Tam)] [0

(N

(2.16)

Since the voltage probes do not coincide with the reservoirs (current probe), hence Eq. (2.16)
is called four probe conductance formula.

For decoupled channels T;j; = §;; T; and R;; = 0;; R; and for each channel j, T; + R; = 1.
Then the Landauer two probe and four probe conductance formulas i.e. Eq. (2.15) and
Eq. (2.16) reduce to

2% &
j=1

_ 2_6_2_ | Y on2/vn
G = h Zj:szn[l"’(Rn"Tn)]/vn.

(2.18)
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For single channel case these equations are simplified to

2 2

G = —Z—__Tl (2.19)
262 T1

G = T (2.20)

One can view the total resistance G™' as a reservoir-lead contact resistance G;! in series
with the conductor resistance G;'. When transmission vanishes, e. g. for tunneling systems,
G and G4 converge to one another. When transmission is close to unity (73 — 1), the
resistance G;' oc Ry, i.e. the resistance is proportional to the back-scattering probability.

2.3.2 Bittiker solution

The difference in points of view expressed by Eq. (2.15) or Eq. (2.16) for the conductance has
its roots in the location of the non-invasive voltage probes. Biittiker treated [8] the current
probes and voltage probes on equal footing. He made no qualitative distinction between
current and voltage leads. The advantage of this approach is that the inherent invasive
property of the probes is taken into account in a natural way. He then evaluated the current
flowing from one reservoir to another i.e. Eq. (2.13) for the difference in chemical potentials
inside two reservoirs i.e. u; and pp. He argued that the current in Eq. (2.13) arose due to
the difference of the chemical potentials inside the reservoir.

In his approach [8], each probe connected to the conductor by leads is considered as a
carrier emitting reservoir held at some chemical potential. If we have a total of [p probes,
the current through lead I; connected from the conductor to probe I; (current /voltage probe)
is then given by

lp
Ili = Z Gl,',lj /“l’lj 3 (221)
lj=1

with g, is the chemical potential of probe /; and

2% i I
Gy == N D T (2.22)

1,5=1

is the two-probe Landauer conductance due to the transport from probe I; to probe [; via

lead I; to lead [; through the conductor. Here Tf; % denotes the transmission coefficient from
mode ¢ in lead I; to mode j at probe ;.

2.4 Experiment on phase-shift:

Yacoby et al. [31] and Schuster et al. [32] had performed two interference experiments on the
phase coherent transmission through quantum dots (QD) in the Coulomb blockade regime.
Both the experiments utilized the double-slit interference procedure to measure the phase
shift of an electron while traversing the QD. To introduce measurable phase shift between
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FIGURE 2.3: Schematic description of the device structure used by Schuster et al. An AB-ring

is connected to an emitter E, a collector C and base region. Reflector gates R reflect diverging
electrons towards the collector. o is the QD. Taken from Ref. [32].

arms of the Aharonov-Bohm (AB-) interferometer they inserted the QD in one of the arms.
In the former experiment [31], a two-probe measurement was done. In this measurement, due
to Onsager symmetries, the phase of the AB-oscillations were restricted to either 0 or 7, thus
this experiment could not provide the required phase-shift. Schuster et al. [32] overcame this
drawback by using four-probe measurement. Their device, schematically shown in Fig. 2.3,
was defined by metallic gates on the top of a GaAS-AlGaAs heterostructure. Different
contacts, namely, the emitter (E), the collector (C) and the base region and additional
reflecting barriers (R) are connected with the ring. The base contacts were held at zero
chemical potential. Another gate (the plunger gate Vp) controlled the area and electrostatic
potential at the QD. Using Landauer-Biittiker’s four-probe conductance formula, Schuster
et al. measured the current at the collector as

2¢?
Ic = e [Tec Vs + To Vesl ,

where T is the transmission probability through C. The transmission probability Tepc =
ltop + ts|? is a coherent sum of all path amplitudes from E to C. Here tgp and tg are the
transmission coefficients from E to C respectively through the path containing the QD and
the path without it (represented as ‘sl’ in the Fig. 2.3). The open circuit (Ic = 0) collector

voltage Vop (= KT&CQ TEC) is proportional to Tgc. They investigated the voltage drop Vg for

fixed voltage Vg between the emitter E and the base. For fixed magnetic field they observed
pronounced resonance peaks (peaks in Vop) and minima as a function of the plunger gate
voltage Vp in the Coulomb blockade regime. The phase of the AB signal Viop showed
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FIGURE 2.4: Schematic diagram of a one dimensional scatterer of arbitrary shape with strength
V(x). The barrier is confined in the interval a < z < b. 9;, ¥, and y; are respectively the incident,
reflected and transmitted waves. x (z, E, V) is the evanescent wave inside the barrier region.

monotonic rise to m over the width of the resonance and jumps to zero at the minima over a
very small energy scale. The resonance-zero line-shape in the conductance as a function of
Fermi-energy and the phase behaviour described above have been assigned to Fano resonance
at energies where the scattering state of non-resonant free path gets degenerate with resonant
state of the path containing the QD[124]. This ‘Fano’ resonance which is characterized by
zero-pole structure in complex energy is a very general feature of conductance in quasi-one-
dimensional (Q1D) conductors. This would be clearly seen as we proceed for the next two
chapters. In the appendix of Chapter 3 we shall study ‘Fano resonance’ in details. On
the other hand, in the Schuster et al.’s experiment, when the magnetic field is changed the
collector voltage shows AB oscillations with the expected period AB = ¢y/A where A is
the area of the AB-ring and ¢y is the flux quanta.

2.5 Phase time for tunneling particle

The ‘phase time’ or ‘delay time’ is defined as the energy derivative of scattering phase-shift
and is interpreted as the time spent by the particle (electron) in the scattering region. This
was proposed by Wigner in 1955 [33] and is often called ‘Wigner delay time’. We consider
an one-dimensional time-independent barrier V(z) localized on the interval a < z < b
as in Fig. 2.4. Let a wave packet with wave vectors distributed sharply around k (quasi-
monochromatic) is incident on the scatterer and it has the form

Y = / f(k) exp (zkx —iEt/h) dk, (2.23)

where F is the energy of the electron with wave vector k. After scattering, the transmitted
wave packet can be represented as

" / (k) f (k) exp (ikz — iEt/R) dk

= / VT exp (i6; + ikz — iEt/R) dk, (2.24)
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where T' (= t*t) is transmission amplitude and 6; is the phase of the transmission coefficient
t. Let z = z, be the peak of the wavepacket. In stationary phase approximation,

db, 1dE

—_ t) —=——1t=0. 2.25

ak T - gt =0 (2.25)
Thus due to tunneling through the barrier a spatial displacement 6z (= %t) occurs in the
peak of the transmitted wave. The corresponding temporal delay is

1 db,
v(k) dk
db,

h— 3
dE
where v(k) is the group velocity of the free wave packet. In what follows this temporal delay
in transmission will be referred to as ‘transmission phase time’. Similarly, the ‘reflection
phase time’ is defined as the energy derivative of the reflection phase, 7, = hi—%. It would
be worth mentioning that for a symmetric barrier the reflection and transmission phase

times are equal. The tunneling through an 1D static barrier, as shown in Fig. 2.4, conserves
time-reversal symmetry and hence the scattering matrix S can be written as

S = <7t” 7‘3) (2.27)

where 7 and 7’ are reflection amplitudes for particle (electron) coming from the left and
from the right, respectively. The unitarity of scattering matrix (STS = I) implies that
1t12 + |r|> = |t|2 + |r'|* = 1 (probability conservation) and t*r' 4+ tr* = 0. From the
former relation we get |r| = |r’| and then substituting it in the later, we obtain a relation
between the phases of the reflection and transmission amplitudes as

T =

(2.26)

T 1 AN
6, +§- 5 @ +6), (2.28)

where @ is the phase corresponding to reflection amplitude . For a symmetric barrier,
6, =0, (asr = r’), then Eq. (2.28) becomes

-@+g:&. (2.29)
Thus for a symmetric barrier 7, = 7.

In chapter 5 we shall discuss the phase time in details for tunneling through different
quantum systems and verify Hartman effect, independence of phase time on the width of an
opaque barrier for tunneling particles, beyond one dimension.

2.6 Persistent Current

It is well-known that persistent current can flow in super-conducting systems in absence of
magnetic flux. Biittiker, Imry and Landauer [34] in a seminal paper, suggested the existence
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FIGURE 2.5: Schematic diagram of a closed circular loop with an enclosed Aharonov-Bohm flux

o.

of persistent currents even in a normal metal closed loop (e.g. ring) but in the presence
of Aharonov-Bohm (AB)-flux. The persistent current is an equilibrium property of the
ring and is given by the flux derivative of the Free Enérgy of the ring. These currents are
the consequence of the sensitivity of the eigen-states to the boundary condition. Due to
the enclosed magnetic field, the time reversal symmetry in the ring system is broken. As
a consequence, the degeneracy between the states carrying current in clockwise and anti-
clockwise directions is lifted. For a perfect one-dimensional ring of circumference L (see
Fig. 2.5), the periodic boundary conditions lead to the quantization of energy levels, namely,

E, = -2% (2—’L’—"-)2, where, n = 0,£1,+2,...... Thus we see, the ground state n = 0 is non-
degenerate and each of the excited states are doubly degenerate. In presence of AB-flux,
the degeneracy of these levels is lifted. The modified ‘periodic boundary condition of the
wave-function in presence of AB-flux is ¢¥/(z + L) = 9(z) exp(i27¢/do), where ¢o is the
flux quantum. As a result the eigen-states and eigen-energies and hence all the equilibrium
physical properties of the ring are periodic in AB-flux ¢ with a period ¢o. Again, in general,
¥(z + L) = ¢(z) exp(ikL) for Bloch-like states. This condition implies the identification

2
kL = 2nm + 29 (2.30)
%o
The current carried by n-th single-particle level in the ting at 7 = 0 is,
evy, 1 9F,
In—__L— ,vn—.h——a—]};: (231)
which gives, using the analogy in Eq. (2.30),
O0E, eh ¢
In = —C—— = — — R
c8¢ —3 <n+¢0) (2.32)

where, energy eigenvalues \
27 @
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FIGURE 2.6: Schematic diagram of a circular loop connected to a reservoir of chemical potential
u by a lead. An Aharonov-Bohm flux ¢ is enclosed in the ring.

withn =0,%+1,+2,...... Thus one can readily see from Eq. (2.32) that for the ground state,
the current is diamagnetic in nature and for the 1st excited state (n = —1) it is paramagnetic.
As we go from one energy eigenstate to next the current changes sign. This is related to
the ‘parity effect’[125]. The total current in the ring for N number of spinless electrons is
the sum over the individual contribution from each state, weighted with the appropriate
occupation number. At finite temperature, instead of the sum, one can calculate the current
from the thermodynamic potential i.e. Free Energy F of the system [35],

(2.34)

This is the persistent current flowing in a closed 1D ring at equilibrium. As a grand
canonical realization of the system one can couple it with a Landauer reservoir (see Fig. 2.6)
of chemical potential u by a lead. The persistent current of such open system is given by
[36]

o1

5 O 2i

where, Ej, is the bottom of the conductance band. The integrand gives the differential current

I(p) = —c log Det [S(E)| dE, (2.35)

dl . 1
- —C,% % log Det [S(E)]
on OF
= T35 35 (2.36)

where = i log Det [S(E)] is the scattering phase shift and % approximately gives the
relevant density of states (DOS). Thus the differential current for an open ring at finite tem-
perature is the closed ring persistent current times the DOS. Persistent currents in mesoscopic
rings have been detected in several experiments [37, 38]. The typical magnitude of persis-
tent current at T' = 0 with L between 1 and 3 um and for a Fermi wavevector ks between
10m~! (metallic rings) and 108m~! (semiconducting rings), varies between 1 and 5nA.
However, there is a discrepancy of upto two orders of magnitude between experimental and
theoretical results.
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2.7 Current magnification

Persistent current in isolated (closed) rings are generated in presence of embedded AB-flux
and it is an equilibrium phenomenon. Whereas, in open system (eg. ring connected with
electron-reservoirs) without having any threaded AB-flux, the circulating current arises in
presence of inter-reservoirs transport current. This is a non-equilibrium phenomenon. Unlike
the persistent current which is due to the broken time reversal symmetry in presence of AB-
flux, the circulating current generates when the two arms of the ring are asymmetric. The
current [ injected by the reservoir into one of the leads splits into Iy and I, in the upper and
the lower arms of the ring (see Fig. 2.7) such that the total current is conserved (Kirchoff’s
law : I = Iy +I1). When the two arms are identical in all respects then the injected current
is divided exactly into two equal halves i.e. Iy = I, = I/2 while flowing in the ring before
combining at other junction with the lead. Here I gives the total inter-reservoir current or
the transport current. For classical ring when the two arms are not identical then we have
the condition Iy/I, = Ry/Rr and I = Iy + I, which automatically implies 0 < Iy < I
and 0 < I, < I. Here Ry and Ry are the resistances of the two arms of the ring. Thus
both Iy and I are positive and flow along the applied bias. But for mesoscopic ring, the
circumference being smaller than the phase coherence length, the electrons in two arms in
general pick up different phases and their quantum mechanical superposition gives rise to
two distinct possibilities. The first being, for some values of Fermi energy the currents in
the two arms Iy and I, are individually less than the total current I, i.e., the current in
both arms flow along the direction of the applied field. The other possibility is that for some
values of Fermi energy, Iy (or I) can be greater than the total current I. In this case current
conservation dictates 1, (or Iyy) to be negative such that I = Iy + I;;. The phenomenon that
the current in one of the arms is larger than the transport current is referred to as ‘current
magnification’ [39-41]. This has been already established theoretically for 1D ring system.
Such a phenomenon occurs at the vicinity of resonances in the ring and is purely quantum
mechanical in origin. Magnitude of this negative current is that of the ‘circulating current’
associated with current magnification. This circulating current can lead to a large magnetic
moment in absence of magnetic field but in presence of ‘transport.current. Classically, when
a parallel resonant circuit (capacitance C connected in parallel with a series combination of
inductance L and resistance R) is driven by an external e.m.f., circulating current arises in
the circuit at resonant frequency [42]. However, the current magnification effect is absent in
a circuit with two parallel resistors in the presence of dc current in the classical regime. In
a mesoscopic ring the intrinsic wave nature of electrons and their phase coherence gives rise
to this effect even in presence of dc driving voltage.

In Chapter 4 we shall investigate this phenomenon for a multi-channel Q1D mesoscopic
ring with static impurities in it [24].

2.8 Scattering matrix for Q1D .systems

When an electron scatters elastically from an impurity eg. potential barrier or well in free
space, it scatters into a propagating wave (characterized by real wave-vector) which travels
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FIGURE 2.7: Schematic diagram of an open one dimensional mesoscopic ring connected with
two reservoirs ¢.

FIGURE 2.8: Mesoscopic sample connected to two semi-infinite leads of width W.

away from the impurity. But when an electron is restricted in the Q1D wire, several trans-
verse (perpendicular to the direction of propagation) modes or sub-bands are formed due to
the confinement. Depending upon the energy of the incident electron, among these trans-
verse modes few are propagating and the rest are evanescent (not propagating; characterized
by imaginary wave-vector). In such wire, the incident electron can, as well, elastically scatter
into the evanescent modes present in the wire. Thus for a steady current flow, a localized
state is formed even around a repulsive impurity[60]. Even for non-interacting electrons,
the boundary conditions for scattering events change due to built up evanescent modes near
the impurity. In Fig. 2.8, we have shown such a mesoscopic quasi-one-dimensional wire con-
nected to two semi-infinite ideal leads. For simplicity we assume that both the leads and
the sample are of same width W. We consider non-interacting spinless electrons that are
described by the following Schrodinger equation

h2 82 82
[—R (53:5 + @) + Ve(y) + Valz,y)| ¥(z,9) = Ed(z,y), (2.37)
where the coordinates  and y represent the longitudinal and transverse directions respec-
tively. The electrons are confined along the transverse (y)-direction but free to move along
the longitudinal (x)-direction. m, is the effective mass of the carrier (electron) in the system
considered above. V,(y) is the confinement potential along the transverse direction, V,(z,y)
is the potential due to impurities present in the wire. In the regions where no impurity
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potential is present, one can solve an one-dimensional problem along the y-direction,

2 2
221 §y2 + Ve(¥) | xn(¥) = Enxa(y). (2.38)

where n is the transverse mode index, E,, is the corresponding energy of the n-th transverse
mode and X, (y) are the normal modes. One can expand the solutions of Eq. (3.63a) on the
basis of x,(y) as

D(@,Y) = Snca(@)xn(¥) , (2.39)

where c,(z) are the Fourier coefficients. Along the transverse direction, the boundary con-
ditions are such that the wavefunction vanishes outside the sample and the leads. This can
be realized by considering a hard-wall type confinement potential

o y2 |7
Vely) = (2.40)
0 y<|¥|

Then xn(y) o« sin (% + kyy) with k, = nn/W where n = 1,2,...00. depending on the
incident energy F = k2+k2 of the electron ﬁmte number of modes are propagating (k2 > 0),
rest are evanescent (k2 < 0) In Fig. 2.8, L, ¥k, represent respectively the incoming wave

towards the sample (scatterer) and outgoing Wave from the sample in the left lead and ¥
R

in?
ot Tepresent the same in the right lead. Inside the sample and the leads, every solution of

Eq. (3.63a) can be written as a sum of incoming and outgoing ‘propagating’ waves as well
as ‘evanescent’ waves. Far away from the impurity ‘evanescent’ wave plays no role and thus,

W(z,y) = Tpoy [ AL ¥in, + Br Yo, | for & — —oo (2.41)
Wz, y) = [AR .+ BEyR, ] forz — 400, (2.42)

where 9}, and 1%, constitute c,(z) x»(y) in the left lead and 92 and 9, constitute
() xn(y) in the right lead. P represents the maximum number of propagating modes. The
coefficients of incoming and outgoing coefficients are related by a linear transformation,

(52 )=5® (4 ). (249

where A%, AR, BL, BR, are the column vector of the coefficients AL, AR, BL, BE respectively
and S(E) is the scattering matrix of dimension 2P x 2P. The scattering matrix S can be
decomposed into P x P submatrices, the reflection matrices R and R’, and the transmission

matrices T and 7" as L.
R T

For a wave approaching the sample through the left lead, the reflection matrix R represents
the reflected wave emitting through the left lead, and the transmission matrix 7' represents
wave transmitted through the right lead. Similarly, R’ and 7" represent reflected and trans-
mitted waves coming from the right lead. For a time-reversal invariant system, S equals its
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transpose S’ i.e. R=RT, R' = RT, and T = T'T. Time-reversal symmetry is easily broken
for an electronic system in presence of magnetic field. Flux conservation dictates that the
S-matrix is unitary

SSt=1. (2.45)

This implies additional relations between reflection and transmission matrices. The differ-
ent symmetry properties of S-matrix and the scattering coefficients through the Landauer-
Biittiker formula (see section 2.3) enable us to explain different aspects of electron transport
in mesoscopic systems. In chapter 3.we shall use the S-matrix in the context of Friedel-
sum-rule for an open multi-channel mesoscopic wire. In chapter 4 with the help of the
Landauer-Biittiker approach we shall- calculate the ‘circulating current’, generated in an
open multi-channel mesoscopic ring, from the different elements of the S-matrix.



Chapter 3

Friedel-Sum-Rule in
Quasi-one-dimensional Quantum Wire

3.1 Introduction

Scattering processes are characterized by the scattering amplitude. While the scattering
intensity is directly related to the square modulus of the scattering amplitude, the scattering
phase shifts are also very important physical quantities. One can now probe scattering phase
shift directly in an experiment [31, 32, 43]. The density of states in a mesoscopic sample and
its relation to the scattering matrix is very important for the understanding of mesoscopic
transport phenomena. It has been shown by several workers [44-46] that the transport
across a mesoscopic sample, connected to leads, can be formulated in terms of the scattering
matrix. The DOS gives an idea about the d1str1but10n of energies of a system. DOS plays
an important role in determining thermodynamic properties (eg. persistent current [36)),
electrical conduction phenomena (eg. capacitance [47], charge relaxation resistances [48]
etc.). The Friedel-sum-rule (FSR) relates the DOS of a system to the phase of the eigenvalues
of the scattering matrix [49, 50]. For large system size, FSR can be stated as [49)

64(Bz) — 6;(Ey) = 7 N(Ey, By), (3.1)

which is also valid for ‘isolated’ (‘closed’) mesoscopic conductor [51]. Here N(Es, E;) is the
number of particles (electrons) in the energy interval [E1, E] and 6;(E) is the ‘Friedel phase’
at energy E. This ‘Friedel phase’ can be expressed in terms of the phase of the eigenvalues
of the scattering matrix as,

6;(E) = 3 Z ¢; = —In(Det[9)), (3.2)

where S is the scattering matrix. For the conservation of the probability current the scat-
tering matrix must satisfy unitarity (as we have seen in section 2.7). Furthermore, unitarity
implies that the eigenvalues of the scattering matrix must lie on the unit circle in the complex
plane. Therefore, one can express the eigenvalues as \; = exp (2i¢;) with a real quantity &;
and j takes values 1,2,...N for S-matrix of order N x N.

25
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3.1.1 FSR for isolated mesoscopic conductor

From Eq. (2.3) in the section 2.2 of Chapter 2 we have already seen that the DOS of a system
can be expressed in terms of the Green’s function. Now we show how one can obtain DOS
from the scattering matrix.

The retarded (advanced) Green’s function for the isolated (closed) conductor in presence
of scatterer can be written as ’

@ = [(E+ i)l — Hy — V] (3.3)
= G + GROT G, (3.4)

where the transfer matrix 7" is dependent on potential responsible for scattering through
. " N > “n A

the relation, T = V Y o2, (Gg(a)(E) V) . Here, V is the impurity potential (scatterer)

present in the system and Hy is the free Hamiltonian of the isolated conductor. The total

Hamiltonian of the isolated conductor is H, = Hy + V. G5 is the retarded (advanced)

Green’s function of the isolated conductor in absence of the scatterer. Now from Eq. (3.4)
and Eq. (2.3) we get

o(B) ~ p(E) = = Im [TrlG57Cy)] (3.5)
= 2 2 tmTr [in (- &50)] (3)
= o e [infl + (G - R (37)
= 5}7? ?9% Tr LG[ﬁ — 2n8(El - FIO)T]] (3.8)
- % 5% Tr [inl]] ’ (3.9)
= % 5‘% In [Det[S*]} , (3.10)

where po(E) (= —1iIm [Tr [C:’S]D is the DOS of the isolated conductor without any impu-
rity. Thus from Eq. (3.10) and Eq. (3.2) we get
1 00(E)

P(E) = po(E) = ~ T

which is the differential form of the FSR in its canonical form(Eq. (3.1)). Thus for an isolated
conductor the canonical FSR is exact as it is for a thermodynamically large system.

(3.11)

3.2 FSR for open mesoscopic conductor

In section 2.2 of Chapter 2 we have already shown that for an open system i.e. for a
conductor connected with leads, the DOS is affected by the environment. Here we want to
see how the FSR is modified for an open mesoscopic conductor.
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From Eq. (3.2), for a system having no other scatterer than the system-lead junctions,
we can write (for details see Ref. [51])

~

0(B) = - in(Det[3]),

— Imlin Det [Eﬁ ~ A - za] , (3.12)
where [Ef[ - H, - E“]_ = Ggp, advanced Green’s function for the open system (see

section 2.2), % being the advanced self energy due to the conductor-lead coupling.
From Eq. (3.12), differentiating both sides with respect to energy, we obtain

o ra 952
3—E0f(E) = ImTr I:Gop (1 - B—E—-) (313)
Then using Eq. (2.9) in Eq. (3.13) we see
8 ) ra
a—EHf(E) +ImTr Gop—é—E— = ImTr Gy,
= 7wp(E) (3.14)

Eq. (3.14) is the modified FSR for the open mesoscopic system. Note that for open systems
(Eq. (3.14)) DOS does not equate to the energy slope of the Friedel phase, there remains
another term in the R.H.S. depending on Green’s function and energy derivative of self
energy incorporating the effect of environment. Introduction of a scetterer inside the system
will change the DOS by changing Ggp. To get back the canonical form of FSR (Eq. (3.1)),
we have to neglect "’% i.e. the energy dependence of the self energy in Eq. (3.14). This can
be done for ‘non-polarizable’ leads i.e. leads having a large DOS, which can screen away any
deviation from charge neutrality in presence of impurity. This approximation is also true
in large energy regimes (the so called WKB regime) where usually transport occurs. From
section 2.2, the energy-derivative of the self-energy term becomes

0 -

0 [
=2t = o il 3.15
55" = 55 197 (3.15)
Thus we can see that the 2nd term on r.h.s. of Eq. (3.14) is non-zero when either or both

of the two terms, the system-lead coupling term 7; and Green’s function of isolated lead §f',
are energy dependent.

In section 3.4 we shall discuss the importance of this extra term in modified FSR
(Eq. (3.14)) for a Q1D quantum wire with one propagating channel (mode) [21]. In sec-
tion 3.5 we shall extend the study for a multichannel Q1D quantum wire [22].

3.3 Scattering in one-dimension and negative values of
dfs/dE

Before going to study the FSR for Q1D quantum wire here we recall the FSR in the context
of scattering in one dimension. In Fig. 3.1 we consider a scattering problem that is described
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FIGURE 3.1: Two identical delta function potentials separated by a length [. Strength of each
potential is V. The thick vertical lines denote the positions of the potentials and the thin horizontal
line is the direction of propagation. A plane wave of unit amplitude is incident from the left and
wave function in different regions (marked as I, II and III) is written down in the figure. r and ¢
are the reflection and transmission amplitudes, respectively, of the entire system and k = VE is
the incident wave vector. The origin of coordinates is shown in the figure.

in details in the figure caption. The quantum mechanical wave function or the solution to
the Schrodinger equation in different regions is also shown and explained in the figure and
its caption. We shall always normalize the incoming wave-function such that its amplitude
is 1. Griffith’s boundary conditions for this system gives the following equations {52, 53] (we
use 2m =1 and A =1).

l+r=a+b, (3.16)

ae® 4 bem =t (3.17)

ik(l1—71) —ik(a—b) = -V(1+r) and (3.18)
ik(ae® — be™™*) — ikt = —V (ae'! + be~ ). (3.19)

We shall first analyze this system in detail and generalize the results of Refs. [54, 55] further
by considering realistic energy dependent r and ¢, that will later help us to accentuate the
new features that can be observed in a Q1D quantum wire in presence of scatterer.

First of all let us calculate the local DOS and global DOS to see how much it agrees with
df;/dE. Although the basic facts discussed in this section is known in the Greens function
formalism, to the best of our knowledge, quantitative disagreement (or agreement) has not
been shown so far. Using quantum mechanical expression for the local DOS integrated over
the region II (assuming leads to be unpolarizable) in Fig. 3.1, i.e.,

2 rt . .
PR = B—q—)/ | ae® 4 pe=tke |2 dz,
0
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it is easy to show from Eq. (3.11) that (the equation below is consistent with Ref. [55] and
some hints on its derivation is given in Ref. [56])

dé _ :
el B = 4 (say), (3.20)
where p=|al|*+|b|* and (3.21)
l
pg = / (ab*e®*® + ba*e~2*7) dy (3.22)
0

d(kD

2 4 6 8 10 12 14 186 18 20 22 24

FIGURE 3.2: The solid, dashed and dotted curves denote the exact df;/d(kl), the o' and the 5

respectively. All three quantities are plotted as a function of kl. Different system parameters are
VI2=-5h=12m=1.

Here ”—f is a term that arises because of quantum mechanical interference and it can be
seen that the integrand in Eq. (3.22) oscillates with z. For |£| > 1 (this is the WKB regime
when the electron does not feel the potential strongly and is almost entirely transmitted) &
is negligibly small. This is shown in Fig. 3.2, where we plot o' (the dashed curve) and 5 (the
dotted curve). The two curves are almost the same for |£| > 1, which means 2, being the
difference between the dashed and dotted curves is vanishingly small above this energy. It
is known that to get the equality between the LHS and RHS of Eq. (3.20), it is necessary to
drop the term £ [68]. It is also known that this deviation arises because we are considering
the local DOS rather than the global DOS,

pB) = [ apia)s.

To get an equality it is necessary to neglect the energy.dependence of self energy =7, We
shall soon see that in this particular case whenever reflection and transmission amplitudes
become energy independent, i.e. non-dispersive, £7(® becomes non-dispersive and the FSR
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in its canonical form (Eq. (3.1)) holds. The p,/! term or the interference term inside the
scatterer does not arise in the case when | — 0 as in the cases to be considered in the

following sections 3.4, 3.5.2. All the deviation from Eq. (3.1) to be observed there is due to
this dispersive behaviour of self energy.

005 1 15225335 4 45 5556657 758
ki
FIGURE 3.3: The quantity df/d(kl) is plotted as a function of k! for the different values of V2.

The dotted, dashed, solid and long dashed curves are for V12 = —2, —2.1, —5 and —8 respectively.
Weuse h=1,2m = 1.

One can prove that
- |r |

= 2 2
a4+ b= ——1 L
p | I | | I].“‘T',27-2|2

for any energy dependent reflection amplitude " of one of the two identical scatterers in
Fig. 3.1, where, 7 = ¢/*. Hence as indicated by Eq. (3.20), it would be interesting if we
can obtain a good estimate of g or p’ from 6y. In the Appendix C it is explained that if

g—g = g—g — 0 (which means the scatterers are non-dispersive and that only happens at high

energy in 1D, 2D and 3D) then, digcf;—)reduces to the expression 1—"|§—|4—— and then therefore,

|1—r'%72)2°
a‘-i—%% = p. It is shown in section III of Ref. [51] (see Eq. 6 and 7 therein), that to relate % to
the global DOS, one has to neglect the energy dependence of the self energy, that depends
on the coupling of the system to the leads, i.e., v’ and t’. Thus our results are consistent
with that. The exact Ed(%% is shown in Fig. 3.2 by the solid curve. Note that in the relevant

energy regime (|£| > 1) (in 1D this is WKB regime), the solid curve is very close to the
dashed and dotted curves, which means FSR works very well for the local DOS integrated
over a finite region of interest as well as for the global DOS. But for |£| < 1, %’;—) deviates
from p. But since transport effects in weak localization or diffusive or ballistic regime occur

at Fermi energies, that is normally higher in semiconductors as well as metals in comparison
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to the energy where the two curves deviate substantially from each other, Friedel sum rule
is often useful in condensed matter to obtain a good estimate of local DOS integrated over
a finite region of interest as well as global DOS.

df;/dE is also well known as average Wigner delay time [57, 58]. In the stationary phase
approximation, it gives the time spent by the scattered particle at the impurity site. In the
low energy regime, where dispersion becomes significant, the stationary phase approximation
is not valid. dfs/dE can become negative and does not give a meaningful particle delay time.
In this regime df;/dE becomes negative as the phase velocity becomes larger than the group
velocity and even larger than the velocity of light, and although such super-luminous particles
can be detected experimentally they cannot carry any signal or information. In Fig. 3.3 we
show the negative behavior of dfy/d(kl). We find that as the strength of the impurities is
varied, df;/d(kl) can become more or less negative (see Fig. 3.3), maximizing at VI? = —2.1
for the symmetric delta potentials. The energy regime, where dfs/d(kl) can be negative
remains the same for all V' and always |£| < 1. We have checked for all these values of V
that apart from this insignificant energy range (|€| < 1), FSR works very well. FSR has a
close counterpart in quantum mechanics called Levinson’s theorem.

3.4 FSR for single channel Q1D quantum wire

Refs. [54] and [55] parameterize the S-matrix in a particular way (there are in fact many
different ways of parameterizing the S-matrix ) in which the scattering matrix elements
become independent of energy. In the previous section 3.3 we have generalized the work of
Refs. [54] and [55] for real energy dependent 2x2 scattering matrices in 1D. In this section
we intend to study the FSR for a single channel Q1D quantum wire with a delta-function
impurity [21]. In the single channel regime, the Q1D system can be described by a 2x2
scattering matrix. Here we will show that the energy dependence of scattering elements,
that are not important in 1D play a very crucial role in Q1D. We will further extend the
study for a multi-channel Q1D quantum wire in sections 3.5.1 and 3.5.2.

Metallic or semiconducting conductors are modelled with many point impurities [59].
Hence we will restrict our analysis to delta function potential impurities. The single channel
case being the most important because it is in this regime that one can really control the
quantum interference effects and use them to build mesoscopic devices [5]. In a single channel
quantum wire, in the presence of a single attractive impurity, taken as a negative delta-
function potential, the transmission probability can go to zero [60] for some finite energy
of the incident electron. At the corresponding energy, the scattering phase-shift shows a
discontinuous jump (slip) by = [61, 62]. It was shown that in the single channel case the
Friedel phase 6; or charge transfer is not affected by the discontinuous phase drops [54, 55,
62]. Besides, to study the transport across a quantum dot connected to two ideal leads on
two sides, most theoretical studies model the dot by a single bound state at the site of the
dot as in the single particle description, the Coulomb blockade makes the other levels of the
dot to be insignificant. As an attractive delta potential is capable of creating such a single
bound state, it was used in Ref. [62] to explain the Fano resonances in quantum dots and the
unusual features of the scattering phase shift observed across the quantum dot. Besides, the
present study provides a basis for general understanding, and so that we can comprehend
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FIGURE 3.4: This is a schematic diagram of a Q1D quantum wire of width W (much less than
its length). The dash-dotted curve is a line through the middle of the quantum wire, and it is also
taken to be the x-axis. The origin of the coordinates is shown in the figure. An impurity delta
function potential Vy(z,y) = v6(z)dé(y — y;) is situated at £ = 0 and y = y; and marked as X.
We consider scattering effects when the incident electron is from the left with an energy E. In the
energy range % < E < 2%—:‘7;7, there is only one transverse mode that propagates and the
rest of the modes are evanescent. The impurity at x mixes the different modes to give scattering
matrix elements. The transverse wave function in the incident and transmitted channels is shown
by dotted lines.

the system and the results of Ref. [55] better.

3.4.1 First principle calculation of scattering matrix and DOS in
Q1D quantum wire

In the similar fashion, as we have done in the section 2.7 for non-interacting spinless electrons

confined in a Q1D quantum wire (shown in Fig.(3.4)), the Schrodinger equation can be
written as

B 2m,

[ h? (38;)2 + 5;2> + Ve(y) + Vd(a:,y)] W(z,y) = Ey(z,y). (3.23)

Here all the parameters carry the same meaning as they did in the section 2.7. Using mode
rescaling procedure (described in Appendix A) for a static (time independent) Dirac delta
function type impurity potential in the Q1D quantum wire, shown in Fig. 3.4, the scattering

matrix S becomes 5
S = ( T tn ) (3.24)

tn i1

when only one channel (mode) is propagating i.e. energy of the incident electron lies in the
range E; (=12 h?/2m.W?) < E < E, (= 47?h%/2m,W?). As we consider single propa-
gating channel, we have only one transmission amplitude #1; and one reflection amplitude
711. Bagwell [60] has obtained (see Eq. (A.18) and Eq. (A.29) in Appendix A)

L1
. ~igt
1 = 1473 =1+ S (3.25)
1+ 3050 gt +ig
where T';; = (2m.v/h?) sin’® [j —IZIT—/- (v + W/2)]
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(see Eq. (A.2) in Appendix A), with v being the strength of the Dirac delta potential
placed at a distance y; from the centre of the quantum wire of width W (see Fig. 3.4).
These scattering matrix elements define the scattering properties of the impurity potential
completely. When the impurity potential is positive it can only support scattering states.
However when the impurity potential is negative, it can also support some bound states,
apart from the scattering states. From Eq.(A.3) we see that for each n we get a sub-band
of scattering states (E as a function of k,). Similarly we get a bound state for each n, that
are solutions to (see Ref. ([60]))

©

For n = 1 we get a true bound state. The bound state for n = 2 may or may not be a
true bound state. If the impurity potential is such that the solution to the Eq.(3.26) lie in
the energy range where n = 1 channel is propagating, then this bound state for n = 2, is
degenerate with n = 1 scattering state and it becomes a quasi-bound state. The scattering
matrix is expected to contain all informations of this quasi-bound state, and solving the
scattering problem is sufficient.

We calculate the change in DOS due to the impurity potential that can be written as
(see Appendix B)

p(E) — po(E) = 2|T11| / dz cos(2kyx + 0;) + 7L—1 Z | t;”gl (3.27)

with v; = hk; /m,, the longitudinal velocity of electron in the propagating mode and 6, is
the phase of the reflection amplitude #;;. Here Zj denotes sum over all evanescent modes. In
Eq. (3.27), ty; is the transition amplitude from the propagating mode to the j-th evanescent
mode. We find it in terms of mode coupling constant and wave vectors as (see Appendix A)

Iy
2n]

N
1+Z >12n +7"2_l::1L

The 1st term on the r.h.s. of Eq. (3.27) is basically due to the change in the LDOS in the
leads. Since the delta function potential is a point impurity, the integrated LDOS in the
leads extends from —oo to co. One can do the integration to find ffooo dz cos(2kix + 0;) =
7 cos(01)8(k1). So it is zero unless the quasi-bound state coincides with k; = 0. In the case
of extended impurities one can see that this term gives an unimportant small contribution
that does not change with energy. Also the carrier concentration in the leads is normally

large enough to screen away a small oscillatory LDOS completely. So the relevant quantity
that appears in FSR is

t; = (3.28)

o(E) — pofE) = Z Lt (3.29)

This is actually the integrated local DOS around the impurity site and decaying away from
the impurity site all the way up to *oo. Here e can take values 2,3,...00. Thus we can
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independently calculate both the change in DOS (p(E) — po(E)) and the scattering matrix

(% 7% In (det [S))) starting from 1st principles, where we do not have to throw away dispersive
behavior or energy dependence of self energy.

3.4.2 Results and Discussion

We first present below a discussion and definition of the WKB regime for a Q1D system,
because it is an interesting subject on its own. It is to be noted that we do not employ
WKB approximation anywhere and our calculations are exact. When the incident electron
propagates in a potential where the wave-function changes very slowly in space then very
little reflected wave is generated and that is taken to be the WKB regime [63]. So a delta
function potential in one-dimension (1D) has a WKB regime at higher energies, when the
reflection probability is very small. In the inset of Fig. 3.5, where we plot |711|? versus
incident energy we find that there are three regimes. One is to the left of point P, where
|712]? is large and also strongly energy dependent. The other is between the points P and

Q1 where i—k—l >> «. These two regimes can be seen in 1D scattering (e.g., a delta function
potential i 1n 1D) and are the non-WKB and WKB regimes, respectively. The third regime
is to the right of the point @, where again |7;|? is very small and is hence a WKB regime,
but the energy dependence of |711]? is very large. Such a regime cannot be seen in 1D and
is a specialty of Q1D. So the energies that lie to the left of P, is the non-WKB regime,
where the electron feels the potential very strongly and is almost entirely reflected back.
Energies to the right of the point P; correspond to the WKB limit. Although, the system
considered here is a Q1D system, corresponding to a scatterer in Q1D, there is an energy
dependent scatterer in 1D [61, 64, 65]. The bound states and scattering states of these two
potentials are identical and this is an exact correspondence, valid in all regimes, quantum
or semi-classical. And so when the reflection probability is small in Q1D, it is also small
in the corresponding 1D potential. Then all the notions and results of WKB regime that
we are familiar with in 1D are also true in Q1D. In Fig. 3.5 we find a large deviation of
7[p(E) — po(F)] (dotted curve) from %’- (solid curve) at energies in the non-WKB regime
(left of P;). This is similar to what is seen in 1D, 2D or 3D. In the WKB regime, that is
to the right of the point Py, although | #1; |? is very small, its energy dependence is not
as negligible as that of a potential in 1D (eg, a delta function potential in 1D or a square
well in 1D). Energy dependence of |71;|* automatically implies energy dependence of 7, (or
3:%), i.e., dispersive behavior. So there is an appreciable difference between w[p(E) — po(E)]
and %. Thus FSR in its canonical form is not very good in the WKB regime and this is
counterintuitive.

Let us now analyze the curves (solid and dashed) to the right of @)1, analytically. In this
region ko — 0. From Eq.(3.29) we find that only the 1st term in the series is relevant. That
is

) 2r 'y 1
7 [p(E) — po(E)],,_ diverges as [m—lfig] - (3.30)
Thus the strong energy dependence in the energy beyond @, is due to the rapid population of
the second sub-band through evanescent modes, as it approaches its propagating threshold.
Hence, unlike the Fano resonance, this is not a quantum interference effect. This is like the
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FIGURE 3.5: The dashed curve denotes m(p — pp) and the solid curve gives diE(—-.Si In Det[S)).
Both the quantities are plotted as a function of EW? using z; = 0, y; = .21W and v = 1 in
linear-log scale. In the inset the corresponding |711|? is plotted in linear-log scale. 500 evanescent
modes are considered in this calculation.

Van Hove singularity at the band edge. Similarly one can find

[%c} o [Zz%"”g({“)] (3.31)

Ka—0

diverges identically. Note that although arg(fi;) can have a discontinuity, the derivative
exists at all energies. Essentially the right derivative and left derivative is the same at the
discontinuity. Hence we prove FSR is exact as kg — 0. This is understood when we note
that when x; — 0, |#11|? goes to zero at the band edge [60]. Also it is known that when

711 = 0 then 7, maximizes [5], and energy dependence of g; being negligible, d2.—0 . Thus
all the deviating terms being zero, the FSR is valid around the diverging DOS at the band
edge. Fig. 3.6 shows similar things for a stronger impurity.

For strong negative potentials (Fig. 3.7), such that the bound state for n = 2 is below
the propagating threshold of n = 1, the curves look similar to that in Fig. 3.5. For the
negative & function potential with the bound state for n = 2, in the propagating regime of
n = 1, we have plotted the energy derivative of Friedel phase and change in global DOS in
Fig. 3.8. |t11|? is shown in the inset. Note that |£;;|? shows that at the point P the system is
in extreme non-WKB regime where |f;|? goes to zero. At this energy there is a quasi-bound
state and there is strong energy dependence of scattering matrix elements as well as self
energy. According to earlier stated results [45], there should be violation of FSR here.

The peak in w[p(E) — po(E)] at P occurs due to the quasi-bound state. We also see that
at this very point P there is an exact agreement between L.H.S. & R.H.S. of Eq.(3.11). This
can be even verified analytically. Substituting the bound state condition given in Eq.(3.26)
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FIGURE 3.6: The dashed curve and solid curve denote m(p — pp) and diE(-—.SilnDet[S]), respec-
tively. Both the quantities are plotted as a function of EW? using z; = 0, y; = .21W and v = 10 in
linear-log scale. In the inset the corresponding |13 |2 is plotted in linear-log scale. 1000 evanescent
modes have been considered to perform this calculation.

into % as well as in 7[p(E) — po(E)] separately, we get

def . mekl 1 an . _

3
K
n>1 N

This agreement between % and 7[p(E) — po(E)] was argued to be equal for the case of
a stub in ref [55], at the transmission zero where the 22

from the very beginning [55]. Dropping the energy dependence of 3¢ in non-WKB regime
and verifying the validity of FSR is rather meaningless, as the violations do come from the
energy dependence of 3. Even after including these terms we get exact agreement at the
transmission zero for the negative § function potential in a quantum wire, although it is in
extreme non-WKB regime. The reasons are as follows. At the transmission zero, since there
is a quasi-bound state, 3% becomes minimum and %EE—a = (. All these arguments are also
true for the stub.

term in Eq.(3.14) was dropped

3.5 Phase shifts, phase times and FSR in multi-channel
Q1D quantum wire
In this section we extend the study of the scattering problem in the Q1D quantum wire

system with a Dirac delta function impurity but in the regime where incident energy of the
electron is such that in addition to the lowest mode, higher modes are also propagating [22].
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FIGURE 3.7: The dashed curve and solid curve denote m(p — po) and ou(—.5ilnDet[S]), re-
spectively. Both the quantities are plotted as a function of EW? using z; = 0, y; = .21W and
v =-—10 in linear-log scale. In the inset the corresponding |711|? is plotted in linear-log scale. 1000
evanescent modes have been considered.

In this multichannel case since the unitarity of a particular channel is absent and the electron
can escape to a different channel, the scattering scenario differs from that we have seen for
the single channel case (section 3.4). Here the transmission zeroes are replaced by minima
and the associated discontinuous phase slip by 7 are replaced by continuous and less than 7
phase drops [22]. We shall see that in the multi channel case too the Friedel phase 6; is not
affected by these continuous phase drops [22].

For a static symmetric scatterer in a strictly 1D system when transmission and reflection
amplitudes are denoted by 7 and 7, respectively,

7 ¥
o= (%+)

00y 06,
OE ~ OF’
where 6; corresponds to the transmission phase.
For systems, that are not strictly one dimensional, however, has a 2 x 2 scattering matrix
(single channel Q1D system)

In this case, one can show [55]
(3.33)

00y , 00,

95 7 9B
because unlike a strictly one dimensional system, in them the transmission zero is associated
with a phase jump (by a value 7). Thus when we go from 1D (with 2x2 S-matrix) to Q1D
(also with 2x2 S-matrix) then Eq. (3.33) does not hold, i.e. in general, energy derivative
of Friedel phase can not be obtained from any transmission phase time. This analysis was

(3.34)



38 FRIEDEL-SUM-RULE IN QUASI-ONE-DIMENSIONAL QUANTUM WIRE

(T T L B R B R
& ol i
3 3 E
Q .
:5 0.01 |
dE iE
'cTu'él [ 1]
~ 0001 - r L
S F 1S oon N
| r ]
) i b o000t 1
B 0‘0001 E [ T T P =
E 10025 0 35 40 E
- | BW! ]
P IR N R TN RSO R B
e 1526 25 30 3 40

[ws]
2!\)

FIGURE 3.8: The solid curve and the dashed curve denote 7(p — pp) and diE(—.5ilnDet[S]),
respectively. Both the quantities are plotted as a function of EW? using z; = 0, y; = .21W and
4 = —L1.5 in linear-log scale. For this value of + there is a quasi-bound state at EW? = 36.1022.
In the inset the corresponding |£11]? is plotted in linear-log scale. 500 evanescent modes have been
considered.

presented by Lee [54] and by Biittiker and Taniguchi [55]. We shall show that 96;/0FE can
be related to the Wigner delay time of any one of the reflection amplitudes. In section 3.5.3
we will show some novel phase shifts at critical energies where S matrix changes dimensions.
Then we present some concluding remarks.

3.5.1 Wigner delay time in quasi-one-dimensions

In Fig. 3.9 we consider a quasi-one-dimensional quantum wire with an attractive impurity
at (0, y;), having electrons confined along the y-direction but free to move along the x-
direction. While the states far away from the impurity are good momentum states, the
impurity can mix the different modes and in this region of mode mixing, the wave function
is Y(x,y) = Lnen(z)xn(y), where X, (y) are the transverse wave functions in the absence of
the impurity and c,(z) are position dependent coefficients that has to be determined by
mode matching. The confining potential in the y-direction or the transverse direction is taken
to be hard wall. Thus the transverse wave-function is of the form x,(y) = sin 2 (y + %).
For a given width W of the quantum wire one can choose the energy range of the incident
electron such that only two modes are propagating, although, all the other modes (infinite
in number, showing that the internal wave function can have infinite degrees of freedom,
which makes it difficult to calculate the exact local DOS from the internal wave function)
will be present but as evanescent modes. For example, if the energy of the electron be E
then for propagation in the n-th transverse mode (in short we will refer this as n-th mode)
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FIGURE 3.9: Schematic diagram of a quantum wire of width W with an impurity V(z,y) =
v6(x) 6(y — ys) at x. The dash-dotted curve is a line through the middle of the quantum wire, and
it is also taken to be the x-axis. The origin of the coordinates is shown in the figure. We consider
scattering effects when the incident electron is from the left. The sub-bands marked as 1 on the left
and right of the impurity denote the first mode (i.e., its wave function can be obtained by putting
n=1 in Eq. (3.35) with appropriate sign for k). Similarly, sub-bands marked as 2 on the left and
right of the impurity denote the second mode (i.e., its wave function can be obtained by putting
n=2 in Eq. (3.35) with appropriate sign for k).

the wave-function is of the form
. nmw l [ iknx
S11 |:—W (y + “—2—)] € (335)

where k, = vV E — E,, E, being "—;};3 and n=1,2,3,--- 00. Here we have used h =
2m = 1. To have the n-th mode to be propagating it is necessary that k2 > 0 or

n < -V-:—\/E (3.36)

Thus we can choose the energy range where there will be two propagating modes, i.e., n =1
and n = 2 satisfy condition (3.36). The rest of the modes (n > —‘;%\/E_) will be evanescent,
whose wave functions are of the form

. N W, .z
— — n 3.37
sin 7 (y+50) e (3.37)
where k, = +/E, — E. These evanescent modes just renormalize the scattering matrix
elements and drop out of the problem.

In this case the scattering matrix S can be written as

g = [ %?, qu, } (3.38)
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FIGURE 3.10: The argument of varjous reflection and transmission amplitudes (in radians), from
incident channel m to propagating channel n, are plotted as a function of EW?2. The solid, long
dashed and dotted curves denote arg(711), arg(t11) and arg(ty2) respectively. The different system

parameters are v = —10, y; = .21W and z; = 0.

where R, R’ consist of all the reflection amplitudes and T, T" consist of all the transmission
amplitudes present in the two channel propagating regime. As our system obeys time reversal
symmetry, we obtain T = T'. Further for a symmetric scatterer, as that considered here,

R = R’. Thus the scattering matrix becomes

R T
§ = | T R}’
withR = | "1 fm}
| 721 T22

andT = | he
| to1 t22

The elements of R are related through [60]

O N

e Fa P
where d 1"*2%9‘“2%@‘-
(83 7

i

(3.39)
(3.40)

(3.41)

(3.42)

(3.43)

Here Y ° denotes the sum over all evanescent modes and 5.7 denotes the sum over all
propagating modes. Here m,n = 1,2. Eq. (3.42) also holds for inter-sub-band transmission
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amplitudes 3.e. {12 and £y;. The intra-sub-band transmission amplitudes ¢1; and £, are given
by

tmm = 1+ From « (3.44)

Here I'y is the strength of coupling between the a-th mode and the B-th mode. If we take
the impurity to be a delta function potential i.e., V(z,y) = v6(z)é(y — :), and the confining
potential in the y-direction to be.hard wall (V = oo for —%’— >y > %, and 0 everywhere
else except the impurity site x ) (see Fig. 3.9) then

am W, . B« |24
Wit g )sin gt ).

I'yp = ysin
Apart from the two propagating modes we consider two evanescent modes and truncate
the infinite series of evanescent modes (note that although the series is strongly converging,

the reason for truncating is different, stronger and explained in more detail after Fig. 3.14)
in Eq. (3.43) and so Eq. (3.42) becomes

TN + %) = d, (say). (3.45)

The lowest evanescent mode (putting n=3 in Eq. (3.37) gives its wave function) has even
parity in the transverse direction. For a negative impurity potential i.e., v < 0, it also has
a quasi bound state at E = Ej3,, where E3, is given by the solution of

TR TR (3.46)

Since E3p < 91;—, Ej3p, can be degenerate with scattering states. The higher evanescent mode

W * .
(putting n=4 in Eq. (3.37) gives its wave function) has odd parity in the transverse direction
and this too has a quasi bound state at E = Ey,, where Ey, is given by the solution of

[yq
14+ —==0. 3.47
+3 Py (3.47)

Once again depending on vy, Ey, can be degenerate with the scattering states. The effect of
including more evanescent modes is just to renormalize the strength of the impurity potential
and does not give anything new [60].

Due to micro-reversibility 715 = 7a;. Also 713 = #15 because in both 715 and f15 (= t2;) the
density of states in the input as well as the output channel is the same, and also the incident
channel momenta and the outgoing channel momenta are the same in the transverse as well

as in the propagating direction. Thus in Eq. (3.39) only 5 elements are distinct. They are
T11,T12, T2, t11 and tao.
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From Eq. (3.42) and (3.44),

Fi1 = —;2;1 (3.48)

Frg = “555%172 (3.49)

Tog = “-2%;%]%;, (3.50)

th = Lt 2_'%3 +d22”4 +isk and (3.51)
ton = Lt gt an T (3.52)

da

Knowing these matrix elements, the scattering matrix is completely known and 6, can also
be calculated.

1Tyl

0.90625 |

arg (t11)

0.78125 |

0'65625 i L L L | 1 1 L 1 1
3 4 49 54 59 64 69 74 79 84 89

FIGURE 3.11: The solid curve denotes arg(f11) in radians shifted by 7 radians in the y-direction
while the dotted curve denotes |1;|?. Both the quantities are plotted as a function of EW?2. The
different system parameters are x; = 0, y; = .45W and v = —15.

We find some further relationships between the scattering phase shifts as follows. First
of all
_1 Re(d)
Im(d)’

arg(f11) = arg(Fa2) = tan (3.53)

Secondly, when 2 W ;< E3 < W2’ i.e., the quasi bound state of the 3rd sub-band lies in the
energy range Where one can have two propagating sub-bands, then the quasi bound state E3,
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drasticalzly charzlges the scattering matrix elements in that energy range. So in this energy
range 1% to 3 we find

T
7=
Here negative sign is to be taken when Ej, lies in this energy range. Otherwise the positive
sign has to be taken. 0 is to be calculated from Eq. (2) using Eq. (3.39). Thirdly we find

arg(f12) F Of +m. (3.54)

arg(f11) £ m = arg(fz). (3.55)

Note that in contrast to Eq. (3.54) here the choice of + sign is arbitrary. However consistent
with this choice is the following

arg(in) + 323 =0+, (3.56)

where once again + sign is to be taken when FEj3, is present in this energy range and - sign
is to be taken when absent.

We thus find very simple analytical expressions for 6 in the sense that one need not
calculate it from a 4 x 4 scattering matrix but can calculate it from the argument of a single
matrix element like 7;; or 742 or 752. These relations are analogous to Eq. (3.33) in section3.5
obtained for purely one dimensional case, i.e., one need not calculate §; from 2x2 matrix
but one can find it from the argument of a single matrix element.

In Fig. 3.10, we plot only the distinct arguments of the scattering amplitudes versus
energy of the incident electron. We find that all of them show negative slopes over a very
large range of energy and as already discussed, such negative slopes give rise to fundamental
questions in quantum mechanics [57, 58]. Now in Q1D we find that this negative slope is not
restricted to low energy but can occur at any arbitrary energy. Notice for example, arg(f;;)
and arg(fy) show larger negative slopes at the highest possible energies for two channel
propagation. The rest of this section will be devoted to understanding these negative slopes
that at first sight looks very different in nature and character in the three curves in Fig. 3.10,
and also to understanding what will happen when there are more than two propagating
modes.

It is to be noted that among all these scattering matrix elements 7#4; and #;; exist in the
single channel regime (i.e., 72 < EW? < 4%?) where #; is the reflection amplitude and %1,
is the transmission amplitude. The phase of #1; in the single channel regime is known to
change discontinuously by = when #1; is 0, ie., t11 has a zero in real energy. In the two
channel regime if we write from simplifying Eq. (3.51)

7 = k2(2k3 + g3) + iK3go
k2 (2k3 + g3) + ik3(g2 + agr)’

(3.57)

where o = -2-2 and g, = Fﬁ*——— Is; with s=1,2,3. then interestingly, we see that it has a
. 1 44264
zero in complex energy and not in real energy.

If we modify the Breit-Wigner line shape formula of 1D to include complex zeroes and

write '
E — Ey+1l

tmbw(E) = A E_E, 4T, (3.58)
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where A is a normalization factor, then just as I', gives the scale over which arg[tpw(E)]
increase at E = E,, I'g gives a scale over which arg[tmm,(E)] decrease at E = Ey where
|tmbw(E)|? also shows a minimum at E = E, (but not zero). One can check this very easily
(let us say, when FEy=2, E,=1 and Iy = T, = 0.5) and so we do not demonstrate it here.
Now from Eq. (3.57) we see that at an energy which satisfies the condition

2:‘{',3 + gs = 0, (359)

the real part of the numerator in Eq. (3.57) is zero. Condition ( 3.59) is the same as
the condition (3.46) for a quasi bound state E3, coming from the 3rd sub-band that is
degenerate with scattering states. So, around this energy where Eq. (3.59) is satisfied (lets

say at E = Eg3, = Ey) arg(ty;) will undergo a drop over an energy scale determined by the
imaginary part, K3gs, i.e., ['o = K3gs.

1.0625
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FIGURE 3.12: The solid curve denotes arg(f11) in radians shifted by T radians in the y-direction
while the dotted curve denotes |t11]2. Both the quantities are plotted as a function of EW?2. The
different system parameters are x; = 0, y; = .45W and v = —10.

It can be seen in Fig. 3.11 that |t;;|? (dotted curve) shows a narrow minimum around
an energy EW? ~ 84 (which is the solution of Eq. (3.59) or Eq. (3.46)) and at this energy
arg(fn) shows a very sharp drop over a narrow energy range determined by x3g,. Hence by
decreasing/increasing this quantity x3g2 we can make the phase drop sharper/broader. g,
can be made smaller in two ways, first by decreasing v and second by taking the impurity
closer to a node in the transverse wave function. The plot for a decreased value of v is shown
in Fig. 3.12 and it confirms this.

Note that the quantity x3gs is actually energy dependent. But in Fig. 3.11 and Fig. 3.12
K3ge is so small that the drop occurs over a scale in which x3g2 is roughly constant. For
larger values of k3gs, the phase drop will be determined by a complex competition between
k3 and go. This is shown in Fig. 3.13. First of all the scale of the phase drop becomes so
large that any sensitivity to the position of the quasi bound state can not be seen. Secondly,
K3ge can not be taken to be a constant over this large scale and the enhancement of the
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FIGURE 3.13: The phase of the transmission amplitude arg(t;1) is plotted as a function of EW?2
for different values of 4. The solid and dashed curves are for v = —47.1371 and —25.197 respectively.
For both cases the quantity arg(fy;) is shifted by 27 radians in the negative y-direction. Other
system parameters are x; =0 and y; = .21W.

negative slope for EW? > 79 is a signature of the fact that here k3 — 0 and so x3g, — 0 as
EW? increases.

Similarly if we rewrite Eq.(28) as

- k1 (23 + gs) + iksgr
k1(2/i3 -+ 93) + 7;/‘03(91 + 592),

where (G = %; then it is clear that the behavior of arg(fy;) will be qualitatively the same. It
is indeed found in Fig. 3.10 that the behavior of arg(fy) is similar to that of arg(f;;).

05 = 2In[det[S]] is shown in Fig. 3.14 as a function of energy, for different values of 1.
The minimum in §; follows the E3, and so the energy range where the slope of 6; versus E is
negative is determined by the E3,. Note that when E3, goes out of this energy range the 6y
versus E has a positive slope everywhere. So in Fig. 3.14, the negative slope arises whenever
a quasi bound state Ej;, is degenerate with the scattering states (n=1 and n=2), and scatter
and disperse the scattering states in a non-monotonic manner. For weaker impurities in
Q1D, the negative slope occur at higher energies and also are steeper as demonstrated in
Fig. 3.14. This is in contrast to what happens in 1D and demonstrated in Fig. 3.3, that the
energy where the negative slopes occur is always for E/V < 1.

We have used two evanescent modes in our calculations because one can include as many
evanescent modes without changing the nature of the negative slopes as long as the positions
of the quasi bound states F3, and Ey, remain the same. One can check this that with four
evanescent modes and v = —6.46584, the negative slopes are the same as in Fig. 3.10,
which means that the third and the fourth evanescent modes just renormalizes v from -
6.46584 to -10. The exact renormalization takes place according to a formula y*) = (™ /d,
where v is the v value used here and v is the renormalized value of v when we use
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FIGURE 3.14: The Friedel phase 0 is plotted as a function of EW? for different v. The solid,
dotted and dashed curves are for v = —10, —15 and —25.197 respectively and the corresponding
E3, are at EW? = 87.982,86.606 and 80 respectively. The dot-dashed curve is shifted by =
radians in y-direction for v = —47.1371, corresponding Es; is at EW? = 35 which is less than
the propagating threshold EW?2 ~ 39 of the second transverse mode. The dashed curve is for
v = —25.197, corresponding FEs; is at EW? = 80. The dotted curve is for v = —15, corresponding
E3p is at EW?2 = 86.606. The solid curve is for v = —10, corresponding Es;, is at EW? = 87.982.

We use y; = .21W and x; = 0. The arrows accentuate the positions of the minima that shift
towards higher energies for weaker impurities.

m evanescent modes instead of two. d = (1 + % /(2ks) + I’ /(2kg)....05un/ (26m), Where

W, == 4™ sin (Y + %)2 Solving this one can find the renormalized value of « i.e.,
~™ that keep the minimum of any of the curves for the scattering phase shifts considered
here unchanged. It is worthwhile mentioning that at the band edges (i.e., E ~ 39 and
89, in the figures considered in this section), the value of any curve is independent of the
number of evanescent modes, as all the modes get decoupled there. In other words, number
of evanescent modes considered does not change the nature of the negative slopes. Only the
positions of the quasi bound states are important.
We find from Egs. (3.53), (3.54), (3.55) and (3.56)

2 arg () = = (Amldet]S])) (3.60)

21
We find the above relation to be true for any number of propagating modes. So m and n can
take any integer value less than or equal to p, where p is the total number of propagating
modes. For two propagating modes p=2, for three propagating modes p=3 and so on. So
Eq. (3.60) is analogous to the 1D case given in Eq. (3.33). That is when the dimension of
the matrix S becomes very large, then it is sufficient to consider the argument of a single
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matrix element in order to calculate the complicated quantity on the RHS of Eq. 41. In the
energy regime where there are two propagating channels, the negative slopes in §; versus
incident energy curves are determined by Fs;, and when there are 3 propagating channels
then the negative slopes are determined by Ey and so on.

The scattering phase shifts of transmission channels i.e. arg(fmy), where again m and n
can take all possible integer values less than or equal to.p, show sharp or gentle phase drops
when the scattering states are degenerate with a quasi bound state, depending on the value
of the imaginary part in the numerator of ,,. In the single channel regime the imaginary
part in the numerator is zero and phase drops take the limiting value when the phase drops
are absolutely discontinuous by 7. Just as the discontinuous phase drop in single channel
case do not affect 6; in any way, the phase drops of the arg(fy,) also do not affect §; in any
way and 0 behaves similarly as arg(Fmy).

3.5.2 Density of States and Friedel sum rule in quasi-one-dimension

%% 24 49 54 59 64 89 74 79 84 8

FiGURE 3.15: The system under consideration is shown in Fig. 3.9 with v = 1. The Fig.
shows some important scattering probabilities. The solid curve gives |f1;|? and it shows that for
EW? > 50, a particle incident in the first propagating mode does not feel the scatterer at all, and is
almost entirely transmitted intra-channel, |f11|? being close to unity. The dotted curve gives |fop|2
and once again for EW? > 50, it is close to unity signifying that a particle incident in the second
propagating channel is almost entirely transmitted intra-channel. So EW?2 > 50 is the WKB regime
where the potential scatters the incident electron very weakly. The dashed curve gives 30 times
|t12|? (= |F12/?) and shows strong energy dependence not only for EW? < 50 but also around the
highest energy (EW? ~ 89) or in the extreme WKB limit, its absolute value being extremely small

there signifying extremely low inter-channel transmission i.e., the incoming particle does not feel
the scatterer.
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Ficure 3.16: The system under consideration is shown in Fig. 3.9 with v = 1. The solid and

dashed curves denotes % and 7(p(E) — po(E)) respectively. The two curves deviate from each
other, where ever the curves in Fig. 3.15 are strongly energy dependent. Otherwise they agree.

The local DOS integrated over the region of interest R is given by the following expression
[60]

pR—/dx/ dyZé E = Enp) | 4 (2,9) (3.61)

m,km

Here E is the incident energy and R is the integration region where modes are mixed.
m and k,, are the two quantum numbers that define an incident electron wave-function,
A e*m® gin =y + %) whose energy'is E,,,,, where we have taken that the electron is
incident from the left i.e., < 0. Yk (2, y) is the wave—function in the region of mode
mixing and Ym k., (€, y) = 3, ™ (z, k) sin 22 2 (y+ %), Here & (2, k) = Cret*n® for n =1
and n = 2 and ™ (,kn) = Cpe~™® for n > 2; z being greater than or equal to 0.
The coeflicients C,, can be determined by using the mode matching technique. The mode
matching has been done in details by Bagwell [60]. Here the delta function potential is taken
to be extending from —e to +€ which has to be set to be tending to 0 in the end. pgr can
be determined by replacing ¢k, (z,y) by the plane wave states in absence of the scatterer
and doing the integration again. .

Extending Eq.(3.29) to multichannel propagation, we find that for any non-zero incident
energy

(0(E) - m(E) R—Z,w > bl (3.62)

Here v, = %-’1 with v, corresponding to the velocity of electron in p-th propagating mode.
Zp and ), denote sum over all propagating and evanescent modes respectively.
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Note that if we calculate the global DOS by taking the integration region to be from —oo
to oo instead of just the region R where the modes are mixed then Eq. (3.62) remain the
same. One will get some extra integrals that are indefinite integrals but using the current
conservation condition it can be analytically proved (see Appendix B ) that they cancel each

other. p,/l like terms are zero for ¢ function potential. Thus in this case (the proof is given
in Appendix B)

P(E) — po(E) = (p— po)r

and both of them deviate identically from %% due to strong dispersion, at any arbitrary

energy. As can be seen in Fig. 3.14 that % is negative over a very large energy range while
(p = po) = (p — po)r as given by Eq.3.62 is positive. This can be understood easily if one
recalls Eq.(3.14) and remembers that the positive contribution of 832/9F term can make
E% negative even when (p — po)g is positive.

Since the negative slopes are due to the quasi bound states supported by the negative
delta function potential, one may ask what happens for a positive delta function potential
that does not support any quasi bound state. This situation is discussed below and it also
elaborates the uniqueness of the Q1D, with respect to the importance of 83%/9F in Friedel
sum rule and shows that the contribution from self energy can be large even in the WKB limit.
Note that 3* depends on scattering probabilities. Fig. 3.15 shows the energy dependence
of some important scattering probabilities. The figure is similar to Fig. 3.5 analyzing FSR
for single propagating channel in Q1D. In Fig. 3.16 in the left of P;, the non-WKB regime,
there is large deviation of 7 (p — pp) from dfs/dE, similar to 1D, 2D and 3D. In the right
of P, though |£;|> — 1 (Fig. 3.15) indicating WKB regime, the dispersive behaviour of the
transmission and reflection amplitudes remain strong enough implying energy dependence
of X%, so canonical form of FSR is not very good in this regime. Whereas in the region to
the right of @1, k3 — 0 thus the two terms diverging as 1/x3 match at this band edge.

3.5.3 Phase Behavior at Critical Energies

Very interesting phase behaviors can be seen at energies where the S-matrix changes dimen-
sion. For example for £ < ‘é—{,’; there is only one propagating mode and the S-matrix is 2x2.

But for E > %;, there are two propagating modes and the S-matrix is 4x4. The matrix

element 77 exists on either side of the energy 47‘,7% and in Fig. 3.17 we show the behavior of
arg(711) in the energy range that includes EW? = 4xn2. Note that it exhibits a discontinu-
ous phase drop by % at EW? = 4x?. So far only discontinuous phase drops of 7 has been
observed but never 7. From the properties of a 2x2 S-matrix it follows that if there is a
discontinuous phase change then it can only be of 7 [54, 55]. So had the S-matrix been 2x2
on either side of EW? = 4n? the phase drop would have been 7. But since the S-matrix is
2x2 only on one side, including EW? = 472, ie., E < %;, the phase drop is also one half
of m. |F11|? also has a zero at EW? = 4rx? for all possible choice of parameters [60], and this
zero is associated with a % phase jump instead of a 7 phase jump.

Next we take a repulsive ¢ function potential. It is known [60] that at critical energies like
EW? = 42, |t1;|? shows discontinuities. Here |t11|*> does not have a zero but exhibits a dis-
continuous jump. At these points arg(f;) also shows non-analytic behavior as demonstrated
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FIGURE 3.17: The system under consideration is shown in the Fig. 3.9. The plot is of arg(711)
in radians versus EW?2. This plot is for v = —25.197, z; = 0 and y; = .45W.

in Fig. 3.18. In this case £arg(f1;) is discontinuous.

3.6 Fano resonance

We have seen in the previous sections (section 3.4 and section 3.5) that the mixing (de-
generate) between the continuum states (scattering states) and quasi-bound discrete state
gives rise to asymmetric lineshape in transmission amplitudes (see Eq. (3.25), Eq. (3.57)) as
a function of energy of the incident electron. This asymmetric lineshape characterized by
zero-pole structure in complex energy plane is named after its inventor and is called ‘Fano
resonance’. In this section we shall discuss the subtle aspects of the Fano resonance through
a simple toy model [23].

The electronic states of atoms and molecules are characterized in the lowest level of ap-
proximation (the mean field or Hartree-Fock description) in terms of the electron occupancy
of the single particle states corresponding to mot ion in an average potential. Thus, for
example, the ground state of the Helium atom is described as (1s)? 1Sy, that is, two electrons
in the spin singlet state in the lowest single particle orbital (in conformity with the Pauli
exclusion principle). The first excited state is that of the excited configuration expressed
in the standard spectroscopic notation as (1s 2s)3S;. Various excited states of the Helium
atom may be excited from the ground state by the scattering of electrons or photons and
show up as peaks (or Breit-Wigner resonances) in the elastic scattering cross-section and
also in the excitation spectrum for the inelastic processes. This description in terms of sin-
gle particle states is only approximate, and the true state can be found by considering the
effect of perturbations due to the interactions beyond mean field resulting in the mixing of
configurations.

A qualitatively different situation arises, however, when we consider the excitation of
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FIGURE 3.18: The solid curve denotes |f11/2. The dashed curve is plotted after subtracting
5.27183 radians from arg(t;1) in radians. Both the quantities are plotted as a function of EW2.
We use v = +25.197, ; = 0 and y; = .45W.

a sufficiently high-energy configuration, for example, the (2s2p)!P; state of the Helium
atom which possesses an energy above the lowest ionization threshold. If excited, such a
state would be auto-ionizing, decaying into Het + e, and would manifest itself as a highly
asymmetric peak in the excitation spectrum. A qualitative understanding of the origin of
such peaks (known as Fano resonances) was provided by Rice [69] and by Fano, [70] and a
quantitative treatment, rendered subtle by the fact that it involves the mixing between a
discrete state and one belonging to a continuum (with the attendant degeneracy in energy),
had to await almost a quarter of a century [71].

There has been renewed interest in the Fano resonance in recent years in connection with
interference effects in quantum dots [72] and in the Aharonov-Bohm ring with a quantum
dot embedded in one arm [73]. Hence, it is desirable to clarify the essence of the mechanism
underlying the Fano resonance by considering exactly soluble models that avoid the calcu-
lational complications needed for realistic systems. To obtain a simple realization of such a
resonance, consider the elastic scattering of a particle by a target system describable in terms
of a potential V,. The subscript g states that the target in its ground state. Suppose that the
target has an excited state of energy A above its ground state. When the projectile energy
E is above the threshold A, an inelastic process is possible in addition to elastic scattering.
This scattering is described in terms of two channels, the elastic and the inelastic. The latter
channel corresponds to the scattering of the projectile of energy £ > A from the excited
state of the system through a potential V,; the two channels are coupled to each other via a
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potential V.. The system is governed by the coupled Schriodinger equations

(T + Vo)l¥) + Velg) = Ely), (3.63a)
(T + Vo)lg) + Vel) = (B — A)|¢), (3.63b)

where |¢) and |¢) denote the states in the elastic and inelastic channels respectively and T'
is the kinetic energy operator for the projectile. If the projectile and target, which interact
via the potential V,, has a bound state with energy less than A, the would-be bound state
of the excited channel lies in the continuum of the elastic channel, the two channels being
coupled by the potential V.

We shall consider two solvable examples and show that the probability for the excitation
of the quasi-bound auto-ionizing state exhibits a resonance at an energy E, < A with a
finite width T’ corresponding to a complex pole of the corresponding amplitude of the form
(E — E, +iI'/2)~!, similar to what occurs in Breit-Wigner resonance. The amplitude also
possesses a concomitant zero at a real energy E = Ej near the resonance energy E,. The
juxtaposition of a complex pole at E, — iI'/2 and a real zero of the excitation probability
in the energy plane gives rise to a highly asymmetric peak as the energy passes through
the value corresponding to the energy of the auto-ionizing state (the bound state in the
continuum). The generic pole-zero structure of the amplitude can be written in the form
a(E) = (E — Ey)/(E — E; +1il'/2) = (e + qr)/(€e + 1), where € measures the separation of
the incident energy from the resonance position in units of I'/2, that is, e = (E — E,,)/(T'/2)
and the asymmetry in lineshape is described by the Fano parameter gr = (E, — Eo)/(I'/2).
Thus the excitation lineshapes in the neighborhood of the Fano resonance are given by

#(0) = la(m)? = L (3.64

where other weakly varying factors have been appropriately factored out to emphasize the
main features. These lineshapes|71] for different values of the asymmetry parameter gr are
shown in Fig. 3.19. The asymmetry parameter ¢r may be positive or negative depending
on the sign of E, — E, that is, the relative location of the zero, Ey, and the pole, E,. The
curves for negative values of gr may be obtained by letting € — —e.

3.6.1 Dirac Delta model for the Fano resonance

A solvable realization of the two channel problem is provided by a particle of mass m moving
in one dimension where the potentials in Eq. (3.63) are taken to be Dirac delta functions.
We make a further simplification by taking V,(z) = 0, which results in the elastic channel
corresponding to a free particle except for the coupling potential V,(z). Thus the bound state
from the inelastic channel is embedded in a free particle continuum, creating the simplest
scenario for the Fano resonance. We take Vy(z) = 0, Vo(z) = —\:6(z), and V.(z) = —d(x)
with A > 0 and define A\ = 2m\ /A2, A\, = 2mA./h?, k? = 2mE/h? and ¢® = 2m(E — A)/R?,

so that Eq. (3.63) becomes

2
L (@) +Ad@)E) = Ko@) (3.650)
2

& o(a) +30(&)(z) + Aeb@)b(@) = —6(z). (3.65b)
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FIGURE 3.19: Fano line shape for different values of the Fano parameter q.

We begin by discussing the region above the inelastic threshold where £ > A. Be-
cause Ref. [71] discusses the problem using partial wave phase shifts, we will cast the one-
dimensional transmission and reflection solutions in terms of eigenchannels[74] (analogous to
angular momentum partial waves for central potentials; see Appendix A). Because Eq. (3.65)
is symmetric under the parity operation x — —z, the solutions v and ¢ may be classified
as even or odd under the transformation. For an attractive delta function potential in one
dimension, there is always one and only one bound state that has symmetric parity. Also
the odd (or anti-symmetric) function vanishes at = 0 arid hence a delta function potential
§(x) makes no contribution (because §(z)i(z) and 6(z)¢(z) vanish if ¢(xz = 0) = 0 and
#(xz = 0) = 0). Therefore, the only nontrivial solutions are the ones that are even under
z — —x. We observe that for A\, = 0 (when the elastic and inelastic channels are uncoupled),
the elastic channel corresponds to a free particle and has only plane wave solutions, while in

the inelastic channel there are continuum solutions (taken to be box normalized) described
by

1 3 )
z) = —=[e7" 4+ gpe'?*], 3.66a
bola) = I + aoc] (3.663)
and a bound state solution

go(z) = +/Bye P, (3.66b)

with . _

q+1ir/2 A
ayg = ——=— and = —, 3.67
0 1= in/2 Bo 2 (3.67)
We consider only the nontrivial solutions which are even under x — —z. The bound

state occurs at £ = A — %:\4—2 IfA> %;\742, the bound state in the inelastic channel (lying

below its threshold E < A) is in the energy regime where the only process taking place is
elastic scattering. Note that the bound state corresponds to a pole of ap(q) at ¢ = ¢A/2. (For
an excellent description of the connection between bound states and poles of the scattering
amplitude the reader is referred to the text book of Gottfried.[75])
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Now let us consider the effect of coupling between the two channels. For particles incident
in the elastic channel we must solve Eq. (3.65) and search for solutions of the form:

1 .

Y(x) = —=[e"*kl 4 Aettlel] (3.68a)

¢(z) = ———;me"q'“' (3.68b)
Vor '

because in the inelastic channel described by ¢(z) we have only outgoing waves. We obtain

AN
A =1 Z;Jf;g (3.69a)
=15 T %
%)
a = e , (3.69b)

. 32
V2(q - i3 + )

and |A]*+2|a|?# = 1, which follows directly from Eq. (3.69) and is a consequence of unitarity
(probability current conservation), which means that the incident probability current equals
the sum of the final probability currents in the elastic and inelastic channels. The factor of
q/k arises from the ratio of the currents in the inelastic and elastic channels and the factor
of 2 represents particles in the inelastic channel emerging to the left and to the right. Note
that the pole of A has shifted compared to that of ag which is an effect of the coupling of
strength A.. Also note that as A\, — 0, A — 1 as it should because we have taken Ve =0.

To find the pole’s location, we solve a fourth order equation in k. Instead of obtaining
numerical results, we solve for the pole position, k,, for small .. We readily find (see
Appendix B) that

- < vy .

i\—]l/2 + xg—(-??-;’z)_ - N——A-—z— (3.70)
ME-Tpr RE-D)

For small A, the pole moves away from the real axis in the k-plane and sits in the fourth

quadrant close to the real axis.

It is useful to study the analytic properties of a scattering amplitude as a function of
energy considered as a complex variable. Bound states appear as poles of the scattering
amplitude at real negative values of the energy (scattering corresponds of course to positive
energy), and resonances are associated with poles at complex values of the energy E =
E, —il'/2, where E, and I" define the location and width respectively (see Ref. [75]).

The amplitudes have so far been expressed as a function of k. To study their nature with
respect to the energy, we note that £ = h%k?/2m and we need to calculate a mapping from
the k-plane to the k*-plane. From Eq. (3.69a) we see that A(—k) = A~'(k) because the
points k and —k are mapped onto the same point in the k2-plane, the function A(k) is not
single valued in k? unless we introduce a branch cut from k? = 0 to oo along the real axis.
This is known as the unitarity cut. The upper half complex k-plane is mapped onto the first
Riemann sheet and the lower half k-plane onto the second Riemann sheet. (See Ref. [76] for
a discussion of general aspects of the underlying mathematics.) We map the pole at k, in
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the k-plane (as in Eq. (3.70)) onto the k2-plane as

2 )2 A g A2 2 3
> - - [)4\1 — A 16((A[§+_ %\_2_))2] B Z'271_771)\34(5 _AE)1/2' (3.71)
4 4
To obtain a physical understanding of the width, T, of the resonance, we recognize
that this “bound state in a continuum” or the “auto-ionizing” state with an unperturbed
energy £ = A — h—2>‘— decays into the continuum states of the elastic channel caused by
the interaction Hmt = —)\ d(z). To obtain the rate of the decay for small 5\6, it is sufficient
to use tlme—dependent perturbation theory or Fermi’s golden rule, so that the decay rate =

25\ ( f| Hing s )| 75, Where the initial state is the unperturbed bound state described by the

Wave—functlon (x|t) = \/_ée_ilml, the final unperturbed state is (z|f) = %e"“”l, and the

number of states of a free particle between p and p + dp is dp = %fﬂ, which gives gg— =

L _%f) = L(L /&%@)E:A_ 2y = =, /%—_A‘_‘l\[“n_z—_x_g' Accordingly, the decay rate for the
2m 4

auto-ionizing state to go into the continuum is given by

E _ 2w —U"M 1/2 _>\|m| 2m
B ‘/ )\)5()( d‘47r R thz

T o2m4

_ h_ X , (3.72)
A

in agreement with our earlier result (expressed by Eq. (3.71)) describing the excursion of the
pole into the complex plane. We may use perturbation theory to verify that the shift in the
real part of energy to order )\2 is zero.

To understand the origin of the Fano zero, we must examine the elastic scattering ampli-

tude A at energies below the onset of the inelastic channel E < A. In this region Eq. (3.65)
becomes,

& 0@+ Ab@ole) = —K(a), (3.732)
d2

——6(z) + A3(2) () + Aeb(z)0(2)

B*¢(z), (3.73b)

where 3% = 22(A— E) > 0. Note that (3 is not an eigenvalue to be determined, but is deter-
mined by the energy E of the incident beam. The open channel solutions ¢ (z) correspond
to continuum states, while the closed or evanescent channel function ¢(z) is exponentially
damped. However, because we are concerned with the mixing between ¢(z) and ¢(z), we
need to adopt a normalization for the two functions. Bayman and Mehoke [74] proposed
a method where the open channels are normalized to unit flux and the closed channels are
normalized with an analogous factor (which would result from analytic continuation). We
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write the solutions of Eq. (3.73) as
Ue(z) = G (e 4 A, (3.742)

¢(z) = V1—|&l? 1Z ! e Plal, (3.74b)

where the probability amplitudes, & and 4/1 — |£|?, are to be determined. If these solutions
are substituted into Eq. (3.73), we obtain

4o Aoweig 750
A—28+15¢
Vrk 1 X2
\/fw = \/% " ¢T(28 -3+ 22), (3.75b)

where |A| = 1 due to unitarity because the inelastic channel is closed. Note that in the limit
Ae — 0, we have |€;| — 1, which means that the bound state decouples from the continuum,
and the probability of being in the elastic channel is unity.

To determine the probability for transition from the bound state to the continuum
through elastic scattering (or other processes), we note that the probability for exciting
the “auto-ionizing” state via scattering is proportional to the square modulus of the overlap
integral between ¢ and ¥y,

(1- 20X X
[somon] 8B K

which vanishes when

~

2

B —20) + % =0, ‘ (3.77)

that is, when 8 = [\ + 4/A2 + 4)2]/4. This solution is the Fano zero with the experimental
signature that the lineshape for excitation of the auto-ionizing state vanishes at the energy
Ey. Therefore, the transmission amplitude, A + 1 (see Appendix A) has a zero at A = 20.

The location of this zero for small ). is given by EO ~A—E [ C—%—] as compared

2m 16(A—-22)2
to the resonance energy E, = A— h2 [ Ie—((éﬁr)?] and the width I' = h—z—’\A’\L—— Thus

we find that the Fano parameter ¢r > 0, and the asymmetric lineshape described generlcally
in Eq. (3.64) emerges in this case.

It is evident from this discussion that the essence of the Fano zero lies in the mixing
between the continuum states of the elastic channel and the quasi-bound discrete state of
the inelastic channel. The effect of mixing is well expressed by Ugo Fano [77]: “Repulsion
(of levels) is familiar in discrete spectra, when a level of one configuration happens to lie in
the midst of a series of levels of other configurations; configuration interaction causes the
levels of the second series to be shifted away from the perturbing level. In our situation,
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where a discrete level of one series lies in the continuum of another channel, the levels of this
continuum are also repelled, but in the sense that their oscillator strength (level densities) is
thinned out in the proximity of the perturbing level.” (The phrase in parentheses was added
by the authors for increased clarity.) To make this remark more concrete, we write down
the effect of the coupling on the density of states of the elastic channel. Note that from
Eq. (3.74a) that mixing modifies the plane wave solution by altering the normalization by a
factor &. Hence, the changed density of states due to the auto-ionizing state is given by the
multiplicative factor
32
&xl* =1 - - £ <1, (3.78)
(28— A2 + 35 + B

thus reducing the density of states via “level repulsion,” and it is this feature and the Fermi
golden rule that leads to the asymmetric lineshape.

3.6.2 Discussion and results :

We have explained the origin of the Fano resonance by a soluble model: the one-dimensional
Dirac delta potential. To make the results more transparent, we have taken the elastic
channel to correspond to a free particle if it were not coupled to the inelastic channel. Thus
nontrivial scattering in the elastic channel occurs only because of the bound state of the
inelastic channel, which manifests itself through the typical Fano pole-zero structure. We
could have included a direct potential in the elastic channel as well, but this potential would
only complicate the algebra without adding anything to the understanding of the relevant
mechanism. We also clarified how the amplitudes generate a pole in the fourth quadrant
of the second Riemann sheet of the complex energy plane in the elastic unitary cut, and
how the excitation function for the auto-ionizing quasi-bound state from the elastic channel
develops a zero at some real energy near the resonance. The generic reason for the occurrence
of this zero was explained by Fano as arising from the fact that the wave function in the
elastic channel has the form exp (—ikr) —exp (2id) exp (ikr), which is sin(kr + ) modulo
an over-all phase and irrelevant factors. To find the excitation probability of the quasi-
bound state, we have to determine the overlap of this form with a smooth function g(k,r)
which varies slowly with respect to k. This overlap is given by [ sin(kr + 6) g(k,r)dr =
cos (6) [ sin(kr)g(k,r)dr +sin (&) [ cos(kr)g(k,r)dr. As the energy crosses the Fano
resonance, § changes from —7n/2 to 7/2, and the overlap integral must pass through zero.
To make the one-dimensional model also conform to this generic description in terms of
phase-shifts, we have adopted the formalism of eigenchannels. We also have demonstrated the
modification in the density of states due to the bound state in the continuum. We have argued
that the reason for the zero in the elastic amplitude lies with the repulsion of levels due to the
bound state of the inelastic channel intruding into the region of purely elastic scattering and
the concomitant vanishing of the overlap with this auto-ionizing state. It is necessary to add a
word of caution. It may sometimes be very difficult to discriminate between a Fano-resonance
and interference effects between a Breit Wigner resonance and a slowly varying background.
Consider the latter situation d(;zscribed by an amplitude f = B(I'/2)/(E — E, + i['/2)
L 4+ BI(E-Ey)

and note that |f|? = B? + W The interference term between the resonance
—E)2+ 2
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and the background could very well be parametrized by the Fano form with the asymmetry
parameter ¢ = E :E° %. Thus particular attention should be paid to the underlying

2
physical situation vis a vis inelastic channels and bound states in the continuum.

3.6.3 Conclusions

Thus the purpose of this work was to verify FSR in single channel as well as multi-channel
Q1D quantum wires in the presence or absence of Fano resonances. Fano resonance is a
very general feature of Q1D quantum wires. At the Fano resonance all the quantities are
strongly wave vector dependent as it is a purely quantum interference effect. Never the less,
FSR is exact at the Fano resonance. This is contrary to the known fact that FSR is valid
in semi-classical regimes where there is no strong dependence on wave vector. The exact
agreement of the FSR in spite of the strong wave vector dependence is due to the fact that
at the Fano resonance there is a quasi bound state that leads to a minimum in the self
energy. Away from this quasi bound state there are strong violations. These are true for any
negative potential in Q1D and the potential considered here and the associated calculations
make this clear. For positive as well as negative delta function potentials, there is also strong
wave vector dependence, close to the upper band edge of single channel propagation. This
is due to the rapid population of the first evanescent mode at its propagation threshold
and does not depend on the existence of Fano resonance. d¥:*/dE=0 here because of the
perfect transmission at the band edge, and hence the agreement in FSR. So the former case
of agreement in the peak is an agreement in purely quantum regime, while that in the case of
the latter peak is in the semi-classical regime. Away from the peaks there is always violation.
It may be interesting to work out some extended potentials in Q1D [66, 67].

In a multichannel quantum wire with attractive impurities, negative slopes in the scat-
tering phase shift versus incident energy curves can occur at all possible energies. For weaker
defects it happens at higher energies and the negative slopes are more pronounced. Such neg-
ative slopes mean super luminescence [57, 58] that can be observed experimentally. Although
such a super luminescent particle will not give any information about the particle delay or
information delay, they are of interest because they demonstrate fundamental principles in
quantum mechanics. Hence Eq. (3.60) derived in this paper may be of use to experimental-
ists and theoreticians. The energy dependence of self energy can be strong except for at band
edges or quasi-bound states. Thus energy derivative of Friedel phase does not, in general,
give the change in DOS. Unlike 1D, 2D, 3D in Q1D the presence of quasi-bound states play
crucial roles even in quantum transports through a simple wires. The FSR in its canonical
form (Eq. (3.1)) becomes exact at band edges as well as at strongly quantum regimes such as
at quasi-bound states, where Fano resonances occur. The self energy term can be important
for fairly large energies (except for at band edges), the so called WKB regimes, making the
canonical identity of Eq. (3.1) inexact. In mesoscopic conductors the 9X*/OF dependent
term in FSR (Eq. (3.14)), in general, is important. We also show that the discontinuous
phase drops in the single channel case have a counterpart in the multichannel case wherein
the drops can be continuous and we propose a line shape formula for them in Eq. (3.58).
When there is a third channel of escape for the electron, apart from the channel along which
it is incident and the channel where its scattering phase shift is measured, the phase drop



3.6 FANO RESONANCE 59

becomes continuous. However, these phase drops do not affect g:lnDet[S] and hence Friedel
sum rule. Finally, we discuss some novel scattering phase shifts at energies where the S
matrix changes dimension.
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Chapter 4

Quantum current magnification in a
multi-channel mesoscopic ring

In this chapter we study the nonequilibrium effect of quantum current magnification in a Q1D
ring connected to reservoirs through leads [24]. So far all studies on current magnification
have been restricted to the case of one dimensional (single channel) systems only. Studies on
current magnification effect in mesoscopic open rings have been extended to thermal currents
[78] and to spin currents in presence of Aharonov-Casher flux [79]. This effect has been
studied in the presence of a spin-flip scatterer which causes dephasing of electronic motion
[80, 81]. The predicted magnitude of the circulating current densities can indeed be very
large [40] and has been termed as ‘giant persistent currents’ [82, 83]. Recently the current
magnification effect has been shown to occur in mesoscopic hybrid system at equilibrium
in the presence of a magnetic flux and in the absence of transport current [84, 85]. In this
chapter we discuss the current magnification in a Quasi-1-dimensional (Q1D) mesoscopic
ring. Thus we go beyond the single channel regime to a multi-channel one.

‘Multi-channel systems are a closer realization to the experimental systems [43, 86] due
to their finite width in the transverse direction of propagation of currents. Specifically, we
consider a Q1D ring of perimeter L and width W with L >> W as shown in Fig. 5.10. The
two leads that connect this system to the electron reservoirs have the same width as that of
the ring. The length of the lower arm of the ring is /3 while that of the upper arm is Iy + ls.
An impurity é function potential Vié(x — [;)d(y — ;) is embedded in the upper arm. The
electrons can propagate freely along the length of the ring and the leads but their motion is
confined along the transverse direction. We consider hard wall confinement potential along
the transverse direction. Due to this confinement, infinite number of transverse modes are
generated in the system. If the energy of the electrons is such that the corresponding wave
number is real then the mode is termed as propagating, on the other hand, if the wave
number is imaginary it is termed as evanescent. The widths of the ring and the leads being
equal, the number of propagating and evanescent modes are same in these two.

We consider non-interacting electrons in the system. The system size is taken to be
smaller than the phase coherence length [, and the phase randomizing inelastic scattering
is considered only inside the reservoir. Scattering inside the system maintains the phase
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FIGURE 4.1: Schematic diagram of an open multi-channel mesoscopic ring of perimeter L =
1 + lg + I3 connected through the leads 1 and 2 to electron reservoirs (not shown in figure). Both
the ring and the leads have the same width W. Several transverse modes are shown by horizontal
lines in the leads. A delta function type static scatterer Vy(z,y) = V(x — L1)(y — y;) of strength V
is shown in the upper arm at x. € denotes the coupling strength between the leads and the ring.

coherence. This necessitates only static scatterers in the system which in our case are a delta-
function potential and junction scatterers at J1 and J2. We neglect all phase randomizing
scattering like-phonon interaction inside the system. The left reservoir (Sp) and the right
reservoir (Sg) have chemical potentials u;, and ug respectively. When uy, > pg current flows
from Sy, to Sk and vice-versa. We are interested in the linear response regime where currents
are related to the transmission across the system at the Fermi energy (Landauer-Biittiker
formula, [5]). We consider that the electrons enter the system through the left lead and come
out through the right lead. Due to mirror symmetry, results remain the same if the flow of
electrons is reversed with the direction of circulating current getting reversed. This ensures
absence of circulating current in equilibrium at zero magnetic field.

For no loss of generality we have considered the situation wherein no mode mixing be-
tween different transverse modes occur at the junctions. The ring and the lead are connected
via junction scattering matrices at J1 and J2. The junction scattering matrices are same
for both the junctions J1 and J2. The coupling between either sides of the junction for the
modes with same transverse quantum number is given by [87]

—(a+0b) Ve Ve
SJ= \/E a b (4.1)
Ve b a

where a = % (\/1 — 2€ — 1) and b= % (s/l — 2¢ + 1). € is a coupling parameter with values
0 <€ <£0.5 When ¢ — 0 the system and the reservoir are decoupled while for ¢ — 0.5
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these two are strongly coupled. This S-matrix satisfies the conservation of current [88]. The
above S-matrix is independent of the incident energy and the index of the transverse modes.
The presence of the elastic scatterer, namely, § function potential in the upper arm mixes
different propagating and evanescent modes and gives rise to extra phase shift in each mode.

When electrons are injected in the p-th propagating mode, the total wave function in the
left lead (region I) is given by

P|p = VN 5o (1) + > rone” " xn(y) (4.2)

where k, is the longitudinal wave-vector corresponding to p-th mode along the direction
of propagation. Here r,, describes reflection amplitude from p-th to n-th mode, xn(y)
represents the n-th transverse mode where y is the coordinate along the transverse direction
and ) denotes summation over n including p. The normalization factor VN is determined
by noting that the current density injected by the reservoir in a small energy interval dE in
the p-th propagating mode is

, dn
i = e, 02 [ (B)IE (43)
where f(E) is the Fermi distribution function, % = Ez)_; is the density of states (DOS) in

the perfect wire and v, = %k-f For our zero temperature calculations f(FE) = 1 for occupied
states. The wave function wph gives the incident current density dj,,, = 2¢dE, which in
turn is independent of the propagating mode in which the electron is incident if N = hz—;dE .
Here dE denotes an energy interval around Fermi energy and hence change in incident energy

would mean a change in the Fermi energy of electrons emanating from the reservoirs.
The wave functions in all other regions are

Pl = D (A€ + Bpne ) xa(y) (4.4)
Pl = D (Cone™ + Dpne™*%) xu(y) (4.5)
Yy = D (Ene™ + Fpne ™) xa(y) (4.6)
Yy = D tme™ Xa(y) (4.7)

where n stands for all available propagating modes including p.
S connects the incoming and outgoing amplitudes of the p-th mode at J; via

1,

Al =s,| B, (4.8)
! !

Epp FPP

where any new amplitude A, is connected to its earlier definition Ay, by

h
Ay = /55 5= (VAE) ™ Apn
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In further calculations all the amplitudes with primes carry the same meaning as above.
S connects the incoming and outgoing amplitudes of all the other propagating modes m
(m#p)at Jp via

il o
A?m =Sy B’?m (4.9)
E pm F pm
Similarly, the incoming amplitudes (0, C/,, and outgoing amplitudes (¢, , D, | F! ) at
pn pn pn pn
the junction J; are connected via the same scattermg matrix S;.
The elastic scattering at the impurity is described by
B e—ik1l1 Al eik1l1
le)l —ikaly \ ( A?l ikaly \
P2 € p2 e
t —ikppli - 1 Likply
Bype™™rt | _ g | e (4.10)
o o
p2 p2

. R T
here S = =~ =
where ( PR >
and both R and T are matrices of order P x P, P being the maximum number of propagating
modes in the system depending on a given Fermi energy. These matrices R and T can be
expressed in terms of matrix elements 7, and t,,, respectively, where

—3 T
~ \/ kmkn

'rmn
1+ZJ ok +zZJ Ty

with 1 < m,n < P . The indices m and n denote propagating modes. > ° represents a sum
over all the evanescent modes and 37 represents a sum over all the propagating modes. The
inter-mode (i.e. m # n) transmission amplitudes are tmn = Tmn and intra-mode transmission
amplitudes are t,, = 1 + 7,,. For details see Ref. [60]. T, can be calculated using

2meV
| P h Xn (?J@)Xm (yz)

In Eq. 4.10, while writing Apn, B, the origin is taken to be at the junction J; whereas
in writing C’;m, Dy, the origin is taken to be at the scatterer. For details of the S-matrix
elements for a multi-channel scattering problem see Ref. [60]. Note that the different elements
of the S-matrix contain informations about the propagating modes as well as all the infinite
number of evanescent modes arising out of transverse confinement [60].



4.1 RESULTS AND DISCUSSIONS : 65

For any given incident electron in the p-th mode in the lead with energy E the current
in the n-th mode in region II is given by

oy, = Un(lApﬁ|2"|Bpn|2)
= (14,1’ ~|B nlz) (4.11)

Currents in all the other portions of the ring can be calculated similarly. The partial current
densities dj,n,, are obtained after integrating the local currents along the transverse y-
direction. If dj, , is the current density in the n-th propagating mode in any segment of the
system then the total current in that segment is given by

P

&= dip(s) =) > dipn (4.12)

p=1 n=l1

where ‘p’ denotes the propagating mode in which the electrons are injected from the reservoir.

We use scattering matrices at the two junctions and at the scatterer site, X, to calculate
all the amplitudes and then find out the total current density (djr), the current density in
the upper arm (djy) as well as that in the lower arm (djr,). Thus

j§:| 226

M)

dr =
p=1 n=1
P P
= > (- Z‘sz| (4.13)
p=1 n=1

We study these currents as a function of the incident electron energies.

4.1 results and discussions

The circulating current density dj, is the magnitude of the negative part of djy or dj;, as
mentioned earlier. When djy is negative the direction of circulating electron current is an-
ticlockwise (negative) and when dj, is negative then it is clockwise (positive). A circulating
current in a loop gives rise to an orbital magnetic moment (Ampere’s law). By our con-
vention, positive dj, indicates an ‘up’ or positive magnetic moment whereas negative dj.
indicates a ‘down’ or negative one. We plot all the current densities in the units of inci-
dent current density djs, = 2—‘3dE and all the energies in the units of ground state energy of
the transverse modes, Fy = 57%—’%:75 In all our calculations we have considered 500 evanes-
cent modes. Increasing the strength of the impurity potential causes the coupling of higher
number of evanescent modes and hence for large impurity potential strengths one need to
incorporate larger number of evanescent modes.

We first study the case for which the system is weakly coupled with the leads (Fig. 4.2).
This coupling can be controlled by changing the values of € appropriately. All the physical
parameters are indicated in the figure caption. The upper and lower arms of the ring have
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FIGURE 4.2: Plot of the circulating current density dj./dj;n in the ring as a function of E/Ey
of the electron. In the whole energy range, we have 1 to 10 propagating modes (corresponding
energy-ranges are indicated by vertical dashed lines). The different system parameters are l; = 3.5,
lp=25,13=40,W=1,2mV/k =1, 5, = 021W, e = 0.2.

different lengths. From the plot of the circulating current-density vs. energy (Fig. 4.2) we
observe that there is current magnification of almost same magnitude with similar frequency
of occurrence over the entire energy range. The total number of propagating modes in the
lead incident on the ring vary throughout this energy scale from one to ten as indicated in
Fig. 4.2.

Number of propagating modes in the lead and the rlng are same. Between different
propagating modes there are several resonances around which current magmﬁcamon takes
place [39, 40]. These resonances approximately occur around E, = (2’:: e) (m) where E,
are the energy eigenvalues of the isolated ring of length L. The small deviation of resonances
from these values is due to multi-channel nature of our problem along with the impurity
potential which causes mode mixing. When there are, say, ten propagating modes, to obtain
total current in the upper arm we have to add hundred values of partial currents [Eq. 4.12] due
to different modes. Though individual partial current density shows oscillatory behavior the
magnitude of the total circulating current in multi-channel regime remains of the same order
of magnitude as it is when only one mode is propagating in the system. This can be explicitly
seen in Fig. 4.2 throughout the energy range with one to ten propagating modes. This clearly
indicates that current magnification effect is robust even in multi-channel systems despite the
contributions from several propagating modes and mode mixing. To see the mode mixing and
the cancellation effects we have considered the case where there are four propagating modes
in Fig. 4.3. Hence to obtain total current in the upper arm we have to calculate sixteen partial
currents [Eq.4.12]. In Fig. 4.3, for simplicity instead of considering sixteen partial currents we
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FIGURE 4.3: Plots of different partial current densities dj;(s), /djin and the total current in the
upper arm of the ring as a function of E/Ey. The dotted curve gives dji(s), /djin, the dashed curve
gives dja(s),, /djin, the dash-dotted curve gives djs(s), /djin, the long-dashed one is for djs(s), /djin
and the solid one is for djy/dji,. In the above energy range we have 4 propagating modes. The
different system parameters are I; = 3.5, lo = 2.5, I3 = 4.0, W = 1, 2m.V/h? = 1, y; = 0.21W,
e=10.2.

have plotted four values of current densities dj(s),, dja(s),, djs(s),, dja(s), and total current
djy. Here dj;(s), = Zi=1 djin i =1,2,3,4. dj;, is sum over partial current densities in the
four propagating modes in the upper arm when electron is incident in the i-th propagating
mode. Total current in the upper arm is given by djy = dj1(s), + dj2(8), + djs(s), + dja(s), -
Negative currents in this graph represents the existence of circulating current in partial
current densities. Each dj;(s), show oscillatory and complex pattern. The total current djy
still exhibits negative part (current magnification) in spite of cancellation effects arising due
to mode mixing.

To see in detail the nature of current magnification vis-a-vis total transport current
in lead we consider a case where there is only one propagating mode (Fig. 4.4(a)) and
separately another case wherein number of propagating modes are ten (Fig. 4.4(b)). In these
figures we have plotted the total transport current and circulating currents as a function of
Fermi energy with the other parameters as mentioned in figure caption. We see a current
magnification whenever there is a partial minimum in the total current that flows through
the system which in turn is measured at the leads. This phenomenon of current magnification
at Fano type line-shapes of total current is consistent with earlier observations seen in the
case of one dimensional system [39]. Though from a first look in the range 1.8Ey < E <
2.2E, in Fig. 4.4(a) it appears that we have current magnification near a total-current
maximum, a closer scan reveals that there is indeed a very sharp Fano-type asymmetric
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FIGURE 4.4: Plot of the circulating current dj./dj;, (dotted lines) and the total current djr/djin
(solid lines). Both the functions are plotted versus E/Ey. The different system parameters are
l1=385,1p0=25,l3=4.0, W =1, 2m.V/R? = 1, y; = 0.21W, e = 0.2.

maxima-minima line-shape at this point. When only one channel is propagating the total
current is proportional to the transmission coefficient [5]. A closer look at these minima
shows that we obtain current magnification of either sign around every maxima-minima pair
in total current. In Ref. [39, 82, 83] the current magnification of a pure 1D quantum ring
having no impurity has been related to Fano resonance (asymmetric zero-pole structure)
in the transmission coefficient. In multi-channel transmission Fano zero-pole line shape
gets replaced by an asymmetric maximum-minimum line-shape [22]. We found this Fano
type asymmetric maxima-minima line-shape at each energy point of current magnification
shown in Fig. 4.2. At current magnification the presence of a quasi-bound state of circulating
current in the ring gives rise to this Fano-type line-shape to the total current. The circulating
current changes sign more sharply and shows stronger current magnification where Fano line-
shape is sharper and narrower. This feature is somewhat equivalent to the classical parallel
LCR resonant circuit in which the higher Q-values indicate higher current magnification and
sharper minimum at resonant frequencies. These features remain intact for the whole energy
scale even if there are more than one propagating modes contributing (see Fig. 4.4(b)).
For a symmetric ring (I; + Iy = l3) we observe (Fig. 4.5) lesser occurrence-frequency
of the current magnification throughout this same energy scale. This is understandable as
in the absence of any impurity and magnetic field an asymmetric 1D ring shows current
magnification [39], meaning that asymmetry in length ratios of a ring favors this effect.
Pareek et al. [40] have shown that for a 1D ring one can have regions of incident energies where
current magnification gets enhanced with the increase in the impurity potential strength. We
investigate this effect for the case of our multi-channel ring. In order to compare with Ref. [40]
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FIGURE 4.5: Plot of circulating current density dj./djs, in the ring as a function of E/Ey of
the electron for 6 propagating modes. The solid curve is for [; = 3.5, lp = 2.5, I3 = 4.0 while the
diamond shaped points are for I; = 3.5, Il = 1.5, I3 = 5.0. From figure it is clear that current
magnification greatly reduces for ring with equal length of upper and lower arms. Other system
parameters are W =1, y; = 0.21W, 2m.V/h? =1 and € = 0.2.

we have calculated the effects of potential using Griffith’s boundary condition or coupling
parameter € = 4/9 at the junctions. In Fig. 4.6 and Fig. 4. 7 we have shown the variation of
the current magnification for two different peaks in the appropriate energy ranges. Fig. 4.6 is
for single channel case while Fig. 4.7 is for two channel. From Fig. 4.6(a) and Fig. 4.7(a) we
notice that the current magnification effect get enhanced with the increase in strength of the
impurity potential while the opposite is true for the case considered in Fig. 4.7(b). A closer
look at Fig. 4.6(b) reveals that peak in the negative part of the circulating current density first
increases and then decreases as we vary continuously the strength of the impurity potential.
Thus impurities in the system can either enhance or decrease the current magnification effect.
The enhancement of the circulating current densities is a counter-intuitive effect, in the light
of the fact that impurity generally degrades the transport current in the system.

It might be interesting to note that a negative delta-function potential is capable of
providing one bound state having energy ~ m.V?/(2h?W?). Our choice of V' is such that
2meV/h? ~ 1. This corresponds to a binding energy ~ 10™*¢V when W ~ .2um [89]. This
binding energy or the ionization energy due to impurity, in general, should be much less
than the free atomic binding energy (~ eV') due to the dielectric screening and the smaller
electron effective mass [91] than the free electron mass. This criterion is indeed held by
our choice of potential indicating it’s feasibility. Moreover our choice of the length ratios
(Iy+15) : I3 : W are similar to that used in experimental situations [43, 89]. We have checked
that the general feature of occurrences of very closely spaced regions of current magnification
of similar magnitudes in the whole energy window (Fig. 4.2) does not alter with change in
each of the quantities 1 /lz, (I1 + l2)/l3, yi/W, W/L or 2m.V/h? one at a time keeping rest
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FIGURE 4.6: Plots of circulating current dj./dj;, versus incident energy E/Ep in the range
of single mode propagation. Curves 1,2,3,4,---,10 are for potential strengths 2mcV/h? =
0.5,1.0,1.5,2.0, - - ,5.0 respectively. The other system parameters are l; = 3.125, [, = 3.125,
l3=3.75,W =1, y; =0.21W, e = 4/9.

of the parameters fixed. In particular, the shift in position of the defect potential does not
change the properties of current magnification. In Fig. 4.8 we shift the impurity along the
upper arm of the ring keeping its y-coordinate fixed and in Fig. 4.9 we shift the impurity
along the width of the ring keeping its z-coordinate fixed. It is clear from that Fig. 4.8
and Fig. 4.9 neither the magnitude nor the occurrence frequency of current magnification
in energy scale depend on the position of impurity potential. But, as discussed earlier, the
change in strength of the defect potential or the asymmetry of two arm-lengths may change
the magnitudes and positions of current magnification in energy scale, keeping the general
feature unaltered. As (I;+13)/ls — 1 occurrence frequency of current magnification becomes
smaller. For 2m.,V/h? = 0 or y;/W = =£1/2 the mode coupling constant Iy, = 0 and
the modes get decoupled and as expected, current magnification remaining robust becomes
similar to single channel problem. Interestingly, staying within phase coherence length if we
double the L/W ratio, the amplitude of dj, does not decrease while occurrence frequency
becomes larger as the resonance spacings (AE,/Ey ~ (W/L)?) become smaller. This is
shown in Fig. 4.10. Doubling the L naturally means quadrupling the magnetic moment as it
scales with area. It would be worthy to mention that unlike current magnification, amplitude
of persistent currents decreases as 1/L2,

Biittiker [87] has shown that when the ring is threaded by a magnetic flux ®, as the
coupling goes towards the strong coupling regime (¢ — 0.5) the amplitude of persistent
current reduces due to increased dephasing. This is a quantitative change in persistent cur-
rent due to broadening of energy levels with increasing coupling strength. To examine the
effect of system-reservoir coupling strength on current magnification in multi-channel ring
in absence of ®, we have calculated circulating current for ¢ = 0.48. We observe that the
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FIGURE 4.7: Plots of circulating current dj./djin versus incident energy E/FEj in the range
of two mode propagation. Curves 1,2,3,4,---,10 represent potential strengths 2m.V/h? =
0.5,1.0,1.5,2.0,--- ,5.0 respectively. The other system parameters are I; = 3.125, I = 3.125,
I3=3.75,W =1, y; =0.21W, e = 4/9.

frequency of current magnification as well as the magnitude of circulating currents reduce
significantly in the whole energy range (Fig. 4.11) compared to that observed in Fig. 4.2.
This indicates that in Q1D coupling strength alters the nature of current magnification effect
in a non-trivial manner. The total current magnification in the ring is due to a summation
over current magnifications corresponding to each incident mode allowed for a given incident
energy. As we increase the coupling strength €, we observe that the contribution to cur-
rent magnification from electrons injected in each incident mode goes from a narrower and
stronger to a broader and weaker shape with respect to the corresponding energies (Fig 4.12).
The broader they get, the more cancellation of current magnification occurs due to overlap
of different incident modes. In Fig. 4.13 we have shown contributions from first and second
incident modes in the upper arm of the ring when only two modes are propagating. In this
energy range we observe current magnification for € = 0.2 (upper graph) but absence of
current magnification for € = 0.48 (lower graph). From lower graph (¢ = 0.48) it is evident
that though the contribution of current due to incident mode-1 (dashed line) is negative
and thus should' give rise to current magnification, the contribution from incident mode-2
(dotted line) cancels it off and we observe no net current magnification in this energy range.
From the upper graph (¢ = 0.2) it is clear that in the energy range where contribution
of current due to incident mode-1 (dashed line) is negative, the contribution from incident
mode-2 (dotted line) is almost zero as the contribution to current magnification from each
incident mode is very sharp for low e-values. Hence we obtain a net current magnification in
this energy range for € = 0.2 though current magnification is absent for ¢ = 0.48 in the same
energy range. Thus system-reservoir coupling strength alters current magnification effect in
a multi-channel mesoscopic ring not only quantitatively, but it also has a strong qualitative
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FIGURE 4.8: Plot of circulating current density dj./djs, in the ring as a function of E/Ep of the
electron for 6 propagating modes. The dotted curve is for I} = 3.5, lo = 2.5 while the solid one is
for I; = 0.5, Iy = 5.5. Other system parameters are I3 = 4.0, W = 1, y; = 0.21W, 2m.V/h? = 1
and € = 0.2.

effect. The stronger the coupling the weaker and lesser is the current magnification in any
energy scale. As for energies where higher number of modes are propagating and number
of cancellations of current magnification is also high we obtained even lesser current mag-
nifications and their occurrence frequency in the energy axis are also reduced (Fig. 4.11).
This effect is entirely due to the superposition of currents from all the different channels
which is absent in purely 1D system. The non-trivial effect of system-reservoir coupling on
the equilibrium currents in 1D quantum double ring system has been discussed recently in
Ref. [90].

We now consider the case of an attractive § function potential ( V' < 0). We see in Fig.
4.14 that in the stronger coupling regime (¢ = 0.48) the amplitude of current magnification for
attractive potential is lesser in comparison to the repulsive one (Fig. 4.11). The magnitudes
and the positions of the current peaks are very sensitive to the details of some of the system
parameters and they can not be predicted apriori.. Moreover, the current magnification effect
is always absent at the quasi-bound state of the negative potential (Fig. 4.14). The energies
of the quasi-bound states are marked by arrows in Fig. 4.14. These states are characterized
by peaks in the density of states (DOS) and for further discussion on quasi-bound state see
Ref. [21, 22, 60]. The presence of negative delta-function potential enhances DOS near this
potential. This enhanced local DOS at the impurity site reduces the DOS of the propagating
electrons, thereby reducing the current magnification.

In Fig. 4.15 we have considered a special case and plotted the total transport current
density djr and circulating current density dj. in the energy range 4.6Ey < E < 5.4Fy. In
this energy range at the Fermi energy there are two propagating modes. The corresponding
bound-state is at 5.1025FE,. Around the bound-state there is an enhancement in scattering.



4.2 POSSIBLE EXPERIMENT 73

7.5ll[llllllllllllllllllllllll

N
n
T

djc/d]m
o
—T—

©

W
T

1

371 S NP PR RO U U O U I I I W
T 36 37 38 39 40 41 42 43 44 45 46 47 48 49

E/E,

FIGURE 4.9: Plot of circulating current density dj./dj;, in the ring as a function of E/Ey of the
electron for 6 propagating modes. The solid, dotted and dashed curves are for y; = 0.5W, 0.21W, 0
respectively. Other system parameters are [y = 3.5, ls = 2.5, I3 = 4.0, W = 1, y; = 0.21W,
2m.V/h? =1 and € = 0.2.

The structure of the total transport current exhibits symmetric line shapes (like Breit-Wigner
type symmetric resonances). Around these resonances we do observe current magnification.
This special case shows that Fano type resonance structure in the total transport current is
not a necessary criterion for the observation of current magnification effect.

4.2 Possible Experiment

We have seen that only for a certain but large number of parameter values, circulating
currents appear in the ring. Such circulating currents will be associated with a magnetic
moment that can be determined by a SQUID or a Hall magnetometer placed on above or
below the ring. The magnetic moment will be j.A, where A is the area enclosed by the
ring. j. will be related to dj. by [ 5 }_f dj.(E). When there is no circulating current (current
in the two arms flow in the same direction) there will be negligible magnetic moment. We
have seen in Fig. 4.2 and Fig. 4.10, regions of current magnification occur very close to each
other in an apparently random order and by tuning any one parameter (Fermi energy or
defect strength)while keeping other parameters fixed there is a high probability of observing
current magnification. The parameters to tune are ur, ugr and the strength of the defect.
Instead of tuning pr, pgr one can fix them and chose any Fermi energy of the system by
applying an electric field perpendicular to the geometry by using some overall gate. In an
experimental situation the tip of an STM can be used to create a defect of any desired
strength in one arm by depleting the electron gas under the tip. Alternatively, a defect of
desired strength can be produced by fabricating a small gate on top of one of the arms of
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FIGURE 4.10: Plots of circulating current dj./dji, versus incident energy E/Ey. In this regime
six modes are propagating. The dotted curve is for L/W = 20 while solid one is for L/W = 10.
The other system parameters are W = 1,11 : lp: l3=7:5:8, y; = 0.21W, 2meV/h2 = 1.0 and
e=0.2.

the ring, and applying a voltage on it perpendicular to the plane of the ring. We have taken
some typical cases of rings fabricated in the laboratory in recent experiments such as that
in ref. [43, 89]. These rings have L/W in between that considered in Fig. 4.2, Fig. 4.10. In
experiments the rings that are mainly used are made of GaAs where effective electron mass
is 0.067m* [91], m* being the electron mass. Using this the peaks in the circulating current
je come out to be of the same order of magnitude as that of the zero temperature persistent
current. For example, integrating dj. over an interval of u;, = 43.04F, < E < 43.32Ey = ug
with pur, — pup = .28Fy ~ 39 x 1078V (~ AE,) at the marked (]) peak in Fig. 4.2 we find
Je ~ 3.69nA for W = .2um [89] and the corresponding orbital magnetic moment is ~ 127up
where g = Bohr magneton. This magnetic moment remains of the same order of magnitude
at all peaks of Fig. 4.2. So with present day detectors like SQUIDs and Hall magnetometers
one can definitely detect the magnetic moments due to current magnification.

4.3 conclusion

In conclusion, we have shown that, even in the multi-channel case, for a system weakly cou-
pled with the reservoirs the current magnification in the presence of transport current is a
robust effect. The magnitude of the circulating current can be very large even in presence of
several propagating modes despite mode mixing and cancellation effects as discussed in the
text. The circulating currents are mostly associated with Fano resonances in total transport
current. However, there are, sometimes, exception to this rule, namely, current magnifica-
tion may occur around Breit-Wigner type symmetric resonances in the total current. Unlike
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FIGURE 4.11: The circulating current dj./dji, versus E/Ep is plotted for repulsive potential
2m.V/h? = 1 in strong coupling regime ¢ = 0.48. The different system parameters are I; = 3.5,
l2 = 2.5, l3 = 4.0, W = 1, Y = 0.21w.

purely one dimensional systems Fano resonance does not exhibit zero in the total transmis-
sion, however, it is characterized by a sharp minimum along with asymmetric line shape in
the total current. Impurity strength can enhance or suppress current magnification and is
sensitively dependent on system parameters. We have established that the system-reservoir
coupling strength controls the current magnification qualitatively. As the coupling becomes
stronger the current magnification becomes weaker and its occurrence in the given energy
range reduces. Thus system reservoir coupling parameter controls the transport properties
in a very interesting manner. It is interesting to note that persistent currents in a ballistic
mesoscopic ring in the presence of magnetic flux increases with the Fermi energy (or the
number of channels) [34, 87, 92, 93]. In contrast the magnitude of the current magnifica-
tion is independent of the total number of propagating channels. It may be emphasized
that persistent currents and the circulating currents due to current magnification are two
independent distinct phenomena [41, 94].
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FIGURE 4.12: In (a) the partial current dji(s), /djin and in (b) the partial current dja(s), /djin
in the lower arm of the ring are plotted as a function of E/Ey. In both (a) and (b) dashed curves

are for € = 0.2 and the solid curves are for ¢ = 0.48. The other system parameters are I; = 3.5,
lo=25,13=4.0, W =1, 2m.V/R? =1, y; = 0.21W.
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FIGURE 4.13: Both in (a) and (b), the dashed curve gives the partial current dj;(s), /djin, the
dotted curve gives the partial current dja(s), /djsn in the lower arm of the ring and the solid curve
gives the circulating current dj./djs, in the ring. All three quantities are plotted as a function
of incident energy E/Ey of the electron. (a) is for weak coupling € = 0.2 while (b) is for strong
coupling € = 0.48. Other system parameters are l; = 3.5, Iy = 2.5, I3 = 4.0, W = 1, 2m,V/h? = 1,
yi = 0.21W.
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FIGURE 4.14: The circulating current dj./djs, vs. E/Ep is plotted for strong cou-
pling ¢ = 048 and attractive potential 2m.V/h? = —2.5. The arrows on the
graph denote the positions of different quasi-bound-states in the available energy range,
31.87 Ey,49 Ey, 57.7 Eyp, 76.53 Ey, 100 Ey, 120.12 Ey. The other system parameters are I; = 3.5,
lg=25,13=4.0,W=1, y; =0.21W.
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FIGURE 4.15: djr/djsm (solid curve) and dj./djiy, (dotted curve) are plotted as a function of
E/Ey for coupling strengths(e) 0.05 ((a)) and 0.2 ((b)) in presence of two propagating modes.

Other system parameters are l; = 2.5, I = 1.5, I3 = 3.0, W = 1, 2m,V/h? = 2.4, y; = 0.21W.
The quasi-bound-state is at 5.1025Ey.
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Chapter 5

Phase time for tunneling particle

5.1 Introduction

Quantum tunneling, where a particle has finite probability to penetrate a classically for-
bidden region is an important feature of wave mechanics. Invention of the tunnel diode
[95], the scanning tunneling microscope [96] etc. made it useful from a technological point
of view. In 1932 MacColl [97] pointed out that tunneling is not only characterized by a
tunneling probability but also by a time the tunneling particle takes to traverse the barrier.
There is considerable interest on the question of time spent by a particle in a given region of
space [58, 1057 |. The recent development of nanotechnology brought new urgency to study
the tunneling time as it is directly related to the maximum attainable speed of nanoscale
electronic devices. In addition recent experimental results claiming superluminal tunneling
speeds for photons {99, 100] boost the urgency. In a number of numerical [101], experimental
[99, 102] and analytical study of quantum tunneling processes, various definitions of tunnel-
ing times have been investigated. These different time scales are based on various different
operational definitions and physical interpretations. Till date there is no clear consensus
about the existence of a simple expression for this time as there is no hermitian operator
associated with it [58]. Furthermore, a corpuscular picture of tunneling is very hard to be
realized due to the lack of a direct classical limit for the tunneling particle’s trajectories
and velocities. Among the various time scales, ‘dwell time’ [57] which gives the duration
of a particle’s stay in the barrier region regardless of how it escapes can be calculated as
the total probability of the particle inside the barrier divided by the incident probability
current. The ‘conditional sojourn time’ [98] gives the time of sojourn (dwell) in the spatial
region of interest for some given conditions of scattering. It can be defined meaningfully
by a ‘clock’ which is basically an extra degree of freedom that co-evolves with the sojourn-
ing particle. Biittiker and Landauer proposed [103] that one should study ‘tunneling time’
using the transmission coefficient through a static barrier of interest, supplemented by a
small oscillatory perturbation. In another approach, the traversal time, is measured by the
spin precession of the tunneling particle in a uniform infinitesimal magnetic field. This is
called local ‘Larmor time’ [57, 104]. A large number of researchers interpret the ‘phase
time’ [33, 105, 106] as the temporal delay of a transmitted wave packet. This time is usu-
ally taken as the difference between the time at which the peak of the transmitted packet

79
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leaves the barrier and the time at which the peak of the incident quasi-monochromatic wave
packet arrives at the barrier. Within the stationary phase approximation the phase time can
be calculated from the energy derivative of the ‘phase shift’ in the transmitted or reflected
amplitudes. Biittiker-Landauer [103] raised objection that the peak is not a reliable charac-
teristic of packets distorted during the tunneling process. In contrast to ‘dwell time’ which
can be defined locally, the ‘phase time’ is essentially asymptotic in character [107]. The
‘phase time’ statistics is intimately connected with dynamic admittance of micro-structures
[108]. This ‘phase time’ is also directly related to the density of states [45]. The universality
of ‘phase time’ distributions in random and chaotic systems has already been established
earlier [109]. In the case of ‘not too opaque’ barriers, the tunneling time evaluated either as
a simple ‘phase time’ [105] or calculated through the analysis of the wave packet behaviour
[110] becomes independent of the barrier width. This phenomenon is termed as the Hartman
effect [106, 110, 111]. This implies that for sufficiently large barriers the effective velocity
of the particle can become arbitrarily large, even larger than the light speed in the vacuum
(superluminal effect). Though this interpretation is a little far fetched for non-relativistic
Schrdinger equation as velocity of light plays no role in it, this effect has been established
even in relativistic quantum mechanics.

Though experiments with electrons for verifying this prediction are yet to be done, the
formal identity between the Schrodinger equation and the Helmholtz equation for electro-
magnetic wave enables one to correlate the results for electromagnetic and microwaves to
that for electrons. Photonic experiments show that electromagnetic pulses travel with group
velocities in excess of the speed of light in vacuum as they tunnel through a constriction
in a waveguide [100]. Experiments with photonic band-gap structures clearly demonstrate
that ‘tunneling photons’ indeed travel with superluminal group velocities [99]. Their mea-
sured tunneling time is practically obtained by comparing the two peaks of the incident and
transmitted wave packets. Thus all these experiments directly or indirectly confirmed the
occurrence of Hartman effect without violating ‘Einstein causality’ i.e., the signal velocity or
the information transfer velocity is always bounded by the velocity of light. It should also be
noted that in the photonic tunneling time experiments by Nimtz et al., based on frustrated
total internal reflection, the velocity of the half-width of the pulse (not the peak of the wave
packet) is monitored. The velocity of the half-width is found to be superluminal (according
to theory and experiment). Relation of this result to the causality principle is discussed
in the references [112, 113]. The ‘Hartman effect’ has been extensively studied both for
nonrelativistic (Schrodinger equation) and relativistic (Dirac equation) [58, 100, 105] cases.
Recently Winful [114] showed that the saturation of phase time is a direct consequence of
saturation of integrated probability density under the barrier (equivalently in the electro-
magnetic waves saturation of stored energy). The Hartman effect has been found in one
dimensional barrier tunneling [110] as well as for cases beyond one dimension as in tunneling
through mesoscopic rings in presence of Aharonov-Bohm flux [25]. In the current note we
extend the study of phase times for branched networks of quantum wires.

In section 5.2 we study the Hartman effect on a quantum ring geometry i.e. beyond one
dimension and in the presence of Aharonov-Bohm (AB-) flux [21, 22]. Here due to non-zero
AB-flux, electron, though traveling in sub-barrier regime, picks up one phase factor inside
the ring. Our results show that even the ‘phase time’ for a given incident energy becomes
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independent of the barrier thickness as well as the magnitude of the flux. These results
confirm ‘Hartman effect’ in quantum ring even in presence of AB-flux. We have extended
[21] this effect for a circular ring having two potential barriers with an intermediate free space
where a quantum particle can propagate. Interestingly, the saturated phase time becomes
independent of the intermediate free length (in the large length limit of the barriers) in the
off resonant case. This result can be interpreted as a “space collapse or space destroyer”
[115]. Even though in the intermediate free space (can be treated as potential well, due
to two barriers at the two ends of it) inside the ring electronic wave can travel as a free
propagating mode (and not as a evanescent mode), surprisingly the saturated delay time is
independent of the length of the well (as if it does not count). In section 5.3 we shall present
phase times [27] for branched networks of quantum wires which can readily be realized in
optical wave propagation experiments. This geometry allows us to check other nonlocality
effect such as tuning the saturation value of ‘phase time’ and consequently the superluminal

speed in one branch by changing barrier strength or width in any other branch, spatially
separated from the former.

5.2 Hartman effect in presence of AB-flux

We study the scattering problem across a quantum ring connected to one or two ideal semi
infinite leads (as schematized in Fig. 5.1). Such ring geometry systems are extensively

FIGURE 5.1: Schematic diagram of a ring connected to two leads in the presence of an Aharanov-
Bohm flux, ¢.

investigated in mesoscopic physics in analyzing normal state Aharanov-Bohm effect which
has been observed experimentally [16, 17]. A magnetic field is applied perpendicular to the
plane of the ring. Due to this a magnetic flux ¢ as shown in Fig. 5.1 is enclosed by the ring.
There is a finite quantum mechanical potential of strength V' inside the ring while that in the
connecting leads are set to be zero. We focus on a situation wherein the incident electrons
have an energy E less than V. The impinging electrons in this sub-barrier regime travels
as an evanescent mode/wave throughout the circumference of the ring and the transmission
or the conductance involve contributions from both the Aharanov-Bohm effect as well as
quantum tunneling. Here we are interested in a single channel case where the Fermi energy
lies in the lowest sub-band. To excite the evanescent modes in the ring we have to make the
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width of the ring much less than that of the connecting wires. The electrons occupying the
lowest sub-band in the connecting wire on entering the ring experience a higher barrier (due
to higher quantum zero point energy) and propagate in the ring as evanescent mode. The
transmission or conductance across such systems has been studied in detail [116, 117]. An
analysis of the phase time for different ring systems is carried out in the following subsections.

5.2.1 Ring connected with two leads

We approach the scattering problem using the quantum wave guide theory [15, 116] for the
system shown in Fig. 5.1. In the stationary case the incoming particles are represented by a
plane wave e**¢ of unit amplitude. The effective mass of the propagating particle is m and
the energy is E = h%k?/2m where k is the wave vector corresponding to the free particle.
The wave function in different regions (which are solutions of the Schrédinger equation) in
the absence of magnetic flux are given below

Yo(zg) = e*™ e (in regionl) (5.1)
Pi(z1) = A1e9% 4 B e "% (in region II) (5.2)
Po(m) = Apef®% 4 Bye™ 2% (in region III) (5.3)
Ys(zs) = te*® (in region IV) (5.4)

with k being the wave-vector of electrons in the leads. ¢1 = \/2m(E — V;)/h? is the wave-
vector for propagating electrons in the barrier of strength V; on the upper arm while g3 =
V/2m(E — V,)/h? is that in the V5 on the lower arm of the ring. The origin of the co-ordinates
of zo and z; is assumed to be at J; and that for x5 and z3 ‘are at Jy. At Jy, o = lbg, at Js,
1 = [by, where Iby, and lby are the length of the two barriers on the upper and lower arms
of the ring respectively. Total circumference of the ring is L = lby + Ibs.

We use Griffith’s boundary conditions [52]

10(0) = 1(0) = 2(lbs) (5.5)

and

Ory |n or1 |ln Ory |n

at the junction J;. All the derivatives are taken either outward or inward from the junc-
tion [15]. Similar boundary conditions hold for J; as well.

Ho(ao)| | M) | Snlz)| _ o (5.6)

Y1(lby) = 12(0) = ¥3(0) (5.7)
o (1) Oty (2) OYs(x3)|
and 3:B1 J2 + 3:132 Ja + 81'3 J2 o O, (58)

We choose a gauge for the vector potential in which the magnetic field appears only
in the boundary conditions rather than explicitly in the Hamiltonian [15, 16]. Thus the
electrons propagating clockwise and anticlockwise will pick up opposite phases. The electrons
propagating in the clockwise direction from J; will pick up phases ¢ ; at Jo and electrons
propagating anticlockwise from J; to J; in the upper arm pick up a phase —¢a; at Ji.
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Similarly, an electron picks up a phase iy at J; moving in the clockwise direction from
Jo in the lower arm and —iag at J, when moving anticlockwise from J; in the lower arm
of the ring. The total phase around the ring is oy + as = 27 ¢/¢o, where ¢ and ¢, are

the magnetic flux and flux quantum, respectively. Hence from above mentioned boundary
conditions we get for tunneling particle

at Jp : l4+r—A;— Byexp(—iay) =0, (5.9)
Ay exp(—kg lbs) exp(iog) + By exp(kalby) =1 —r =0, (5.10)

ik (1 —r)+ k1 Ay — k1 By exp(—iaq)
— Ko Az exp(—kqo Iby) exp(i ag) + ko By exp(kalby) =0, (5.11)
at Jy : A; exp(—k11by) exp(ioq) + By exp(k1lby) —t =0, (6.12)
Ay + Bj exp(—iag) —t =0, (5.13)

ikt + K1 Ay exp(—k1lby) exp(iay) — k1 By exp(k1lby)
— Ky Ag + Ko By exp(—iag) =0, (5.14)

with k; = v/2m(Vy — E)/R? and kg = 1/2m(Va — E)/h? being the imaginary wave vectors,
in presence of rectangular barriers of strength V; and V, respectively, inside the ring.

Solving Egs. (5.9) - (5.14) for an electron traversing the ring with two barriers of equal
strength Vi = V, = V along its entire circumference, as shown in Fig. 5.1, we obtain an
analytical expression for the complex transmission amplitude ¢ as

‘o 4ikk exp(ion) [P exp(klb) + Q2]
PQKk? +2ikrS_ + 4K? [exp(;ﬁL) (1 + exp(4i7r£%)) — S+]

(5.15)

where

P = exp(2i7rq;£) (exp(2 :‘ilbg) -1),
0

Q = (exp(2rlb)—1),

Sy = exp(2i7rq;£) (exp(2k L) £ 1),
0

with & being the imaginary wave vector for the evanescent wave inside the barriers. Once ¢
is known, the transmission phase time can be calculated from the energy derivative of the
phase of the transmission amplitude
darg[t] 1 darglt]
Ty = h == )
ok v Ok

where, v = hk/m is the velocity of the free particle. In what follows, let us set i = 1
and 2m = 1. We express all the physical quantities in dimensionless units i.e. the barrier
strength in unit of incident energy E (V = V/E), barrier widths in units of inverse wave
vector k! (b, = klb,), where k = VE and ‘“transmission phase time’ 7; in units of inverse
of incident energy E (r; = E 7;). We now proceed to analyze the behaviour of ‘transmission
phase time’ as a function of various physical parameters for different ring systems.

(5.16)
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FIGURE 5.2: Plot of 7y versus L for three different values of E/V with ¢ = 0 and 1b; = Ib,.

In Fig. 5.2 we plot phase time 7; as a function of length L of the ring for different values
of incident energies in the absence of magnetic flux ¢ for the case where the two arm lengths
b, and Ib, are equal. From the figure we clearly see that 7; evolves as a function of length L
and asymptotically saturates to a value (7,) which is independent of L thus confirming the
Hartman effect. The saturation value, 7;,, increases with increasing incident energy and the
corresponding i, values for £ = 0.2V, 0.6V and 0.8V are 1.47, 1.86 and 3.13 respectively.
From Fig. 5.2, note that, depending upon the incident electron energy, 7z is a monotonic or
non-monotonic function of L in the small length limit.
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FIGURE 5.3: Plot of 7 versus L for different arm length ratios. The ratio by : lby for the solid,
dotted, dashed and dot-dashed curves are 1: 1,3 :2,4:1,9: 1 respectively. Inset shows ;5 versus
E/V for L = 30 with equal arm length ratios.
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In Fig. 5.3 we plot the transmission phase time versus L for a particular energy, F = 0.2V,
in the absence of magnetic flux ¢ but for different length ratios of the upper and lower arms.
We observe that the saturation value of the phase time is independent of the arm length
ratios for a given energy as one can anticipate. In the inset of Fig. 5.3 we plot 15 versus
E/V for ¢ = 0, L = 30 with equal upper and lower arm lengths. Plots with different arm
length ratios (Ib; : Iby) with different ¢ in the asymptotic limit were found to overlap with
the above curve in the entire energy regime. Analytically, in the large L (> 1/k) limit, the
transmission phase time 7; becomes independent of L and the magnetic flux (in accordance
with Hartman effect) and is given by

4K3 + 5k*k + (K*/K)
2k (2R — (/D) + AR D)

Tts =

(5.17)

1.4705

1.47

FIGURE 5.4: Plot of 7z versus ¢ for different L. The solid, dotted, dashed and dot-dashed curves
are for L = 10, 10.5, 12.5, 30 respectively with equal upper and lower arm-lengths.

In Fig. 5.4 we have plotted transmission phase time as a function of flux ¢ for various
values of circumference of the ring with lb; = lb, and E = 0.2V. We observe that 7 is flux
periodic with periodicity ¢o. This is consistent with the fact that all the physical properties
in presence of Aharonov-Bohm flux across the ring must be periodic function of flux with
a period ¢p [5, 17, 45]. However, we observe that as we increase the length of the ring the
- visibility or the magnitude of Aharonov-Bohm oscillations in 7; decreases. Consequently in
the large length limit the visibility of these oscillations vanishes as can be seen from Fig. 5.4.
The constant value of 7; thus obtained in the presence of flux is identical to 7;, (1.4698)
in the absence of flux (see Fig. 5.2) in the large length regime. This numerically obtained
value of 7, is in perfect agreement with the analytical expression for 7;4, Eq. (5.17), given
above. This result clearly indicates that the delay time in the presence of opaque barrier
becomes not only independent of length of the circumference but also is independent of the
AB-flux thereby observing the Hartman effect in the presence of AB-flux. We also find that
the behaviour of reflection delay time is same as transmission delay time as anticipated from
general symmetry laws from the simple geometric structure considered in the present case.
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5.2.2 Ring connected with one lead

(a)

b
®) V#0 p

V#0

FIGURE 5.5: Schematic diagram of a circular ring connected to semi infinite lead.

Now we discuss the ‘reflection phase time’ for the above quantum ring but connected to
a single wire of semi-infinite length and in presence of AB-flux as shown in Fig 5.5(a). Here
also we focus on the tunneling of an electron in the sub-barrier regime. We analyze the phase
time of the reflected wave. It is well known that in one dimensional scattering/tunneling
problem, reflection involves prompt part as well as the multiple scattering arising from the
edges of the scattering center (say, for the square barrier). However, transmission across the
scattering region does not have the prompt part but has only contributions from multiple
scattering. We would like to emphasize here the fact that the unitarity of the scattering
matrix forces transmission and reflection phase times to coincide for a one dimensional
tunneling problem (to be identical in magnitude) [as we see in section 2.5], even though
reflection has a prompt part as mentioned above. For symmetric barrier the phase of the
reflection and the transmission amplitudes differ by a constant phase 7/2 [see in section 2.5].
Hence, the information we get does not depend on whether we study the phase time in the
reflection or in the transmission mode. Thus in the present section we have chosen a simple
and generalized geometry where we can analytically study the phase time in a reflection
mode and in presence of Aharonov-Bohm flux. We show that this phase time in the opaque
barrier regime becomes independent of the length of the circumference of the ring and the
magnitude of the AB-flux. We have also studied this effect by including an additional
potential well between two barriers in the circular ring (Fig. 5.5 (b)). Interestingly, the
saturated reflection phase time becomes independent of the length of the potential well (in
the large length limit) for energy away from resonances. Inside the potential well the electron
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travels as a free wave. Increasing or decreasing the free path (length of the well) does not
alter the saturated reflection phase time through the system. It seems as if electronic wave
does not count the free space in between two barriers. This result is regarded as a “space
collapse” or “space destroyer” [115].

We use the same quantum wave guide theory [15, 116] discussed above to get the

reflection phase time for the system shown in Fig. 5.5(b). The wave functions in different
regions are

Yo(zg) = €™ 4 re~%%  (in region 1) (5.18)
Pi(z1) = A1e ™% 4+ Bre™®™  (in region II) (5.19)
Yu(2y) = Ce*® 4 De *%  ( in region III) (5.20)
Po(xg) = Age™® 4 Bye® (in region IV) (5.21)

with k£ being the wave-vector of electrons in the lead and in the intermediate free space
between two barriers inside the ring. k3 = 1/2m(V;4 — E)/R? and k3 = 1/2m(V2 — E)/h? are
the imaginary wave-vectors respectively for tunneling electrons in the barriers of strength V3
and V; inside the ring. The origin of the co-ordinates of o and z; is assumed to be at J;
and that for z,, and x5 are at P, and P, respectively. At Py, x; = lby, at P, x,, = w and at
Ji, g = lby, where [b, and lby are the length of the two barriers separated by a well region
of length w inside the ring. Total circumference of the ring is L = lb; + lby + w.

In presence of the AB-flux, following the same method described above, the boundary
conditions for the current system (shown in Fig. 5.5(b)) become

14+r—A; — Byexp(—iay) =0, (5.22)
Ay exp(—rg lby) exp(ic) + By exp(kalby) —1—1 =0, (5.23)
ik (1 — 1) + k1 (A1 — By exp(—iaq))
— kg Ag exp(—kq Iby) exp(iag) — ko By exp(kalby) =0, (5.24)
A; exp(—ky lby) expli a;] + By exp(k11by)
—C — D exp(—iay) =0, (5.25)
k1 Ay exp(—ky lby) exp(i a1) — k1 By exp(ky Iby)
+ikC — ik D exp(—iay,) =0, (5.26)
C exp(ikw) exp(ioy,) + D exp(—ikw)
— Ay — By exp(—iag) =0, (5.27)
ik C exp(ikw) — ik D exp(—ikw) exp(—icy)
+ kg Ag — kg By exp(—iag) =0, (5.28)

where i a1, i (3 + ) are the phases picked up respectively at P, and P, by the electron
traveling clockwise from J; and i (o + a, + @) is the phase picked up by the same electron
at J; after traversing once along the ring. The total phase around the ring becomes a; +
Qy + 02 = 27 P/ .

Solving Eqgs. (5.22)- (5.28) for a ring system with a rectangular barrier of strength V' along
its entire circumference (Fig. 5.5(a)) we obtain an analytical expression for the reflection
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amplitude as
_ —#k1 (2 cos(a) — exp(kL)) + i £ exp(kL)
"~ k1 (2 cos(a) — exp(kL)) + i% exp(kL) ’

where o = oy + o, + ao. After knowing 7, the ‘reflection phase time’ 7, can be calculated
from the energy derivative of its phase [33, 105] as

(5.29)

_ OArg]r]
o= (5.30)
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FIGURE 5.6: In absence of magnetic flux (i.e. ¢ =0 ), for a ring with a barrier of strength
V throughout its circumference, the reflection phase time 7, is plotted as a function of ring’s
circumference L. The solid, dotted, dashed and dash-dotted curves are for V = 1.25, 1.5, 3, 5
respectively. Incident energy is set to be E' = 1. In the inset the saturated value of phase time 7,
is plotted as a function of the barrier’s strength for same E.

We now proceed to analyze the behavior of 7, as a function of various physical parameters
for different ring systems. In the similar fashion, described above, here also we express all
the physical quantities in dimensionless units. Thus the reflection phase time 7, is expressed
in units of inverse of incident energy E (7, = E'7,.). After straight forward algebra in the
large length (L) limit and in absence of magnetic flux, we obtain an analytical expression
for the saturated reflection phase time (using Eq. (5.29) in Eq. (5.30)), which is given by,

1,k
Tys = (’MJ’F (5.31)

2 + £3)7

with k being the imaginary wave vector of the electron inside the barrier of strength V' and
width b (= L).
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First we take up a ring system with a single barrier along the circumference of the
ring. For a tunneling particle having energy less than the barrier’s strength we find out the
reflection phase time 7, as a function of barrier’s width L which in turn is the circumference
of the ring. We see (Fig. 5.6) that in absence of magnetic flux, 7, evolves as a function of
L and asymptotically saturates to a value 7, which is independent of L thus confirming
the ‘Hartman effect’. From Fig. 5.6 it is clear that the saturation value increases with the
decreasing barrier-strength. In the inset of Fig. 5.6, we have plotted 7,5 as a function of
barrier-strength. From this we can see that for electrons with incident energy close to the
barrier-strength the value of 7.. is quite large.

0.29413 T T T T T

0.29412
e

0.29411

0.2941 ol b b et e b b b da bl ladolels

FIGURE 5.7: For a ring with a barrier of strength V lies throughout its circumference, the
saturated phase time 7, is plotted as a function of magnetic flux ¢. The solid, dashed and dotted
curves are for L = 6,7,9 respectively. Other system parameters are V =5, E = 1.

‘To see the effect of magnetic flux on ‘Hartman effect’, we consider the same system
but in presence of Aharonov-Bohm (AB) flux. We find out, for the tunneling particle, the
reflection phase time as a function of embedded magnetic flux for different lengths L of the
barrier covering the ring’s circumference. We have chosen the lengths such that in absence
of the ‘AB-flux’, for a given system (i.e. for known E and V) the reflection phase time
T, gets saturated in these lengths. From Fig. 5.7 we see that 7, as a function of ¢ shows
AB-oscillations with an average value which is the saturation value 7,5 for the same system
in absence of AB-flux. Further observe that (Fig. 5.7) 7, is flux periodic with periodicity ¢o.
This is consistent with the fact that all the physical properties in presence of AB-flux across
the ring must be periodic function of the flux with a period ¢¢ [5, 17, 108]. However, we
see that as we increase L the magnitude of AB-oscillation in 7, decreases. Consequently in
the large length limit the visibility vanishes. This clearly establishes ‘Hartman effect’ even
in presence of AB-flux. The constant value of 7, thus obtained in the presence of flux is
identical to 7., (0.294115) in the absence of flux (see Fig. 5.7) in the large length regime
and its magnitude is given by Eq. (5.31). This result clearly indicates that the reflection
phase time in the presence of opaque barrier becomes not only independent of length of the
circumference but also is independent of the AB-flux thereby observing the ‘Hartman effect’
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in the presence of AB-flux.
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FIGURE 5.8: In absence of magnetic flux (i.e. ¢ =0 ), for a ring with two barriers of strength V;
and V5 separated by an intermediate well region, the reflection phase time 7, is plotted as a function
of ring’s circumference L for different width w of the well. The dashed-dotted, solid, dotted and
dashed curves are for w = 0, 1,5,10. Other system parameters are by =5, V1 = Vo =2 and E = 1.

Now we consider the ring system with the ring having two successive barriers separated
by an intermediate free space as shown in Fig. 5.5(b). In absence of magnetic flux, we see
the effect of ‘quantum well’ on the reflection phase time 7,. In Fig. 5.8 7. is plotted as a
function of one of the barrier’s length (say b;) while other barrier’s length is fixed (lby = 5)
and for few different values of length of the well. Here, the fixed value of the barrier’s length
[bs is chosen in such a way that in absence of the well region the reflection phase time reaches
saturation at this length. From Fig. 5.8 we see that for all parameter values of well’'s width,
the saturation value of reflection phase time 7. ¢ is same and it is equal to what we obtained in
absence of the well in the ring system. Thus the saturated phase time becomes independent
of the width of the well (in the long length limit) for the energy away from the resonances.
This is as if the effective velocity of the electron in the well becomes infinite or equivalently
length of the well does not count (space collapse or space destroyer) while traversing the
ring.

Finally consider a similar system as that shown in Fig. 5.5(b). Here we see the effect of
resonances, present in the ring system with a well, on the saturated reflection phase time
Trs. For the system described above with Vi = V, = 2,lby = 5, ¢ = 0 we have plotted 7,,,
for the electrons with incident energy F = 1, as a function of the well’s width for different
parameter values [b; in Fig. 5.9. We see that the resonances which have Lorentzian shape
become sharper and narrower as the width of the barrier [b; becomes large. For very large [b,
the resonances are very hard to detect. It should be noted that as we increase the length of
the well for fixed FE for particular barrier lengths incident energy E coincides with resonances
(or resonant states) in the well (which arise due to constructive interference due to multiple
scatterings inside the well). For these values of lengths we observe sharp rise in the saturated
delay time and its magnitude depends on the length of the well. It is worth to mention that
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FIGURE 5.9: In absence of magnetic flux (i.e. ¢ =0 ), for a ring with two barriers of strength
V1 and V; separated by an intermediate well region, the saturated phase time 7, is plotted as a
function of ring’s circumference L for different width Ib; of the barrier. The solid and dashed curves
are for Ib; = 2.75,3 respectively. Other systems parameters are lbp =5, Vi =Vo =2 and E = 1.

away form the resonance the value of 7, ; is independent of the length of the well (see Fig.5.8)
and depends only on the barrier strength.

5.3 Hartman effect and non-locality in quantum net-
works

Hartman effect is itself one of the manifestations of quantum non-locality [99]. Here we
study the effect for various quantum mechanical networks having potential barriers in its
arms. In such systems it is possible to control the ‘super arrival’ time in one of the arms by
changing parameters on another, spatially separated from it. This is yet another quantum
nonlocal effect. Negative time delays (time advancement) and ‘ultra Hartman effect’ with
negative saturation times have been observed .in some parameter regimes.

As a model system, we choose a network of thin wires. The width of these wires are so
narrow that only the motion along the length of the wires is of interest (a single channel
case). The motion in the perpendicular direction is frozen in the lowest transverse sub-band.
In a three-port Y-branch circuit (Fig. 5.10) two side branches of quantum wire S; and S;
are connected to a ‘base’ arm Sy at the junction J. In general one can have N(> 2) such
side branches connected to the ‘base’ wire.

We study the scattering problem across a network geometry as presented schematically in
Fig. 5.10. Such geometries are important from the point of view of basic science due to their
properties of tunneling and interference [16, 17| as well as in applications such as wiring in
nano-structures. In particular, the Y-junction carbon nanotubes are in extensive studies and
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FIGURE 5.10: Schematic diagram of a Y-junction or three-way splitter.

they show various interesting properties like asymmetric current voltage characteristics [118].
In our system of interest there are finite quantum mechanical potential barriers of strength
V, and width /b, in the n-th side branch. The number of side branches can vary from
n = 2,3,---N. We focus on a situation wherein the incident electrons have an energy E
less than V,, for all n. The impinging electrons in this sub-barrier regime travels as an
evanescent mode/wave and the transmission involve contributions from quantum tunneling
and multiple reflections between each pair of barriers and the .junction point. Here we are
interested in a single channel case where the Fermi energy lie in the lowest sub-band. To
excite the evanescent modes in the side branches one has to produce constrictions by making
the width of the regions of wires containing barriers much thinner than that of other parts of
the wires. The electrons occupying the lowest sub-band in the connecting wire on entering
the constrictions experience a potential barrier (due to higher quantum zero point energy)
and propagate as an evanescent mode [116, 117]. In this work an analysis of the phase time
or the group delay time in such a system is carried out.

5.3.1 Theoretical treatment

We approach this scattering problem using the quantum wave guide theory [15, 66] as we
did in the previous case. The wave functions, in different regions of the system considered
(Fig. 5.10) can be written as,
Yin(xo) = %% 4 Re™™0 (in §;),
Yoy (@n) = Ap etk@n L B e~ (region IinS,),
Yy (@) = Cpe™ (@n—wn) 4 D, efn (@n=wn) (region ITin S,,),
)

Yoy (Tn) = to etk @n—wn=lbn) (region III in S,),

with &, = 1/2m(V,, — E)/h? being the imaginary wave vector in presence of rectangular
barrier of strength Vi. %), ¥(n);; 80nd (), denote wave functions in three regions I, /1
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FIGURE 5.11: For a 3-way splitter with a barrier in S; arm, the ‘phase times’ 7y and 7 are
plotted as a function of barrier width ‘Ib;” in (a) and (b) respectively. The solid, dotted, dashed,
dot-dashed and the dashed-double dotted curves are for V; = 5,4, 3,2, and 1.05 respectively. Other
system parameters are E = 1,w; = 3.

and I11I, respectively, on n-th side branch. z, is the spatial coordinate for the ‘base’ wire,
whereas z,, is spatial coordinate for the n-th arm. All these coordinates are measured from
the junction J. In n-th side branch, the barrier starts at a distance w, from the junction J.

To solve the problem, we use Griffith’s boundary conditions [52]

bin(J) = Yin=1); (J) = Ytn=2), (J) =+ = Y=, (J), (5.32)

and

3¢m (xO) =3 aw(n)l

oxg 10 " Bz, |J’ (5.33)

at the junction J. All the derivatives are taken either outward or inward from the junc-
tion [15]. In each side branch, at the starting and end points of the barrier, the boundary
conditions can be written as

"p(n)l (wn) = w(n)u (wn) ) (5'34)
w(n)II (’U)n + lbn) = w('n)]u (wn + lbn) ] (535)
6¢(n)1 877b(n)n
= 5.3
axn (wn) (9:()n (wn) ! ( 6)
a'Qb(n)u _ 8"/}(7%)111
Oxn  |(wn+lbn) - OTp  (wn+ibs) (5.37)
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FIGURE 5.12: Here for a 3-way splitter with one barrier in each branched arm S; and Ss, the
‘phase times’ 7; is plotted as a function of barrier width ‘Ib;’ keeping lbe(= 1) and V(= 5) fixed
and for different values of parameter V5. The small dashed, dot-dashed, solid, long dashed and
dotted curves are for V5 = 2.5,3.5,5.0,10.0 and 12.5 respectively. Other system parameters are
E =1,w; = wz = 3. In the inset 74 is plotted as a function of V5 for the same system parameters.

From the above mentioned boundary conditions one can obtain the complex transmission
amplitudes t,, on each of the side branches.

5.3.2 Results and Discussions

In the similar fashion, as we did in the earlier section, following the method introduced by
Wigner [33], we can calculate the ‘phase time’ (phase time for transmission) from the energy
derivative of the phase of the transmission amplitude ¢,[33, 105] as

_, OArg[ty)
=

where, v = Fik/m is the velocity of the free particle.

In what follows, let us set i = 1 and 2m = 1. We now proceed to analyze the behavior of
Tn @8 a function of various physical parameters for different network topologies. We measure
time at the far end of each barrier in the branched arms containing barriers and in the case
of arms in absence of any barrier we measure the phase time at the junction points. We
express all the physical quantities in dimensionless units i.e. all the barrier strengths V,, in
units of incident energy E (V,, = V,,/E), all the barrier widths lb, in units of inverse wave
vector k=1 (Ib, = kib,), where k = v/E and all the extrapolated phase time 7, in units of
inverse of incident energy E (7, = ET,).

First we take up a system similar to the Y-junction shown in Fig. 5.10 in presence of a
barrier V7 of width [b; in arm S; but in absence of any barrier in arm S;. For a tunneling
particle having energy E < V; we find out the phase time 7; in arm S; as well as 7 in arm
S, as a function of barrier width Ib; (Fig. 5.11). From Fig. 5.11(a) it is clear that 7 evolves
with Ib; and eventually saturates to 7,; for large Ib; to show the Hartman effect. Fig. 5.11(b)

(5.38)
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FIGURE 5.13: Here for a 3-way splitter with one barrier in each side branch S; and Ss, the
‘phase times’ 71 (solid curve) and [t1|?> (dashed) are plotted as a function of ‘Ib;’ for a very small
lbo(= 0.5). Other system parameters are E = 1, w; = wy = 2.5, Vo = 5 and Vi3 = 15. In the
inset, the solid and dashed curves represent 75 and |t2|? respectively as a function of lb;. For better
visibility we have plotted phase times scaled down by a factor of 20.

shows the phase time 75 in arm S; which does not contain any barrier. This also evolves
and saturates with lb;, the length of the barrier in the other arm S;. This delay is due
to the contribution from paths which undergo multiple reflection in the first branch before
entering the second branch via junction point J. In absence of a barrier in the n-th arm the
phase time 7,, measured close to the junction J should go to zero i.e. 7, — 0 in the absence
of multiple scatterings in the first arm. Note that 7,; and 7, change with energies of the
incident particle (Fig. 5.11). From Fig.5.11 it can be easily seen that 7y is always smaller
than 75 for any particular V; i.e. the saturation time in the arm having no barrier is smaller.
The phase time in both the arms show non-monotonic behavior as a function of V;. As we
decrease the strength of the barrier V) the value of 7 (72) decreases in the whole range of
widths of the barrier and also the saturated value of 74 (7s2) decreases until V; reaches 1.6
and with further decrease in V; the values of 71 (73) as well as 75 (7,2) starts increasing.

As the second case we take up another Y-junction which contain potential barriers in
both its side branches as shown in Fig. 5.10. We fix the values of Vi(= 5) and vary lb; for
each values of V;, to study the lb;-dependence of 7, (Fig.5.12). From Fig. 5.12 we see that 7y
decreases with increase in [b; to saturate to a value 74, at each value of V; thereby showing
‘Hartman effect’ for arm ‘S;’. But now, we can tune the saturation phase time at arm S;
non-locally by tuning strength of the barrier potential V; sitting on another arm S;! Thus
‘quantum nonlocality’ enables us to control the ‘super arrival’ time in one of the arms (S1)
by changing a parameter (Vo) on another, spatially separated from it. In the inset of Fig. 5.12
we plot 75 as a function of V5. It clearly shows that when the barrier strengths V; and V5
are very close the ‘phase time’ reaches its minimum value. In all other cases i.e. whenever
Vi # Va, the value of 74 is larger.

We shall show now another interesting result related to the Hartman effect. For this we
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FIGURE 5.14: Here for a 3-way splitter with one barrier in each side branch S; and S2, the
‘saturated phase times’ 71, (thick solid), 7o, (thick dotted) and 7,5 (dashed) are shown as a function
of ‘wy’. For better visibility, while plotting all three quantities are divided by 50. The square
modulus of transmission amplitude through the 2nd barrier |t2|? (solid) and the reflection amplitude
|r|* (double dot-dashed) are shifted upwards along the the positive y-direction by 3. The different
system parameters are £ = 1, V1 = 15, V5 =5, by = 100.0, lby = 0.5 and wy = 2.5.

keep Va(= 5) unaltered and reduce lby. For very small lby(= 0.5) we see from Fig. 5.13 that 7
is negative for almost the whole range of [b;-values showing ‘time-advancement’ and eventu-
ally after a sharp decrease saturates to a negative value of 7,; = —4.514 implying ‘Hartman
effect’ with advanced time. It might be noted that, in principle, the ‘time-advancement’
(Fig. 5.13) can be measured experimentally as |t;|> has a non-zero finite value for a small
range of [b; at lower Ib; regime where 7, is negative. In the inset we plot the corresponding 7o
and |to|2 as function of Ib;. Again the values of 7, remains different from the one dimensional
tunneling through a barrier of strength V5 and width [by in the whole range of [b; imply-
ing ‘quantum nonlocality’. In the cases discussed so far 75 vary more sharply in small [b;
regime. Further the inset in Fig. 5.13 shows a dip in 7; at parameter regimes where [t2|? has
a minimum. For a wave packet with large spread in real space it is possible that the leading
edge of the wave packet reaches the barrier much earlier than the peak of the packet. This
leading edge in turn can tunnel through to produce a peak in the other end of the barrier
much before the incident wave packet reaches the barrier region, sometimes referred to as
pulse reshaping effect. This, in general, causes ‘time advancement’ [58]. This negative delay
does not violate causality, however, the time is bounded from the below. In the presence
of square wells in one dimensional systems negative time delays have been observed. This
effect is termed as ‘ultra Hartman effect’ [ see for details [119] ].

As the next case we consider the same Y-junction network system with two side branches,
each containing a potential barrier. The width of the barrier in arm S1 is set at a large value
(say 100) where all the phase times get saturated. Now we shift the position of the barrier
in arm S2 away from the junction and study its effect on the saturated transmission and
reflection phase times. In Fig. 5.14 we have plotted all these three quantities 7,1, 752 and 7,
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FIGURE 5.15: Here for a 3-way splitter with one barrier in each side branch $7 and S2, the
‘saturated phase time’ 71, is plotted as a function of ‘ws’. The dashed and solid curves are for
lby = 0.5 and 2.0 respectively. Other system parameters are £ = 1, V; = 15, V5 = 5, Ib; = 100.0
and wy; = 2.5.

as a function wy. Earlier we have shown in Fig. 5.12 that by changing a nonlocal parameter
V, one can tune 7, whereas Fig. 5.14 shows change of another parameter ws can tune
7,1 nonlocally. Note that 7, 7 also depend on w,. From Fig. 5.14 we see that [ta|? (|r|?)
shows resonances (anti-resonances) as a function of ws. These resonances are associated with
resonances in all three phase times. Among which 7, shows maxima-minima structures at
these resonance w, values whereas other two phase times show only positive peaks. As |t2|?
and |r|? have finite non-zero values, these variations in phase times should, in principle, be
observable in experiments. In Fig. 5.15 we have plotted 7; as a function w, for two different
values of the width lby of the barrier in arm S2. Note that as we increase the width [by, the
frequency of getting negative saturation values (751) reduces (see the solid curve in Fig. 5.15)
and increasing the width lby further, the negative saturation goes away. This is in agreement
with the discussions in previous paragraph.

Finally consider a similar system as that shown in Fig. 5.10, but in presence of N(>
2) identical side branches and study phase time as a function of increasing N. All the
side branches being identical the ‘phase times’ for transmission through each of these arms
Sp,n = 2,3,--- N saturate to the same value 7, for very large Ib,. In Fig.5.16 we plot the
saturation value 7, as a function of the total number of side branches N present in the
system. From the figure we see that for V = 5, 7, first increases with N to a maximum value
of 3.776 at N = 9 and thereafter keeps on decreasing with the increase of V. As we start
reducing the strength of the barriers from 5 we see that for V' = 1.49 the increasing nature
of 75 in small N range vanishes. In general, at larger N, the decreasing nature of 7, with NV
persists, e.g., note the solid curve in Fig.5.16 plotted at V = 1.25, but the initial increase in
T, 18 not a generic feature. For larger N transmission amplitude in each side branch reduces
with increase in IV and hence the corresponding peaks of wave packets reach the far end at
earlier times thereby reducing 7.
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FIGURE 5.16: Here N (> 2) number of side branches each with a barrier of strength V' and width
Ib(= 100) are connected with the incident arm Sp. In each arm barriers start at the same point
w(=1). Thus all the side branches being identical the ‘phase time’ for transmission through these
arms Sp,n = 2,3,--- N saturate to the same value 75. The saturated ‘phase time’ 7, is plotted as
a function of the total number of side branches N in the system. The dotted and solid curves are
for V = 5.0 and 1.25 respectively. The incident energy is kept at E = 1.

5.4 Conclusions

We have verified the Hartman effect in different quantum ring geometries in the presence
of Aharonov-Bohm flux. We have studied the transmission phase time for a ring connected
with two leads and and reflection phase time for a ring connected with a single lead. Both
the studies show that the phase time for a given incident energy becomes independent of
the barrier thickness as well as the magnitude of the flux in the limit of opaque barrier. In
addition, for the later case of a ring connected with a single lead, introducing a potential
well between two successive opaque barriers covering the entire circumference of the ring,
we have found that the saturated reflection phase time becomes independent of the width
of the well for energies away from the resonances. This implies, as if, the effective velocity
of the electron within the well becomes infinite or equivalently length of the well does not
count (space collapse or space destroyer). In absence of AB-flux we have obtained analytical
expressions for the saturated reflection and transmission phase times for the two above
mentioned geometries.

We have then extended our studies on Hartman effect in quantum network consisting of
a main one dimensional arm having N (> 2) side branches. These side branches may or may
not have barriers. In presence of barrier the ‘phase time’ for transmission through a side
branch shows the ‘Hartman effect’. In general, as the number of side branches N increases,
the saturated ‘phase time’ decreases. Due to quantum nonlocality the ‘phase time’ and it’s
saturated value at any side branch feels the presence of barriers in other branches. Thus one



5.4 CONCLUSIONS 99

can tune the saturation value of ‘phase time’ and consequently the superluminal speed in one
branch by changing barrier strength or width in any other branch, spatially separated from
the former. Moreover Hartman effect with negative saturation times (time advancement) has
been observed for some cases. In conclusion generalization of Hartman effect in branched
networks exhibits several counter-intuitive results due to quantum non-locality. System
parameters such as number of side branches N and barrier widths Ib,, strengths V,,, distance
wy, (from J) and incident energy E etc. play very sensitive roles in determining delay times.
The delay times are also sensitive to the junction S-matrix elements used for a given problem.
In our present problem junction S-matrix is determined uniquely by the wave guide transport
methods. Depending on w, there may be one or several bound states located between the
barriers in different branched arms and as a consequence saturated delay time can be varied
from the negative (ultra Hartman effect) to positive and vice-versa. We have verified this by
looking at the transmission coefficient in the second arm S, which exhibits clear resonances
as a function of wy. Moreover the reported effects are amenable to experimental verifications
in the electromagnetic wave-guide networks.
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Chapter 6

Conclusions

In this thesis we have discussed several new results. We started off with an introduction in
chapter 1 and discussion of some theoretical and experimental background in chapter 2. In
chapter 3 we have shown that for an open mesoscopic conductor the system-environment
(conductor-lead) coupling plays a very important role in its conductance phenomena. The
effect of environment (reservoir) through a term called self energy, which is a function of
system-lead coupling, modifies the canonical FSR, which connects the experimentally mea-
surable scattering phase shifts to the DOS of the system. We have verified the FSR for
Q1D quantum wire in presence of static impurity. For single channel transport, our studies
for attractive impurity show that the self energy is negligible at Fano resonance, a strongly
quantum regime arising due to degeneracy of scattering states with quasi - bound states.
Thus the canonical form of FSR is shown to be exact at a strongly quantum regime, in
contrary to the earlier belief that FSR should be exact only in WKB or quasi-classical limit.
Far from the Fano resonance, at almost all energies available for single propagating channel,
self energy dependent term is not negligible. We have further shown that, both for attractive
and repulsive scatterers, at the upper band edge the energy derivative of self energy van-
ishes making canonical FSR exact. In multichannel propagation, again, we have obtained the
same results. We further observed that for attractive impurity, the energy slope of scattering
phase shift (phase time) can be negative indicating super-luminescence. Then in section 3.6
we have explained the origin of Fano resonance, ubiquitous in quantum transports, by an
exactly solvable model, namely, one-dimensional Dirac delta potential.

In chapter 4 we have shown the presence of current magnification (CM) in a multi-
channel quantum ring in presence of a scatterer that gives rise to mode mixing. This is an
non-equilibrium effect driven by the chemical potentials of reservoirs the ring is connected
to. We have shown that CM is a robust effect for a system weakly coupled to reservoirs,
despite all the mode mixing and cancellations. The circulating currents are large and are
mostly with Fano resonances in total transport current. We discussed the impact of impurity
strength, system-lead coupling etc. on CM. The persistent current, an equilibrium effect due
to external magnetic field, is known to increase with increase in number of propagating
channels. In contrast to that, the magnitude of circulating current in CM is independent
of the number of propagating channels. We have discussed the experimental possibilities to
verify the different predictions of our theoretical calculation of CM.
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In chapter 5 we have probed Wigner phase time in different quantum geometries. We have
verified Hartman effect in ring geometries ( in presence and absence of magnetic flux) and
in quantum networks. We have verified the concept of space collapse in ring geometry. We
have, further, shown due to quantum non-locality the phase time and its saturated value at
any side branch feels the presence of barriers in other branches. Therefore, non-local tuning
of saturation phase time is possible. Moreover time - advancement and ultra Hartman effect
was observed. The delay times are also sensitive to junction S-matrix and and therefore
system lead coupling is expected to modify them. The reported effects are amenable to
experimental verifications.

Our investigations in the realm of mesoscopic physics have highlighted some basic and
important points. We worked in a regime of length scales < [ the phase coherence length.
Within this length scale interference effect plays the leading role. This is which gives rise to
phenomena like CM and quantum non-locality. Mesoscopic wires being Q1D, confinement
plays a crucial role by generating independent channels. Thus multimoded transport along
with mode-mixing at the scatterer sites are important in studies of mesoscopic physics. The
other principal point is the finite size (inter-facial) effect introduced by system-lead coupling.
The inherent small size of mesoscopic samples makes it pertinent to study the impact of this
before deciding if in some special cases such effects could be neglected.

In general electrons at or near the Fermi level take part in quantum transport. In low
temperature transport in mesoscopic systems electrons are assumed to be non-interacting
as we have done throughout this thesis. However, in mesoscopic sample sizes, electron-
electron coupling should play a crucial role. A full many body calculation incorporating
various interactions of electrons with other electrons, phonons, electromagnetic fields, other
excitations etc. is a way forward. At the Fermi level, electrons of a normal metal being
unpolarized [120] we often neglect the associated spin degree. But for ferromagnetic metals,
the electrons can occupy either up or down states at Fermi energy. Thus electronic current
is spin-polarized. A spin-polarized FET like transistor has been proposed [121] in which
conductance can be controlled by choosing polarization of the reservoirs and a gate voltage
utilizing Rashba spin-orbit effect. Spin polarized transport and spintronics are other future
direction. Quantum adiabatic transport and quantum pump is the other field where both
theoretical [122] and experimental [123] progresses have been achieved. Other interesting
areas are single electron tunneling, quantum chaos in micro-structures, mesoscopic structures
combining normal metal and super-conducting components etc.

With the ever increasing miniaturization, the transport concepts derived from classical
drift-diffusion theory does not remain valid in characterization of sub-micron sized devices.
The currently available devices contain feature sizes of ~ 100nm. With the advent of nano-
technology it appears that, sooner rather than later, quantum effects will become very im-
portant in operations of futuristic room temperature devices of dimensions in the molecular
range. STM, AFM techniques may be useful to achieve such devices. The effects we have
studies in this thesis can be verified in low temperature experimental facilities that are cur-
rently available. In addition, some of the effects discussed may find applications in futuristic
devices.



Appendix A

Scattering and transition amplitudes
in Q1D quantum wire

In this appendix we recall the ‘mode rescaling procedure’ [60] to obtain different scattering
and transition amplitudes of a multi-channel Q1D quanrum wire in presence of a Dirac delta
type static impurity potential.

A.1 DMode rescaling procedure

Bagwell [60] introduced a very useful technique, namely, ‘mode rescaling procedure’ to study
multi-channel systems as shown in Fig. 2.8 with ‘singular’ impurity potential. This method
we have used in our study on Q1D geometries, namely, the quantum wire and the mesoscopic
ring, in presence of Dirac § impurity. Below we sketch the ‘mode rescaling procedure’ which
would be repeatitively referred in the body of the thesis.

Using ¢(z,y) from Eq. (2.39) into the Schrodinger Eq. (3.63a), we obtain an equation of
motion for the Fourier coefficients ¢, as ‘

_61_2%.’2_) + k",z1 cn(z) = Z Lom(2) em(2) (A1)

where I'y,,(z) are the mode coupling constants which give the amount of mixing between
different modes at the impurity potential as

Trm(2) = 2;;6 / dy Xn(y) Va(z, ¥) Xm(y) - (A.2)

The longitudinal wave vector k, becomes n dependent wave vector as

(E — E,). (A.3)

The sum on the right hand side of Eq. (A.l) includes both m = n and m # n terms
t.e. contributions from all the modes are taken into account. Now we consider a singular
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potential as the impurity, e.g., a Dirac-delta function potential at x = 0 and y = y; in the
quasi-one-dimenional (Q1D) wire sample as shown in Fig. A.1. Thus

Va(z,9) = v6()6(y — ), (A.4)

with strength 4. Using Eq. (A.4) in Eq. (A.2) and then the orthogonality condition for the
normal modes, Eq. (A.1) reduces to

d cn(z) _ deu(z)
dx le=ot dz

z=0—

= > Tumem(0), (A.5)

where the x-independent mode coupling constant

2mey
Com = hﬂ X (Yi) Xm (¥i) (A.6)

are proportional to the strength of the impurity and the size of the wave-function at the
impurity.

FIGURE A.1: Quasi-one-dimensional wire with a Dirac-delta function impurity potential
V(z,y) = v6(z)6(y — y;), marked as x, of strength 7 is situated at x = 0 and y = y;.

In the regions where the impurity potential is absent eg. on the left and right of the
impurity, the solutions to Eq. (A.1) are

A, et 4 B e~nZ 2 <
@) ={ Gl o e (A7)
for the propagating modes and for evanescent modes
_ Ape ™ + Boef® 1 <0
Cn(.’ll) - { Cn e—nnm + Dn emnx’ > 0 ) (AS)
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with k2 = %m—ﬁ (En — E). From Eq. (A.5), for n-th propagating and evanescent mode using
respectively Eq. (A.7) and Eq. (A.8) we obtain ’

ikn(Cn — D) —ikn(An = Bn) = Y Tnm (Am + Bn) (A.9)
~kn (Cp = Dp) + in (An = Bp) = D T (Am + Brn). (A.10)

Continuity of wave function at the position of the impurity potential gives another boundary
condition

A, +B,=C, + D, (A.11)

for all normal mode indices n. Following normal textbook on Quantum mechanics, we
consider particles incident only from the left i.e. D, = 0 for all n. Besides, for evanescent
waves, A, = 0 as far away from the impurity the evanescent waves vanish. Thus we obtain
from Eq. (A.11), A, + B, = C, for all propagating modes and B, = C, for all evanescent
modes. Once A,, B, and C,, are known, the current transmission and reflection amplitudes in

: : : r _ [k _ [km C s _ [k -
the scattering matrix can be obtained as t,,, = Wtem = 4/ P2 and 7y, = W Tym =

,/%: %: respectively. Bagwell showed [60] a very effective technique for solving infinite set

of coupled equations (A.9), (A.10) and (A.11) by truncating them to a finite size.

For an example, consider electron is coming with an energy Ey < E < Ej so that two
propagating modes are present in the system. In addition, let us consider only two evanescent
modes in the Q1D wire. For the case when mode one is incident on the impuriy i.e. 4y =0

and By = (; we can write the coupled matrix equation from Eq. (A.9), (A.10) and (A.11)
as

—2ik; Py — 2iky I'2 I3 4 i
0 | 0% Lo — 2iky [os Ioy 12
= ) A.12
0 ) I3 Tsz +263 Ty t13 (A12)
0 P | TS | RS Tya + 24 14

In Eq. (A.12), let us eliminate the highest evanescent mode i.e.expressing t14 in terms of #1,
t12 and t;3, we obtain the 3 x 3 matrix equation

—2ik; 1,4 — 2ik NP T34 tn
0 = [o14 [op4 — 2iky T34 tiz | (A.13)
0 [314 Fag.4 I's34 + 2k3 13

where the previous ‘mode coupling constant’ is rescaled by the highest possible evanescent
mode (¢.e. mode four) present in the system as

2KJ4

Tpma = Do —— b
nm,4 nm F44 + 2/{/4

,ymym=1,2,3. (A.14)

In Eq. (A.13) further expressing t;3 in terms of other two transmission coefficients i.e. ¢;
and t1o we obtain

—2iky Fy13-4 — 2iky Ii2,3-4 [ ti1 ]
= | 84 , A.15
[ 0 ] [ La1,3-4 Loz 34 — 2iky t12 (A.15)
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where the new ‘rescaled mode coupling constants’ are

2K
an,3—4 = an,4 T 3

_— =1,2. Al
= nm=1, (A16)

In general, for electron incident on the impurity with energy lying in the range E, < E <
E,y1 i.e. maximum number of propagating modes present in the system is p(> 1), the
rescaled ‘mode coupling constant’ is

2Kp+1

an,(p+1)—e = an,(p+2)—e T y ym = 17 2) -..D, (A17) :

p+1p+1 T+ 2Kp4+1

where e is the maximum number of evanescent modes. From the above rescaling procedure,
it is clear that the total effect of the evanescent modes comes into ‘rescaled mode coupling
constants’ which eventually become energy dependent [compare Eq. (A.6) and Eq. (A.17)].
Whenever incident energy of the electron aligns with the bottom of a subband, all the modes
completely decouple from each other and each separate mode shows perfect transmission.
For example, in the system considered above with two propagating modes, if E = Ej, then
from Eq. (A.16), I'yms-sa = 0 and from Eq. (A.15), ¢;; = 1 and ¢13 = 0. For the case when
mode two is incident on the impurity, a similar equation for t5; and t9; , as Eq. (A.15), gives
to;1 = 0 and t32 = 1. In the mode rescaling procedure, the infinite set of coupled equations
(Eq. (A.9, Eq. (A.10) are truncated to a finite set of equations. In this process of truncation,
to get the correct result, the number of evanescent modes are considered depending upon
the strength of the impurity in a way such that the density of states of the evanescent modes

(3 7<) times the strength of the impurity is very small i.e. % ey << L

A.2 transmission and reflection amplitudes

Considering one propagating mode in Eq. (A.12) i.e. when energy of incident electron lies
in the range By < E < E», one can obtain (see [60])

tn = 1+, (A.18)

where ry; = Tiiz-e (A.19)

ik (1 — E.LL&:.E)

2ik1
and [tu]* + |ful? =1 (A.20)
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which is the current conservation identity. In the similar fashion, for two propagating modes
i.e. when energy of incident electron lies in the range E, < E < Ej, Eq. (A.12) gives

tu = 1+ rn, (A.21)
113
where r; = 113 ; (A.22)
2%k 1 Ti113-¢ I'p23-¢
Wi\l T Tk T T 2iks
_ _ 213
he = M2 = %k, (1 Ti13-¢ Ta23-. (A'23)
W2\l T Ttk T T 2iks
_ I'i23-e i
togr = 1o = oip (1 Tiipee _ Tosae)’ (A.24)
\ Wi\ T Tk T T 2iks
tog = 1+ 7o, (A.25)
Ta0 3
where 7o, : 1“1212;3_ - SR (A.26)
2iky (1 T T2k 2iks )

In this case, the current conservation satisfies the following equations

[t + [t2l® + +rul® + |re? = 1, (A.27)
[ta1]® + [taal® + +lrar)® + [reef® = 1. (A.28)

From Eq. (A.19), Eq. (A.23), Eq. (A.23), Eq. (A.24) and Eq. (A.26) one can obtain the
reflection amplitudes 7, (see Ref. ([60])) as

r

Z.\/_k z
Tom = nom oV (A.29)
1+Za #-{-z ? el

where Z represents a sum over all the evanescent modes while Z" represents a sum over
all the propagatmg modes considered in the problem. Here the subscnpts m and n corre-
spond propagating modes. Eq. (A.29) also holds for intermode transmission amplitudes #,m,
where m # 7, as we can see from Eq. (A.23) and Eq. (A.24). The intramode transmission
amplitudes #,, are obtained from #,, as f,, = 1 + 7n, (note Eq. (A.18) and Eq. (A.19)).

A.3 Transition amplitude from propagating to evanes-
cent mode

From Eq. (A.12), for one propagating mode and one evanescent mode we find out the tran-
sition amplitude from propagating mode 1 to evanescent mode 2 as

T2

ty = 252 A.30
1 1+§,§§+z§ﬁ ( )
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Similarly, for two evanescent modes Eq. (A.12), we calculate the transition amplitudes to
find,

_r
ty = — A (A.31)
1+32 +38 4053
_r
tiy = — (A.32)
I+ 32+ o8 4438

Increasing number of evanescent modes in Eq. (A.12), we have also obtained the the general
expression for the transition amplitude from the propagating mode to the j-th evanescent
mode as
Iy
. - 2K
= L
L4301 g +i L

which is the Eq. (3.28) in section 3.4.

t1; )



Appendix B

Global DOS in a Q1D quantum wire

In this appendix B we present the derivation of Eq.(3.27) i.e. change in global DOS in
presence of a Dirac delta type static scatterer in a multi-channel Q1D quantum wire. As an
example, here we consider only two propagating modes. The global density of states is given

by
= 3" 6(E - Enp,) / dz / dy 3 W (2,9 (B.1)

m km nykn

where i, (z,9) =D, ™ (2)xn(y) and Ep, kn 18 the energy of an electron in the leads.
Enmkn = g::’:;?z + h;:z ;where m = %1, £2, as there are two propagating modes in the leads.

As xn(y)’s form an orthonormal set,

Z(SE Emkm/ d:UZ|c1(%m)(x)|2

m,km n

First considering electron incident from the left, the partial density of states is

1 1
p1(E) = m—l-/ de‘C(l)ZIJ —I—h—v2/ delcm

1 1
= — —T12 B.2
hvy T1+ hng (B2)

So
p(E) = p1(E) + p2(E)

” hk
where po(FE) is the partial DOS for electron incident from the right. Here, v; = L and

Me
Bk

T1 = /oo dwz |c,(11)(m) 2
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where electron is incident in the fundamental mode (denoted by superscript(1)),

1?11 6ik1w for x>0

o~ —’kzm
1) _ | Tiz 7 for £ <0
¢ () = { tip %% for £ >0

1 etk1Z 4 5 e~ for ¢ < 0
P(z) =

and for n > 2,
t1, € for x <0
) _ n
e (@) { ty, e "% for x >0
So,
0 0o B
T1 = / dz 1 + |F11]* + 2|F1| cos(Zkiz + m)] + / dz|ty |?
-~00 0
2 e o [tef o [taf
/ dalfral® + / doffpf? + 20 4 Tl

Here, 7, is defined as 7; = |F11|e .
Similarly, when electron is incident in the 1st excited mode (denoted by superscript(2))

[l

= / dz [1 + |Foo|® + 2|F20| cos(2kez + m2)] + dx|522|2

T2

t 2
+ / d.’EI’I”zll / d.’Blt 12 | 23' |t24| ...... )

Here, 7, is defined as gy = |Fg2|e ™. Therefore,

1 2 2 2 2
pg) = Il / o+ L2 ImL / 2l / dz + Il / dx

9 2
___|?"11| dx cos(2kix + m) + i / dz cos(2ksz + 7o)
h’Ul —00 h 2 —

E 2 { 2 00 ‘t” 2 i.' 2 o0
4 |t11] +|12|/ d:l:+|21| +|22|/ dr
hvy 0 hwva 0
1 [|ts)? t1al? 1 [ |tos)? toa|?
S 417 V1 R WO 6 I R T GO
hu, K3 K4 hvsg K3 K4

Due to time reversal symmetry, f12 = 77'21 & 512 = 521. We put flg = le, 7:21 = Flz, 512 = 1?21,
to1 = t12 in the 3rd, 4th, Tth and 8th terms respectively.

+
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Therefore,
1 ~ 2 =~ 2 0 1 o4 2 4 2 0
m(E) = + [7ul* + |7 / dxr + t [71al” + [P0 / dzx
hv, —00 hvq —00
i’ 2 .’t" 2 o0 t~ 2 E 2 oo
n |11l+|21|/ dx+|12|+|22|/ de
hwv, 0 h
2|7 0 2
+ %/ dx -cos(2kiz +m) + |T22|/ dz cos(2kex + 12)
1 —

1 [ |ti3)? tial? tos|? toul?
IR 1 L1 I WO 1 Tu 7| A
hvi \ ks K4 hvy \ k3 K4

Now adding and subtracting the following terms,

t~ 2 0 E 2 0 Z 2 0 Z 2 0
—|“‘/ dx,————|21|/ dx,|22|/ dx,—'”' /-d:c,
hvy J_o hvy J_o hvy J_oo hvy J_o

we get,
p1(E) 1+ |72+ lfzilz + [Eul? + [ |2 /0 dz
U1
L L[l + [Pl o+ [l + [Fal? /" "
h’l)z —00

2| [° 2/l [°

+ - 7 / dzx cos(2kix +m) + 722 dz cos(2kox + 7o)
hvy J_ hvy —00

1 (|ts]? | [ta)? 1 (|tas]® | |tosl?
PR 1+ S U1 +__<|_2‘oi+|_3i+... ,
hvy \ ks K4 hvy \ K3 K4
Now |fll|2 + IF21|2 + |£11|2 + |521|2 =1 and |7:12|2 + |f22|2 + |£12|2 + |£21‘2 =1.
Similarly we can calculate p(F) and thus,

_ d
pE) = o / o + / z

2 ~ oo
+ 2| / dz cos(2kix +m) + _|_T_2i|/ dz cos(2ksz + 12)
h'l)1 hvg —00

t13/? t14]? 2 tog|? toq|?
(el Y2 (el el
hv1 K4 hvy \ ks K4
(B.3)

Now F%I [2 do + h%z [ dx = po(E) i.e. DOS in the absence of scatterer. So we get

2)17;)11‘ / dx COS(2]€I1.’E + 771) / dz COS(2/€2.’L' + 772)
1 J—

2 [ |ti3)? t14]? tas)? tosl?
2 (el Pl N 2 (Bl
hv, \ ks K4 hvy \ K3 K4

(B.4)

2‘7"22[

p(E) = po(E) =
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Appendix C

Scattering amplitudes from
double-delta potential in 1D

Considering the symmetric scattering potential in Fig. 3.1, the scattering matrix S of the
structure can be found by cascading the scattering matrices of different parts, i.e.,

S=(:; i>=51®52®53,

t, ,’,.I

and 822(?_ 6)

%E. S, is the scattering matrix for the free region II of

where Sl=83=(r ¢ >

Here 7 = €', ¢ = kl and k =
length ! between the two scatterers. 7’ & t’ are the reflection & transmission amplitudes due
to one of the two potentials when isolated.

After cascading these three matrices the resultant scattering matrix of our system be-

comes
12,2,/ 2
S = r’ + 1t~—;-’2:2 1—t'r"2'r2
t"2r T‘l+ t272¢f :
1_7./27-2 1_7../27-2
And so,
H272p 2 27 2
det[S] = (T’ + T 7"’27'2> — (————1 — r’27'2> (C.1)
1
(1 CRP (M + N), (C.2)
where M r2(1 — r?7%)? (C.3)
and N = (1 —r"272) (2t%"%712 — ¢7?). (C.4)
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From Eq.( C.1),
odet[S] 0A OB
= 245 -5%) (C5)
, t/2 ,r.
where A = 7'+ T2 (C.6)
2T
and B = '1—_——7:,'5;_3 . (07)

Using Eq. (C.5), (C.6) and (C.7) we find

8d6t[S] _ ' 27"/3 7-2 B t/2 + ,’,./2t/2 2
5% = 2[A (21~B+——————1_T,2T2 — B 1_T,2T2
2273 B Il 6
+ 2 [A (1 +Br+ - T,QTZ) - B (1 ~ Mﬂ)} -
/ _ 2Ttl 8_tl
+ 2 [27" TAB—-B <——————1 — s 5" (C.8)

To obtain Eq. (C.8) we retain the energy dependence of 7/,# and 7. Hence our results
correspond to real potentials and we do not parameterize the S matrix in a special way.
Now we apply this result to the case of double delta function potential in Fig. 3.2 and
illustrate the significance of the last two terms in comparison with the 1st one in Eq. (C.8).
We should emphasize here that the calculation in this appendix holds even if the d-function
potential is replaced by the square-well or any arbitrary potential. Thus in the regime where

' / . o
-@a%—»Oandg—tquOandumngg—%:zv',

ddet[S] _ , 2r'3 2B ¢2 4 p2¢272 .
56 2 [A (2r B+ T3 )~ B T iT. (C.9)

At this point we substitute the values of A and B from Eq. (C.6) and Eq. (C.7) respectively
to get

ddet[S)| 1

Now , 8; = %ln(det[S]) (C.11)
00y % 0¢
and so 3E 36 OF

From Eq. (C.11), Eq. (C.2) and Eq. (C.10)

00y 1 1 Odet]S]
06 2 det[]S] 0¢
1 1

1—r272 Mg
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Multiplying the numerator and denominator by ﬁl—:"—l/i;T—zt we get

|+
00y 1=t (A=) 1
¢ — [1-r2r22 1|t M4
1—|r ‘
| 1= 7272 |2 Q, (C.12)
1— 12,2\ %
where, Q = (L) L (C.13)

I—|r|¢ X4

1_1*2*2__1 /4 4

(=) =i | P
1— | |4 +1

(as |7]*=1).

&S

Since 1 — |72 = |¢/|?

—7"’*27'*2+ | r! |4| T |4 1
= 1 . C.14
¢ [ @ 17 Pl ] T (C14)

Now substituting the values of M and N from Eq. (C.3) and (C.4)
_7.1*27_*2(1 _ 7"27'2)—!- I ¥ |2 (1+ | r l2) —t’27'2(t/2 _ 27./2)
| # |2 (1+ | r! |2) ,,,./2(1 _ 1"'2’7'2) — t’27'2(t'2 —_ 27./2) '

Q= (C.15)
Using, ' =|7'|e® and ¢ =|t|e?,
Q — [lT'P|t/|2‘7‘l462wt62i(0t_0’) _ l7"|4|t,|2|7'|47'264i0t
|t/|47_2e4i0t _ lt/l4|,r,/|27.2e4i0t - 2l,r,l|4|7_‘462i9t "
+ 2|7~/’6|7—|47-262i(0t+0r) + 217./|2|t/|27_262i(9t+9r) + 2‘T,/|4|It/|2T2e2i(0t+0r)]/D’

where, D = (14 |7 [2)(= |t/ |* T2e¥— | o/ |* 72e%0r
+ 2 | v |2| r |2 7_262@'(er+6’t)+ | r |2 e2it9r). (0.16)
Now it follows from unitarity that e%(® %) = ¢i" = —1 and |7|* = 1 and so
Q — [_Irll2|t1|262i0t _ |,r,/|4|t/|27_264i0t _ |t/l47_2e4i0t . |tl|4|7‘/|27'264wt - 2|,rll462i0t
+ 2|,r,/|67_2e2i(0¢+0,~) + 2|,rl|2|t/|27_2€2i(0t+0,~) +2lr/l4|tl|2T262i(0¢+0r)]/D
= e PR 4+ 20 ) — (1P )
(e4i0t|t/l27_2 _ 6213(0¢+9,«)2|T,I|27_2)]/D. (C.17)
Now inside the {} brackets if we use the fact that | 7’ |2 + | ¢ [*= 1, then

Q — [_e2i0t|r1‘2(1 + |7"l|2) _ e4wt|t/|27_2 + 2e2i(0¢+0,.)|,,,1|27_2]/D, (0.18)
Multiplying numerator and denominator above by e~2{®+) and putting e%(%—0) = " =
—1, we get
_ _6—210,«|r1'2(1 + |7,/|2) + Tz(lt/|2 + |,r/|2) + |r1i27_2
QR = D’ !
where, D' = De %0r+0) (C.19)
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Again using || + |¢/|2 = 1,

(L4 [PP)(2 — ey

Q= i (C.20)

Now from expressions (C.19) and (C.16)
D' = (1+ |[]2)[|r' e — |r/|A72¢=20—0n)

—[¢ 426200 4 o' 2|1 277,
As b, -6, =%,

D = (14 I Pe™ 4 2 + 1P
where of course | ' | + | ¢ |2= 1. Substituting D’ in Eq. (C.20),

gurIrEe
24 | 7' |2 e~ 26

Multiplying numerator and denominator of Q by e?? and using e?(®—0r) = " = —1 we

get from (C.12)
00y  1—|r|*
8¢ - | 1 — 272 12




Appendix D

Location of the transmission zero

For scattering in three dimensions from spherically symmetric potentials the S-matrix is
diagonal in the orbital angular momentum partial wave channels and hence unitarity forces
each diagonal-element to be of the form e%%, where ¢ is the corresponding phase shift. For
a one dimensional problem with particles incident from the left (z|k) = \/—12—_1—7 et*® we search
for solutions of the form

L + aE{L) e~k 4 o
ag.,L) e@km , T — +OO

w(a) — { (D.1)

where a;L) is the reflection amplitude and ag,L) is the transmission amplitude for left incident

particles. Similarly for particles incident from the right (z| — k) = —\/12——; e~*2 we look for

e—ikm + CL(R) eik;w T — 400
v —{ Cm, L (D.2)
T )
where agiR) is the reflection amplitude and a(TR) is the transmission amplitude for right incident
particles. Thus the S-matrix has the form

D o®
o= (& ) o0

If V(z) has the symmetry V (—z) = V(z), then clearly o) = a{®) = a,, and a{") = o = a,,

Gp Qg

and accordingly as S = ( ) , which has the eigenvectors 71——5 ( 1 ) and % ( L )

-1
belonging to the eigenvalues ?LT +1£L » and a, —a, respectively. Hence with these eigenchannels
G + g 0 ) Note that for V(z) =

0 a, — Qg
—\6(z) we have non-trivial scattering only in the even channel. Thus a, —a, = 1 and
a, + a, = A. Therefore, a, = % (1 4+ A). Some authors adopt a different definition of the
S-matrix from what we have used [5]. For the present purpose we prefer our convention
because as V — 0 we have S — I as in the case for three dimensional case.

as basis, the S-matrix is diagonal with § =
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Appendix E

Location of the Resonance and
determination of the width

It is best to look at A above the threshold £ = A for the opening of the inelastic channel
viz. both channels open and track its pole in k so that the sheet structure also becomes
clear. Eq. (3.69) gives for the pole
AN
—i=+-2=0. E.l1
q z + o7 =0 (E.1)

At X = 0 the pole is at ¢ = z ork?=A-2 Wlth A= 2’"A . Now if we switch on ), and
assume \, is very small, we may write

k=4lA- (1 + 61 +1462) (E.2)

.4>|>*’

where 51 and J, are small and become smaller with smaller )\
Thus, ¢®=k?— A~ — + (A ) (62 — 62 + 261 + 2i63 + 2i616,) and

2(A
__(_________)_ (5% — (Sg + 2(51 + 27,52 + 2@5152)

4;|>"

P

LAY
“‘XT")‘ (67 — 62 + 2i61,5,))]. (£.3)

In taking the square-root of q® we have carefully taken the correct sign so that de — 0, the

. s
pole is at ¢ = i5.

Lo o (trh ity
k — =
A-%
o i (1= 6 — iy + 8 — 6+ 280y + ) (E4)
A~

119



120 LOCATION OF THE RESONANCE AND DETERMINATION OF THE WIDTH

If we keep terms up second order in ¢ in Egs.(E.3) and (E.4) and use them in Eq.(E.1), we
see that the lowest order terms in § (with A2 of the same order) in imaginary and real part
of the Eq.(E.1) yield

2(A -2 32 A-Xy 3
——(—7—4)51—ﬁ;52 +8(~—4)A55§=0 (E.5a)
A 4 A 32 24 2
Ve— 7
2(A - & 32
Ch 4)52+59——-1———(1—51)=0. (E.5Db)
A 4 JR_ 3

Note that although & is of O(X%) , &, is of O()2). From the above two relations [(E.5a) and
(E.5Db)]
2 A

DA | S S
’ 8(A — 22y3/2

(E.6)

Because ¢, is of ~O(5\‘c‘), the imaginary part of the Eq.( E.1) must contain §; and 62 which
are functions of A2, Thus we obtain

F (A Ry '

We use Eqgs.(E.7) and (E.6) and find the pole position from Eq.(E.2) as

. < i o 22 i ~
ey px ZA+XN) i A gy
TN SRV
h2 k2 2 [32 . (A4+2 2 _ 3
E,,——ZEE' p:A—h— /\——)\‘cl (~+4~ z-h—)\g = A (E.9)
2 2m 2m | 4 16(A — x\%)z 2m ° 4(A — 22)1/2

which are Eqgs.(3.70) and Eq.(3.71) in the text.
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