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Abstract
Quantum mechanics has many counter-intuitive consequences which contradict the common intuitions that are based upon the theory of classical
physics. In quantum mechanics one can prepare two particles in such a way
that the correlation between them cannot be explained classically. These
correlated states, known as entangled states, are often used in quantum information processing tasks like quantum teleportation, quantum dense coding, quantum secret sharing etc. Entanglement, the basic feature of quantum
information theory, can be studied from various perspectives, its quantification, characterization and its detection. The present context is mainly based
upon its applications. Another important aspect of quantum information
theory is the study of mixed entangled states and how can these states be
effectively used in quantum information protocols remain as the fundamental
concern. Here, the efficacies of maximally and that of non-maximally entangled mixed states as teleportation channels have been studied. A new class
of non-maximally entangled mixed states have been proposed also. Their
advantages as quantum teleportation channels over existing non-maximally
entangled mixed states have been verified. The mixed states can also be
generated using quantum cloning machines. We have also studied how one
can utilize the mixed entangled states obtained as output from a state independent quantum cloning machine in teleportation and dense coding. Mixed
states can also be used in secret sharing. A new protocol of secret sharing
has been devised where four parties are involved. One of them is honest by
nature and the other is dishonest. The dishonest one has two associates who
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are also involved in the protocol. It has been shown how the honest party,
by using quantum cloning machine, can prevent the dishonest party from
communicating the secret message to his accomplices. A relation has been
established among entanglement of the initially prepared state, entanglement
of the mixed state received by the recipients of the dishonest one after honest
party applies the cloning scheme and the cloning parameters of the cloning
machine. The usefulness of tri-partite and four-partite entangled states in
controlled dense coding has been discussed. The thesis concludes with the
summary and possible courses of future works.
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Chapter 1

Foreward
“ I cannot seriously believe in it(quantum theory) because the theory cannot
be reconciled with the idea that physics should represent a reality in time and
space, free from spooky actions at a distance (spukhafte Fernwirkungen)”
- Albert Einstein
(Letter to Max Born (3 Mar 1947). In Born-Einstein Letters (1971), 158).

Information processing is an evolving science. In the beginning of 21st century much of information processing has evolved from its classical to quantum
counterparts and it will reach a new era in the coming years with the advent
of quantum computers. At the heart of all these, there lies a feature, known
as Entanglement, one of the most remarkable and enthralling facets of quantum mechanics. This idea goes back a long way - all the way back to the year
1935 when Albert Einstein, Boris Podolsky and Nathan Rosen (commonly
known as EPR), published a philosophically sounding paper titled -“ Can the
quantum mechanical description of reality be considered complete?” [1]. This
1
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paper, written by the quantum misanthropist Einstein, was actually designed
to show that quantum theory was an incomplete idea.
Schrodinger however commenting on the EPR paper, coined the term Entanglement which is the exact translation of the German word Verschrankung [2].
Entanglement is a very puzzling phenomenon and it is very difficult to provide an intuitive and simple explanation of this subtle phenomenon which
has no classical analogy. Richard Feynman rightly said, “A description of
the world in which an object can apparently be in more than one place at the
same time, in which a particle can penetrate a barrier without breaking it, in
which widely separated particles can cooperate in an almost psychic fashion,
is bound to be both thrilling and bemusing” [3].
In 1964, Bell accepted the EPR conclusion as a working premise and formalized the EPR deterministic world idea in terms of Local Hidden Variable
Model (LHVM) [4]. He showed entanglement as that ‘characteristic trait’ of
quantum mechanics which made impossible to simulate the quantum correlations within any classical formalism. He formulated certain inequalities, now
a days famously known as Bell-inequalities. Bell-inequalities enlightened us
with the fact that entanglement was fundamentally a new resource in the
world that goes essentially ahead of classical resources. Bell even showed
that some entangled states violate these inequalities. Aspect et. al however
were first to present a persuasive test of violation of the Bell-inequalities in
laboratories [5, 6].
Greenberger, Horne and Zeilinger (GHZ) went beyond Bell-inequalities by
showing that entanglement of more than two particles leads to a contradiction with LHVM for non-statistical predictions of quantum formalism [7].
Apart from being central to the investigations of the fundamentals of quantum mechanics, since its inception, quantum entanglement or simply entanglement, is also being used in various quantum information processing
protocols. These protocols include quantum teleportation [8, 9], superdense
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coding or dense coding [10, 11], quantum secret sharing [12, 13], quantum
cryptography [14–16] and many more. The basic idea behind all such protocols is to realize fast and secured communication. Here the entanglement
plays a vital role to accomplish the desired goal.
One of the important aspects of quantum information processing are the
states used by the parties involved, which may be either pure or mixed1 . But
in practical scenario, it is very difficult to prepare a pure state due to the decoherence 2 effects of nature. This means that if a state is used as information
processing channel, external noises (such as those created by ‘eavesdropping’
or due to some other physical factors) may affect the state, thus making it
a mixed state. Interactions of the system with the environment cannot be
avoided. So the above quantum information protocols, such as dense coding,
teleportation etc. have been studied for mixed states too. The mixed state
dense coding have been studied in [17,18]. Likewise teleportation with mixed
states have been discussed in [19, 20]. Secret sharing tasks have been pulled
off for mixed states too in [21, 22].
Another perspective of quantum information theory is Quantum Cloning [23].
Encoding of information in quantum systems is a very important standpoint.
The process of encoding of information, not in the individual constituents
but rather to the state of the system as a whole is basically known as quantum cloning. More technically, the information being encoded in the state
ψ of quantum systems as well as the process of the state’s replication is
known as quantum cloning. But, just like Heisenberg’s uncertainty principle [24], no - cloning theorem defines an intrinsic impossibility as it prohibits perfect copying [25]. Yet imperfect clones of quantum state can be
produced [26]. After this there was no looking back. Many quantum copying machines, like Gisin-Massar optimal cloning machine [27], Buzek-Hillery
universal optimal cloning machine [28], Optimal universal state dependent
copying machine [29], probabilistic cloning machine [30], arbitrary d dimen1
2

Pure and mixed states have been defined in chapter 2.
De-coherence is synonymous to ‘Noise’.
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sional cloning machine [31, 32], sequential cloning machine [33, 34], hybrid
cloning machine [35] and many more, had been proposed thereafter. The
cloned outputs obtained from cloning machines, after tracing out the ancilla
states, however can also be used in information processing tasks as has been
shown in [36].
In all the above cases, entanglement always lies as the central figure which allows one to manipulate with it for achieving the desired objectives of diverse
information processing tasks. The dissertation is thus mainly concerned with
some further investigations on entanglement, and its relevance has been
tested in different other set-ups of information etiquette.

Plan of the thesis:
The thesis is organised as follows.

• Chapter 2 deals with mathematical preliminaries and physical prerequisites necessary for the development of the contents of this dissertation. We also briefly describe some of the known protocols in quantum
information science, like, teleportation, dense coding, controlled dense
coding, secret sharing and cloning. These protocols remain central to
the investigations throughout the advancement of this thesis.

• Chapter 3 discusses various classes of non-maximally entangled mixed
states. Their entanglement properties, utility of such states in teleportation, Bell-inequality violation, and their advantages over other nonmaximally entangled mixed states are studied thereafter. The chapter
also discusses the mixed states of maximally entangled types from the
view point of quantum teleportation. The usefulness of such states in
teleportation, their behaviour corresponding to Bell violation, and entanglement properties have been emphasized also.
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• Chapter 4 talks about the usefulness of an entangled two qutrit output as a resource obtained from a universal quantum cloning machine
in information processing tasks such as teleportation and dense coding.
Both the optimal and non - optimal forms of the output have been considered. The optimal fidelities of teleportation and capacities of dense
coding protocols of these 3 ⊗ 3 dimensional output states have been
examined.

• Chapter 5 highlights the scheme known as controlled dense coding.
Different tripartite and quadripartite pure entangled states have been
put in order for this purpose. The central part of this chapter is to look
into the effectiveness of these different kinds of multi-partite states in
controlled dense coding. Controlled dense coding has also been analysed for qutrit system too.

• Chapter 6 introduces a secret sharing protocol. The success probability of such a protocol has been shown to be controlled by an honest
party, who using a quantum cloning circuit, will try to prevent a dishonest one in leaking some secret information. The interdependence of this
success probability and cloning parameters has been scrutinized. A relation among the concurrence of initially prepared state, entanglement
of the mixed state received by the receivers after the cloning scheme
and the cloning parameters of cloning machine have been shown.

• Lastly in Chapter 7 we provide a summary of the results obtained in
this thesis and some comments on possible future directions of research
on these topics while in Chapter 8 a brief appendix on quantum gates
is presented.

Chapter 2

Mathematical and Physical
Pre-requisites
“Mathematical science in my opinion an indivisible whole, an organism whose
vitality is conditioned upon the connection of its parts.”
- David Hilbert
“Not only is the Universe stranger than we think, it is stranger than we can
think.”
- Werner Heisenberg

2.1

Introduction:

The chapter deals with several mathematical and physical concepts for proper
understanding of theory of entanglement. We begin by providing certain
mathematical definitions, which are crucial for this purpose [37–42].

6
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State Space and State Vector:

A complex vector space with inner product (also known as Hilbert space)
is associated with an isolated physical system. Such a space is called state
space of the system. A system is completely described by a unit vector in
the system’s state space, known as the state vector, . Quantum bit or simply
qubit on which quantum computation and quantum information are built
upon, has a two dimensional state space. If |0i and |1i form an orthonormal
basis1 for the state space, then an arbitrary state vector in the state space is
written as

|ψqubit i = a |0i + b |1i.

(2.1)

Here, |a|2 + |b|2 = 1, a condition that is equivalent to the fact that |ψi is a
unit vector as hψ|ψi = 1 and is known as normalization condition.
Similar to this, for a higher dimensional system, say n ⊗ n system, the idea
of qubit is extended to qunit. The state vector of qunit is described as

|ψqunit i =

n
X

αi |ψi i,

(2.2)

i=1

where

Pn

i=1

|αi |2 = 1.

The evolution of a closed quantum system is described by a unitary transformation. This implies that if a system is in a state |ψi at a certain time
t1 , then it will evolve to another state |ψ / i at time t2 by an unitary operator
U = U (t1 , t2 ). The evolution of state is mathematically expressed as
1

If V is an inner product space, then a subset of V is an orthonormal basis for V if it
is an ordered basis that is orthonormal.
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(2.3)

Density Operator:

Apart from using state vectors for formulating quantum mechanics, an alternative but useful approach is often used for its formulation, known as the
the density matrix or the density operator approach. This alternative way
of formalization is mathematically sound and is also equivalent to the state
vector approach. It provides much more expedient idiom for thinking about
commonly encountered scenarios in quantum mechanics. The density operator language provides a convenient way for describing quantum systems
whose states are not completely known.
More precisely, suppose a quantum system is in one of a number of possible states {|ψi i} with respective probabilities pi (for all i). Then {pi , |ψi i}
is called an ensemble of pure states. The density operator is then defined as

ρ=

X

pi |ψi ihψi |.

(2.4)

i

The evolution of density operator ρ is given by the following.

ρ=

X
i

pi |ψi ihψi | −→

X

pi U |ψi ihψi | U † = U ρ U † .

(2.5)

i

Now a quantum system whose state |ψi is known exactly, is said to be in a
pure state. In this case the density operator is simply ρ = |ψihψ|. Otherwise,
ρ is in a mixed state, the mixture of different pure states in the ensemble for
ρ. For a pure state ρ we have T r (ρ2 ) = 1, while a mixed state satisfies the
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inequality T r (ρ2 ) < 1.

2.4

Reduced Density Operator:

Perhaps the deepest application of the density operator is as a descriptive
tool for sub-systems of a composite quantum system. Such a description is
provided by the reduced density operator.
For two physical systems A and B, whose combined state is described by
a density operator ρAB , the reduced density operator for system A (or B) is
defined by

ρA = T rB (ρAB ),
or
ρB = T rA (ρAB ).

(2.6)

T rB (or T rA ) is a map of operators known as the partial trace over the system B (or A). The reduced density operators ρA and ρB can be explicitly
written as

nB
X
ρ =
(IA ⊗ hφj |)ρAB (IA ⊗ |φj i)
A

j=1

and
ρB =

nA
X

(hψj | ⊗ IB )ρAB (|ψj i ⊗ IB ),

(2.7)

j=1

where IA and IB are the identity operators in HA and HB and |φj i (j =
1, 2, · · · , nB ) is an orthonormal basis in HB . Similarly, |ψj i (j = 1, 2, · · · , nA )
is an orthonormal basis in HA .
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Schmidt Decomposition and Purification:

Two additional tools which are of great importance in quantum information
processing science are the Schmidt decomposition and purification. Let us
suppose |ψi is a pure state of a composite system (say, AB). Then there
exist orthonormal states |iA i for a system A and orthonormal states |iB i for
a system B, such that |ψi can be expressed as

|ψi =

k
X

λi |iA i |iB i,

(2.8)

i

which is known as Schmidt form and the non-negative real numbers λ0i s are
known as Schmidt numbers or Schmidt coefficients satisfying the condition
P 2
i λi = 1. The number k is called Schmidt rank.
Purification is another related technique for quantum computation and quantum information. If we are given a state ρA for a quantum system A, then
to purify the state, it is possible to introduce another system say, R (known
sometimes as fictitious or reference or dummy or ancilla system) which may
not have a direct physical significance. The system R has the same state
space as that of system A. If |iA i and |iR i are the respective orthonormal
bases for systems A and R, then pure state |ARi can then be defined for the
joint system AR such that ρA = T rR (|ARihAR|). |ARi is the purification of
ρA . Purification, a purely mathematical procedure, allows one to associate
pure states with mixed states.

2.6

Quantum Entanglement:

The more intrinsic quantum mechanical sense in which quantum states can
embody vastly more information than its classical counterparts is due to
the non-classical feature of quantum entanglement or simply entanglement.
The phenomenon of entanglement features predominantly in most aspects of
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quantum information theory.
Let us consider a system consisting of two sub-systems where each sub-system
is associated with a Hilbert space. Let HA and HB denote these two Hilbert
spaces with respect to the two sub-systems A and B respectively. Let |iiA
and |jiB , (i, j = 1, 2, 3, ...) represent two complete orthonormal bases for HA
and HB respectively. The two sub-systems taken together is associated with
the Hilbert space HA ⊗ HB , spanned by the states |iiA ⊗ |jiB (or simply by
|iiA |jiB or by |ijiAB ). Any linear combination of the basis states |iiA ⊗ |jiB
is a state of the composite system AB. The pure state |ψiAB of the system
can be written as

|ψiAB =

X

cij |iiA ⊗ |jiB ,

(2.9)

i,j

where cij ’s are the complex coefficients satisfying the normalization condition
P
2
i,j |cij | = 1.
P (HA )
ci |iiA in HA and a
If |ψiAB factors into a normalized state |ψiA = dim
i
Pdim (HB )
cj |jiA in HB , i.e. |ψiAB = |ψiA ⊗ |ψiB ,
normalized state |ψiB = j
then the state |ψiAB is called a separable state or product state. If a state
belonging to the Hilbert space HA ⊗ HB is not a product state, then such a
state is called entangled state.
If |ψiAB represents a pure state of a composite system consisting of two
Hilbert spaces HA and HB for the individual systems A and B, then |ψiAB
can always be written in the Schmidt form as [37]

k≤min {dim HA ,dim HB }

|ψiAB =

X
i

p

λi |iiA ⊗ |iiB ,

(2.10)
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where |iiA and |iiB are two orthonormal bases of systems A and B respecP
tively with the conditions λi ≥ 0,
λi = 1, λi ’s being the Schmidt coefficients. If two or more Schmidt coefficients are non-zero, then the state |ψiAB
is referred to as Pure entangled state.
In practical scenario, due to de-coherence effect of nature, one usually deals
with mixed states. A mixed state of quantum systems consisting of various
subsystems is supposed to represent entanglement if it is inseparable [43–45],
i.e. cannot be written in the form

ρ=

X

A2
1
pi (ρA
i ⊗ ρi ⊗ · · · ), pi ≥ 0,

i

X

pi = 1,

(2.11)

i

i
where ρA
i , i = 1, 2, ... are states for the sub-systems Ai (i = 1, 2, ...). Such
an entangled state is known as Mixed entangled state.

Entanglement has certain basic properties which can be categorized as follows [41]:
• Separable states contain no entanglement.
• All non-separable states allow some tasks to be achieved better than
that by LOCC 2 alone, hence all non-separable states are entangled.
• The entanglement of states does not increase under LOCC transformations.
• Entanglement does not change under Local Unitary Operations.
• There are maximally entangled states.
2

In LOCC, LO stands for Local Operations and CC stands for Classical Communication.
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Any bipartite (i.e. two party) pure state which is local unitarily equivalent to

|ψn+ i =

|0, 0i + |1, 1i + · · · + |n − 1, n − 1i
√
,
n

(2.12)

is maximally entangled. Here n is the dimension of the system involved.
Considering the two ‘two-state particles’, the well known and often used two
qubit maximally entangled pure states are Bell states, which are defined
below [4, 46].

2.7

Bell states and Bell-CHSH inequality:

Quantum superposition principle is another fundamental feature which lies
at the heart of entanglement. In classical world various two-state systems
are identified with one of their two possible states. As for example, a coin
when flipped will always result in either of the two possible states as head
|hi or tail |ti, an atom can always be found in either ground |gi or excited
|ei states or a photon can be found in either vertical |V i or horizontal |Hi
polarization states. Its quantum mechanical counterpart shows, a two-state
quantum system to be found in any superposition of two possible basis states.
√
, for an atom we
A quantum mechanical coin is found in a state like |hi+|ti
2
|gi+|ei
|Hi+|V i
have √2 or for a photon it is √2 and so on. As the superposition principle holds for more than one quantum system, two quantum particles can be
√
for
in any superposition thereof, for example in the entangled state |hhi+|tti
2
|ggi+|eei
|HHi+|V V i
√
two coins, √2 for two atoms or
for two photons. For two two2
state particles, thus, a basis of four orthogonal maximally entangled states
are defined as
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|00i + |11i
√
,
2
|00i − |11i
√
,
|Ψ− i =
2
|01i + |10i
√
|Φ+ i =
,
2
|01i − |10i
√
|Φ− i =
.
2

14

|Ψ+ i =

(2.13)

The above states are known as Bell-states. It is important to notice here that
one can still encode two bits of information, that is one has four different possibilities. But interestingly this encoding is done in such a way that none
of the bits carries any well defined information on its own. All information
is encoded into relational properties of the two qubits. In order to read out
the information one has to have access to both qubits. The corresponding
measurement is called Bell state measurement. In eq. (2.13), the qubit obeys
fermionic symmetry in the case of |φ− i and bosonic symmetry in case of the
other three states. The states defined in (2.13) are termed as Bell-states since
they maximally violate a Bell inequality [4]. This inequality was deduced in
the context of so-called local realistic theories and gives a range of possible
results for certain statistical tests on identically prepared pairs of particles.
Bell showed that EPR claim implies an inequality that some quantum correlations do not satisfy. Five years later, Clauser, Horne, Shimony and Holt
(CHSH) generalized Bell’s inequality [47]. The CHSH inequality, applied to
photon polarization, allows a practical test of the EPR claim.
To understand the inequality, we consider a bipartite or two-party, (one is
Alice and the other one is Bob, say) system. It is assumed that Alice can
measure two quantities on her part. These can be labelled as A and A/ .
Bob can also measure two quantities on his part as well, labelled as B and
B / . Here ai and bj (i, j = 1, 2) are possible results of measurements of A
and B respectively, which can take values ±1 each. The correlation between
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measurements A and B can be obtained as

C(A, B) =

X

ai bj P (A, B; ai , bj ),

(2.14)

i,j

where P (A, B; a, b) is the probability that measurements of A and B on photon pair yield the outcomes a and b respectively. Then the CHSH inequality
is defined as

−2 ≤ C(A, B) + C(A/ , B) + C(A, B / ) − C(A/ , B / ) ≤ 2.

(2.15)

The CHSH inequality follows from the very assumption that local results
exist, whether or not anyone measures them.

2.8

Cirelson’s Bound:

Even though quantum correlations violate Bell’s inequality, they satisfy weaker
inequalities of similar types [48]. Let there be two spin- 21 particles A and B.
Let A1 , A2 , B1 and B2 can be interpreted as spin components along two
different directions of these two particles. Then for a suitable choice of directions and for the choice of a density matrix W if we define

C11 + C12 + C21 − C22 = T r[(A1 B1 + A1 B2 + A2 B1 − A2 B2 )W ], (2.16)

then, it can be shown that

C11 + C12 + C21 − C22 ≤ 2

√

2.

(2.17)
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The above inequality (2.17) holds for arbitrary quantum observables A1 , A2 ,
√
B1 and B2 whereas 2 2 is the greatest possible value for the particular linear
combination of spin correlations.
Various types of mixed entangled states will now be discussed. Mixed entangled states can be categorized into two different classes. One such class
is called Maximally Entangled Mixed States and another is known as Nonmaximally Entangled Mixed States. One of the important mathematical entities which needs to be defined for discussing some of these classes of entangled
mixed states, is called singlet fraction.

2.9

Maximal singlet fraction:

The concept of maximal singlet fraction is defined as the maximal overlap
of the state with a maximally entangled state. For the general state ρ, it is
defined as [49–51]

F (ρ) = max hΨ | ρ | Ψi,

(2.18)

where, the maximum is taken over all maximally entangled states |Ψi.

2.10

Maximally and Non-maximally entangled Mixed States:

Those states that achieve the greatest possible entanglement for a given degree of mixedness are known as Maximally Entangled Mixed States (in short
MEMS) otherwise they are called Non-maximally entangled mixed states
(NMEMS) [52]. The forms of maximally entangled mixed states, however,
may vary with the combination of entanglement and mixedness measures
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chosen for them. The notion of MEMS was actually pioneered by Ishizaka
and Hiroshima [53]. Below some forms of MEMS and NMEMS are displayed.

2.10.1

Ishizaka Hiroshima (IH) MEMS:

The states proposed by Ishizaka et. al are those obtained by applying any
local unitary transformation to states of the following types.

|SIH i = p1 |Φ− ihΦ− | + p2 |00ih00| + p3 |Φ+ ihΦ+ | + p4 |11ih11|,

(2.19)

√
are Bell states and |00i and |11i are product states
where |Φ± i = |01i±|10i
2
±
orthogonal to |Φ i. Here pi ’s are the eigenvalues of |SIH i in decreasing order
(p1 ≥ p2 ≥ p3 ≥ p4 ), and p1 + p2 + p3 + p4 = 1.

These include states such as

/

|SIH i = p1 |Ψ− ihΨ− | + p2 |01ih01| + p3 |Ψ+ ihΨ+ | + p4 |10ih10|,

(2.20)

√
where |Ψ± i = |00i±|11i
are also Bell states, and include those that are obtained
2
−
by exchanging |Φ i ↔ |Φ+ i, |00i ↔ |11i in eq. (2.19) or |Ψ− i ↔ |Ψ+ i,
|01i ↔ |10i in eq. (2.20). For these states however the degree of entanglement
cannot be increased further by any unitary operations. Werner state is one
such example [54].

2.10.2

Werner state (as a special case of IH-class of
MEMS):

Ishizaka and Hiroshima [53] showed that the entanglement of formation [55]
(which will be discussed in the subsequent sections as a measure of entanglement) of the Werner state cannot be increased by any unitary transformation.
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Therefore, the Werner state [54] can be regarded as a maximally entangled
mixed state. Werner state is a mixture of the maximally entangled state and
the maximally mixed state. The state, however, can be expressed in various
ways. One of the ways is to express it in terms of singlet fraction. The
Werner state can thus be written in the form

ρwerner =

4 Fwerner − 1 −
1 − Fwerner
I4 +
|Φ ihΦ− |,
3
3

(2.21)

√
is the singlet state and Fwerner is the maximal singlet
where, |Φ− i = |01i−|10i
2
fraction corresponding to the Werner state. I4 is the identity operator.

2.10.3

Munro et. al class of MEMS:

Munro et. al [52, 56] showed that there exist a class of states that have significantly greater degree of entanglement for a given mixedness than that of
Werner state. The analytical form of the MEMS class proposed by Munro
et. al is


ρmjwk



=



h(C)
0
0
1 − 2h(C)
0
0
C
0
2

C
0
2
0
0
0
0
0 h(C)




,



(2.22)

where

(
h(C) =

C
2
1
3

C≥
C<

2
3
2
3

,

(2.23)

with C denoting the concurrence (which is another measure of entanglement
and will be defined in the subsequent section) of ρmjwk defined in eq. (2.22).
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Wei class of MEMS:

A much wider class of maximally entangled mixed states was proposed by
Wei et. al in [52]. The general form of two qubit density matrix comprising
a mixture of the maximally entangled Bell state |Ψ+ i and mixed diagonal
state is given by


ρwei



=



x+
0
0
γ
2

γ
2

0
a
0
0

γ
0
2
0
0
b
0
0 y+



γ
2



,



(2.24)

where, a, b, x, y and γ are non negative real parameters. The normalization
condition gives x + y + γ + a + b = 1.

2.10.5

The Werner derivative (a type of NMEMS):

Hiroshima and Ishizaka [57] studied a particular class of mixed states called
Werner derivative states which are obtained by applying unitary local or
non-local operations from a Werner state. The non-local unitary transformation U on the Werner state (2.21), (i.e. ρwd = U ρwerner U † ), transforms
it in to a new density matrix. The Werner derivative is described by the
density operator

ρwd =

1 − Fwerner
4 Fwerner − 1
I4 +
|ψihψ|,
3
3

(2.25)

√
√
where |ψi = U |Ψ− i = a |00i + 1 − a |11i, with 12 ≤ a ≤ 1. It has been
shown in [57] that the state (2.25) is entangled if and only if

1
1
≤ a <
2
2

(

)
p
2
3 (4 Fwerner
− 1)
1 +
.
4 Fwerner − 1

(2.26)
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This further gives a restriction on Fwerner as 12 < Fwerner ≤ 1. It is also
known that although it is generally possible to increase the entanglement
of a single copy of a Werner derivative by LOCC, the maximal possible entanglement cannot exceed the entanglement of the original Werner state [57].
Subsequent discussions on the above classes of mixed entangled states from
the view point of their non-locality structure as well as their efficacies as
teleportation (one of the fascinating information processing tasks in quantum information theory) channels have been studied extensively in Chapter 3.
We now discuss some of the measures of pure and mixed state entanglement
in the following.

2.11

Measure of pure state entanglement:

One of the measures of pure state entanglement is as follows:

2.11.1

Entropy of entanglement:

Let Alice (A) and Bob (B) share a pure entangled state |ψiAB . Quantitatively, a pure state’s entanglement is conveniently measured by its entropy
of entanglement as [37, 42]

E |ψAB i = S(ρA ) = S(ρB ).

(2.27)

Here S(ρ) = −T r(ρ log2 ρ) is the von-Neumann entropy and ρA = T rA (|ψiAB hψ|),
ρB = T rB (|ψiAB hψ|) denote the reduced density matrices obtained by tracing out the whole system’s pure state density matrix |ψiAB hψ| over Bob’s
and Alice’s degrees of freedom respectively.
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Measures of mixed state entanglement:

It is already known that entanglement cannot be created using LOCC operations. Mintert et. al showed that the quantities that do not increase under
LOCC operations [39], can be used to quantify entanglement. Any scalar
valued function that satisfies this criterion is called entanglement monotone.
Entanglement monotones that satisfy certain additional axioms are called
entanglement measures and is generally denoted by E. Such potential axioms can be listed below. For any mixed state %,
• E(%) vanishes exactly for separable states.
• The entanglement of several copies of a state adds up to n times the
entanglement of a single copy. Symbolically, E(%⊗ n ) = n E(%).
• The entanglement of two states (% and %/ ) is not larger than the sum of
the entanglement of both individual states. Symbolically, E(% ⊗ %/ ) ≤
E(%) + E(%/ ).
• Entanglement measure E satisfies the convexity property, i.e. E(λ % +
(1 − λ) %/ ) ≤ λ E(%) + (1 − λ) E(%/ ), where, 0 ≤ λ ≤ 1.
There are many measures of mixed state entanglement which satisfy the
above properties and are often used. A few of such measurements are mentioned below [42, 52].

2.12.1

Entanglement of formation:

Entanglement of formation [55] quantifies the amount of entanglement necessary to create the entangled state. It is defined as

EF (ρ) = min

{pi ,ψi }

X
i

pi E(|ψi ihψi |),

(2.28)
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where the minimum is taken over those probabilities {pi } and pure states {ψi }
P
that, when taken together, reproduce the density matrix ρ = i pi |ψi ihψi |.
E(|ψi ihψi |) is the entropy of entanglement.
For two qubit systems, EF can be expressed explicitly as

(
EF (ρ) = h

1+

)
p
1 − C 2 (ρ)
,
2

(2.29)

where, h(x) = −x log2 x − (1 − x) log2 (1 − x) is Shannon’s entropy function
and C(ρ) is the concurrence of the state ρ. The quantity C 2 (ρ) = τ is
sometimes called ‘concurrence squared’ or ‘tangle’ [58]. The entanglement
of formation EF is a strictly monotonic function of τ , the maximum of τ
corresponds to the maximum of EF . Hence ‘tangle’ can also be considered as
direct measure of entanglement. For a maximally entangled pure state τ = 1
while for an un-entangled state τ = 0.

2.12.2

Concurrence:

Concurrence is a non-negative real number. For a bipartite 2 ⊗ 2 or 2 ⊗ 3
mixed state ρ, it is defined in [55, 59] as
√
√
√
√
C(ρ) = max (0, λ1 − λ2 − λ3 − λ4 ),

(2.30)

where the λi ’s are the eigenvalues of ρ ρ̃ in decreasing order. The spin flipped
density matrix ρ̃ is defined as (σy ⊗ σy )ρ∗ (σy ⊗ σy ) . Since EF is a monotonic
function of C and C ranges from zero to one (i.e. for un-entangled to maximal
entanglement), so the concurrence C is also a measure of entanglement.

Chapter 2. Mathematical and Physical Pre-requisites

2.12.3

23

Entanglement cost:

An empirical measure associated with the entanglement of formation is the
entanglement cost [43], denoted by Ec . This is defined as follows

Ec (ρ) = lim

n→∞

EF (ρ⊗ n )
.
n

(2.31)

This is the asymptotic value of the average entanglement of formation. Ec
is generally difficult to calculate.

2.12.4

Relative entropy of entanglement:

The relative entropy of entanglement [60–62] is based on distinguish-ability
and geometrical distance. The idea is basically to compare a given quantum
state σ of a pair of particles with separable states. The relative entropy of
entanglement of a given state σ is denoted by Ere (σ) and is defined as

Ere (σ) = min D(σ k ρ).
ρ∈M

(2.32)

Here M denotes the set of all separable states and D can be any function
that describes a measure of separation between two density operators. A
particular form of the function D is the relative entropy which is defined as
S(σ k ρ) = T r (σ ln σ − σ ln ρ).

2.12.5

Negativity:

The concept of negativity [42] of a state is closely related to the well-known
Peres-Horodecki criterion for the separability of a state [63, 64].
Peres-Horodecki criterion states that a necessary and sufficient condition for
the state ρ of two spins to be inseparable is that at least one of the eigen-
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2
values of the partially transposed operator, defined as ρTmµ
, nν = ρmν , nµ , is
negative. This is equivalent to the condition that at least one of the following
two determinants of eq.(2.33) is negative.

W3 =

ρ00 , 00 ρ01 , 00 ρ00 , 10
ρ00 , 01 ρ01 , 01 ρ00 , 11
ρ10 , 00 ρ11 , 00 ρ10 , 10

and

W4 =

ρ00 , 00
ρ00 , 01
ρ10 , 00
ρ10 , 01

ρ01 , 00
ρ01 , 01
ρ11 , 00
ρ11 , 01

ρ00 , 10
ρ00 , 11
ρ10 , 10
ρ10 , 11

ρ01 , 10
ρ01 , 11
,
ρ11 , 10
ρ11 , 11
(2.33)

and the determinant of eq. (2.34) is non-negative.

W2 =

ρ00 , 00 ρ01 , 00
.
ρ00 , 01 ρ01 , 01

(2.34)

If a state is separable (i.e. not entangled), then the partial transpose of its
density matrix is again a valid state i.e. it is positive semi-definite 3 . It also
turns out that the partial transpose of a non-separable state may have one
or more negative eigenvalues [52].
The negativity, however, of a state [61, 65] indicates the extent to which
a state violates the positive partial transpose (separability) criterion. The
negativity of the state ρ is defined as follows

N ρ = 2 max (0 , −λneg ),
3

(2.35)

A linear self adjoint map Λ : <(HB ) → <(HC ) is called positive semi-definite if for
all ρ ∈ <(HB ), (where HB , HC are the Hilbert spaces and <(Hi )i =B, C are the set of
linear operators acting on Hi ), with ρ ≥ 0 ⇒ Λ(ρ) ≥ 0. The map Λ is Positive definite if
Λ(ρ) > 0.
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where λneg is the sum of the negative eigenvalues of ρTB . In C 2 ⊗ C 2 systems,
it can be shown that the partial transpose of the density matrix can have
at most one negative eigenvalue. It was proved later that negativity is an
entanglement monotone and hence a good measure of entanglement [52]. For
mixed states, Eisert and Plenio [66] conjectured that negativity never exceeds
concurrence and the conjecture was proved later by Audenaert et. al in [67]
For higher dimensions, the negativity can be generalized as [68]

EN =

k ρTA k −1
,
n−1

(2.36)

where, n is the smaller of the dimensions of the bipartite system.
Apart from all these, there are various other measures of entanglement like,
geometric measurement of entanglement, comb monotones and many more,
all of which have been discussed in details in [69, 70].
The focus is now on some different types of quantities for studying state’s
mixedness. These mixedness measures have been used throughout this dissertation as and when required.

2.13

Measures of mixedness of the states :

The two fundamental measures are von-Neumann entropy and linear entropy
[52]. Although von-Neumann entropy has a natural significance stemming
from its connection with statistical physics, linear entropy is comparatively
easier to calculate. It is also a recognised fact that, the two measures show
similar trend, if they are used for those density matrices that are completely
mixed 4 .
4

The completely mixed state for one qubit is

I
2

and for two qubits is

I⊗I
4 .
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von-Neumann entropy:

The standard measure of randomness of a statistical ensemble, described by
a density operator, is von-Neumann entropy. If we consider a state described
by a density matrix ρ in the Hilbert space of dimension n, where λi ’s are the
eigenvalues of ρ, then the von-Neumann entropy is denoted by SV (ρ) and is
defined by

SV (ρ) = − T r(ρ log ρ) = −

X

λi log λi ,

(2.37)

i

where, log is taken to the base n. For pure states we have SV (ρ) = 0
whereas for completely mixed states we have SV (ρ) = 1. Computation of
von-Neumann entropy requires the full knowledge of the eigenvalue spectrum
of the state.

2.13.2

Linear entropy:

The measure of linear entropy is based on the purity of a state, P = T r (ρ2 ).
P ranges from 1 (for a pure state) to n1 (for a completely mixed state with
dimension n). The linear entropy is denoted by SL and is defined as

SL (ρ) =

n 
1 − T r(ρ2 ) .
n−1

(2.38)

The lower limit of SL is 0 (for a pure state) and the upper limit is 1 (for a
maximally mixed state). For C 2 ⊗ C 2 systems, the linear entropy, can thus
be explicitly expressed as

SL (ρ) =

4
1 − T r(ρ2 ) .
3

(2.39)
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It is to be noted in this context that, there are some intrinsic connections
between entanglement and mixedness of the states. The states with such
connections can be termed as frontier states. These states are maximally
entangled for a given value of mixedness or they are maximally mixed for a
given value of entanglement [52]. Maximally entangled mixed states (MEMS)
are of that type. Several MEMS have been already discussed in this chapter
earlier.

2.14

Distance measurements for quantum states:

Another important concept to study quantum information science is about
the closeness between two quantum states. Basically during the preparation
of entangled states through copying (or quantum cloning) one often becomes
interested about the distance between the original state and the copied states
characteristically, i.e. how perfectly the state has been copied, since it is a
well known fact that quantum states cannot be perfectly cloned [25]. Below
a few distance measurements are presented [37].

2.14.1

Trace distance:

If there are two quantum states ρ and σ, then the trace distance between
them is defined as

D(ρ , σ) =

1
tr | ρ − σ |.
2

It is to be noted here that for an arbitrary operator A, we define |A| =
to be the positive square root of A† A5 .
5

A† is the Hermitian conjugate or adjoint of the matrix A i.e. A† = (AT )∗ .

(2.40)
√
A† A,
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Fidelity:

For two states, represented by density matrices, ρ and σ, the fidelity is defined as

q
F (ρ, σ) = tr

1

1

ρ2 σ ρ2 .

(2.41)

The fidelity between a pure state |ψi and an arbitrary state ρ, is however
defined as

F ( |ψi, ρ) = Tr

p
h ψ | ρ | ψ i.

(2.42)

There are certain properties which are satisfied by fidelity and are summarized below.
• The fidelity is symmetric in its inputs, i.e. F (ρ , σ) = F (σ , ρ).
• Generally, 0 ≤ F (ρ , σ) ≤ 1. Now F (ρ , σ) = 0 if and only if ρ and σ
have support on orthogonal subspaces. Also, F (ρ , σ) = 1 if and only
if ρ = σ.
• F (ρ , σ) = max|ϕi |h ψ | ϕ i |, where |ψi, is any fixed purification of
ρ. The maximization is taken over all purifications of σ. The result is
known as Uhlmann’s theorem [71, 72].
P
P
• Fidelity is strongly concave, which means F ( i pi ρi ,
i qi σ i ) ≥
P √
pi qi F (ρi , σi ).
i
• Entanglement fidelity, F (ρ , ε) is a measure of how well entanglement
is preserved during a quantum mechanical process, starting with the
state ρ of a system Q, which is assumed to be entangled with another
system R, and applying the quantum operation ε to system Q.

Chapter 2. Mathematical and Physical Pre-requisites

2.14.3

29

Hilbert - Schmidt norm:

The Hilbert - Schmidt distance [73] between two quantum states ρ and σ is
defined by

DHS (ρ , σ) =k ρ − σ k= T r (ρ − σ)2 .

(2.43)

Hilbert-Schmidt distance serves as a good measure of quantifying the distance
between pure states as it is easier to calculate. It is conjectured that the
Hilbert-Schmidt norm is a reasonable candidate of a distance to generate an
entanglement measure [74].

2.14.4

Bures distance:

For two states ρ and σ, Bures’ distance is measured by the following formula

√
dB (ρ , σ) = 2



 12
q
1
1
.
1 − T r ρ2 σ ρ2

(2.44)

It is to be noted in this context that, if no a priori information about the in
state of the original system is available, then it is reasonable to require that
all pure states should be copied equally well. This can be done by designing
a quantum copier such that the distances between density operators of each
system at the output ρ̂(out) (where j = a, b) and the ideal density operator
ρ̂(id) which describes the in state of the original mode are input state independent.
With respect to Bures’ distance, one can say, then the quantum copier should
be such that
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(2.45)

Let us now briefly discuss entanglement from another standpoint. So far
we have talked about entanglement, its characteristics and its quantification.
One another important aspect of entanglement is about its detection.

2.15

Entanglement witness:

Entanglement witness is a type of mathematical tool [69], that constitutes a
very general method to distinguish entangled states from the separable ones.
Entanglement witness relies on Hahn-Banach theorem [75]. Entanglement
witness or simply witness is defined as follows.
An observable W is called an witness, if
• T r (W %s ) ≥ 0 for all separable %s .
• T r (W %e ) < 0, for at least one entangled ρe .
Thus if one measures T r (W %) < 0, one knows for sure that the state %
is entangled. We call a state with T r (W %) < 0 to be detected by W .
It has been proved in [69] that “for each entangled state %e there exists an
entanglement witness detecting it”. Elaborate discussions on entanglement
witness can be found in [69, 70].
We shall now talk about a few important information processing protocols
below.
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Information processing protocols

“All things physical are information theoretic in origin and this is a participatory universe...Observer participancy gives rise to information; and information gives rise to Physics.”
- John Archibald Wheeler
“My greatest concern was what to call it. I thought of calling it information,
but the word was overly used, so I decided to call it uncertainty. When I
discussed it with John von-Neumann, he suggested me to call it entropy”.
- Claude Elwood Shannon

2.16.1

Introduction:

The problem of sending classical information by encoding the message into
letters in alphabet, or through speech, or via string of bits or by any other
known classical means defines the domain of classical information theory.
The communication channels through which the classical messages are enroute, operate in accordance with the classical laws of physics. Quantum
information theory is however motivated by the study of communication
channels which have a much wider domain of applications. Basically, the
laws of physics and in particular, the laws of quantum mechanics limit one’s
ability to process information increasingly faster and cheaper using present
day solid state technologies. The question was whether the strange world of
quantum phenomena can be exploited in information theory in an effective
way. The answer is YES!! It turns out that computer technology and communication theory using quantum effects have remarkable consequences. The
practical sense of doing information theory through quantum effects means
either encoding of information into the spin of an electron or encoding it into
the polarization of a photon and sending these information from sender to
the receiver through quantum channels. In due process, various interesting
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protocols like teleportation [8], dense coding [10], secret sharing [12], cryptography [14], cloning [25, 26] and many more emerged. Entanglement made
things more interesting for physicists to work out with these procedures.
The two most important and contrasting methods in quantum information
theory’s domain are teleportation and dense coding proposed by Charles H.
Bennett and group [8, 10]. Quantum teleportation is the transmission of
qubits by classical information, but contrarily dense coding is the transmission of classical bits by qubits. In fact, R. F. Werner proved that “under
the condition of tightness6 and with the maximally entangled states, quantum teleportation and dense coding have one-to-one correspondence, which
means that any teleportation scheme works as a dense coding scheme and
vice versa” [76].
These two protocols will remain the central point of investigations in chapters
3 and 4.

2.16.2

Teleportation:

Teleportation is one of the fundamental of all the other protocols designed in
quantum information theoretic science [8, 77, 78]. Let us suppose Alice and
Bob are two persons where Alice has a particle in some quantum state that,
in general, is unknown to her. She wants to communicate this particle to
Bob in the sense that she actually wants Bob to receive a particle exactly in
that state, in which her particle was intially in. Measuring the particle on
Alice’s side and telling Bob the result won’t help as any sort of measurement
by Alice on her part will change the original state of the particle which she
actually wanted to communicate. So Alice and Bob together decide to generate for themselves auxiliary pairs of entangled particles. Alice gets say A
twin from each auxiliary pair and Bob gets the B twin. The twin particles
A and B are pairwise entangled, which means that if measured in the same
6

By tightness, Werner meant in [76] that the classical capacity of the quantum channel
is exactly doubled by dense coding, and teleportation requires twice as much classical
channel capacity as the quantum capacity of the channel set up by this scheme.
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way, the particles will exhibit the same result, that they will turn out to be
identical. This entanglement connection between the two twin particles is
the “spooky action at a distance”, which Einstein did not believe in. This
generated pair between Alice and Bob will however be the quantum channel
shared by them. Bennett et. al in their paper [8] assumed this quantum
channel shared by Alice and Bob to be EPR pair which are in turn can be
any one of the four possible Bell states. Let X be the original particle which
Alice actually wants to send to Bob (X is unknown to Alice). The unknown
state, which is to be teleported, can be represented as a |0iX + b |1iX , with
the normalization condition | a |2 + | b |2 = 1. Alice now entangles X with
her twin particle A of the EPR pair. To couple X with A, Alice performs
a complete measurement of the von-Neumann type on the joint system consisting of X and A. The meaning of this entanglement is that, neither the
unknown particle X nor Alice’s twin particle A from the EPR pair have any
features of their own left, once they become entangled with each other. If
for instance, we consider the shared channel between Alice and Bob to be
|01iAB −|10iAB
√
, then the complete state of the three particles is written as
2
a
b
|ΛiXAB = √ (|001iXAB − |010iXAB ) + √ (|101iXAB − |110iXAB ).(2.46)
2
2

Alice’s and Bob’s twin particles A and B were initially entangled. This meant
that they would turn out the same if they were observed, but they did not
have their own private properties any more before they were observed. Alice’s entangling procedure now have made the particles X and A identical.
Hence one can conclude from that, B being identical to A which in turn
being identical to X implying B is now identical to X. Thus Bob’s twin
particle B now ends up with the properties of the original particle X. We
say that, all the features of X have been teleported over to Bob. The procedure of teleportation is not fully quantum in the sense that at one point of
time Alice does need to communicate with Bob classically to tell him about
her measurement outcome. This classical communication may be a simple
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telephonic conversation with Bob. Thus to achieve an accurate teleportation
in all cases, Alice needs to tell Bob about the outcome of her measurement
classically. Bob, after knowing from Alice, applies the required rotation operator to transform the state of his particle B into a replica of X. Alice, on
the other hand, is left with particles X and A in one of the states, either
√1 (|01iXA ±|10iXA ) or √1 (|00iXA ±|11iXA ), without any trace of the original
2
2
state X. Teleportation is a kind of linear operation applied to the quantum
state X. It not only works for pure entangled states, but can be worked out
with mixed entangled states too [19, 20, 79, 80].

2.16.3

Dense coding:

Dense coding involves two parties Alice and Bob, who are distant from one
another. Alice wants to transmit some classical information to Bob. She is
in possession of two classical bits say, 0 and 1 but is allowed to send only a
single qubit to Bob. Classically, there are four possible polarisation combinations for a pair of such particles; viz. 00, 01, 10, and 11 and consequently two
classical bits on each of these types. The scheme for quantum dense coding,
theoretically proposed by Bennett and Wiesner [10] utilises entanglement between two qubits, each of which individually has two orthogonal states, |0i
and |1i. In order to send a classical message to Bob, Alice uses quantum
particles, all prepared in the same state by some source. Alice translates
the bit values of the message by either leaving the state of the qubit unchanged or flipping it to the other orthogonal states and Bob, consequently,
will observe the particle in one or the other state. That means that Alice can
encode one bit of information in a single qubit. For Alice to avoid errors, the
states arriving at Bob have to be distinguishable, which is only guaranteed
when orthogonal states are used. The particle which Alice gets from the
source is entangled with another particle, which was sent directly to Bob.
The two particles are in one of the four Bell states. Let it be |Φ− i, say. The
particle feature of Bell basis is that, if one of the two entangled particles is
manipulated, then it suffices to transform to any other of the four Bell states.
Alice, now can perform, any of the following four possible transformations.
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If she wishes to send the bit string 00 to Bob, she does nothing at all to her
qubit. If Alice wishes to send 01, she applies the phase flip Z to her qubit.
For sending the bit string 10 Alice needs to apply quantum NOT gate, X,
to her qubit. Again if she wants to send 11 to Bob, iY gate is applied by
her to her qubit7 . In this way, Alice, interacting with only a single qubit, is
able to transmit two bits of information to Bob. Of course, two qubits are
involved in the protocol, but Alice never needs interaction with the second
qubit. Classically, the task Alice accomplishes would have been impossible
had she only transmitted a single classical bit. This scheme enhances the information capacity of the transmission channel to two bits compared to the
classical maximum of one bit. While it is clear that this scheme enhances
the information capacity of the transmission channel accessed by Bob to two
bits, it is noticed that the channel carrying the other photon transmits 0 bit
of information, implying the fact that the total transmitted information does
not exceed two bits.

2.16.4

Controlled dense coding:

When we involve three parties in dense coding scheme, any one of them can
act as controller who controls the situation, whether the remaining two parties may be able to share a maximally entangled channel between them and
subsequently communicating bits of information. Such a protocol is known
as Controlled Dense Coding. This was first proposed by Hao, Li and Guo
in [81], where initially the three parties shared a maximally tripartite entangled state among them. That formed the basis of further investigations which
will be discussed in Chapter 5. GHZ state is a tripartite (or three qubit)
maximally entangled pure state, first defined by Greenberger et. al [82] in
their paper titled “Bell’s theorem without inequalities”, and is defined as
follows
7

Different gates are discussed in Appendix
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|GHZiABC = √ (|000iABC + |111iABC ),
2
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(2.47)

where A, B and C are three parties Alice, Bob and Charlie. This state can
be generated in the laboratory using entanglement swapping starting from
three down converters [83] or can be demonstrated experimentally using two
pairs of entangled photons [84].
Given the role of ‘sender’ to Alice, ‘receiver’ to Bob and making Charlie as
the ‘controller’, the purpose of controlled dense coding, however, was that,
Alice would send classical information to Bob, while Charlie would supervise
and not only decide what type of two qubit channel ‘sender’ and ‘receiver’
share between them, but also would control the transmission of bits between
them. In order to transmit more information through the quantum channel,
entanglement is needed. The trio must share a kind of tripartite entangled
state among themselves before hand just like the state defined in (2.47).
Let us suppose that Charlie measures his qubit C under the basis

{ |+iC = cos θ |0iC + sin θ |1iC ,
|−iC = sin θ |0iC − cos θ |1iC }.

(2.48)

Here it has been supposed that | sin θ | ≤ | cos θ |. In the new basis
{ |+iC , |−iC }, the GHZ state (2.47) can be re-written as

1
|GHZiABC = √ ( |ϕiAB |+iC + |φiAB |−iC ),
2

where

(2.49)
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|ϕiAB = cos θ |00iAB + sin θ |11iAB ,
|φiAB = sin θ |00iAB − cos θ |11iAB .

(2.50)

It is obvious that, the projective measurement of qubit C by Charlie gives
two readouts, either |+iC or |−iC ; each occurring with equal probability i.e.
1
. The state of qubits A and B collapses to |ϕiAB if the readout is |+iC or
2
it collapses to |φiAB , when the readout is |−iC . Now since |ϕiAB or |φiAB
is not maximally entangled, so the success probability of dense coding, with
either of these two states as channels, shall be less than 1.
At this juncture, Hao et. al presented two schemes for dense coding in [81].
One of them will be discussed now.
Charlie sends his measurement result to Alice so that the latter has the
information about which general entangled state she shares with Bob while
Bob has no inkling of what he shares with Alice, since Charlie decides to
inform only one of them. What Alice does now is that she introduces an
auxiliary qubit, say |0iaux , and performs a collective unitary operation under
the basis {|00iA aux , |10iA aux , |01iA aux , |11iA aux } on her qubit A and the
auxiliary qubit as well. If the general state shared by Alice and Bob be |ϕiAB ,
with proper choice of unitary operator U 8 , it was shown in [81] that collective
operation U ⊗ I transformed the state (cos θ |00iAB +sin θ |11iAB ) ⊗ |0iaux to

|ψiABaux =

√




1
2 sin θ √ (|00iAB + |11iAB ) ⊗ |0iaux
2
r
sin2 θ
+ cos θ 1 −
|10iAB ⊗ |1iaux ,
cos2 θ

(2.51)

An operator U is said to be unitary if U † U = I, where I is the identity operator and
U hermitian conjugate of U . Pauli spin operators are unitary operators.
8

†
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where, |10iAB is the un-entangled state of the two qubits A and B. Now when
Alice performs projective measurement on auxiliary qubit with two possible
outcomes { |0iaux , |1iaux }, and if in the due process she gets the outcome
as |1iaux , then it is clear from eq. (2.51) that the procedure fails as Alice
knows that her and Bob’s qubit are un-entangled, whereas if the outcome of
her measurement is |0iaux , the two qubits A and B are maximally entangled.
After performing one of the four operations { I , σx , σy , σz }, she sends her
qubit to Bob. Bob, subsequently, carries out controlled NOT (CNOT) operation on his qubit to get 2 bits of information from Alice. Hence, on an average

Itrans = 1 + 2 | sin θ |2

(2.52)

bits are transmitted from Alice to Bob at the cost of one GHZ state defined
in (2.47). Since the maximal value of | sin θ | is √12 , which corresponds to
the maximally entangled Bell state |Ψ+ iAB , the success probability is unity
and two bits are transmitted by one qubit.

2.16.5

Secret sharing:

Another striking feature of quantum information theory will now be discussed, which is called ‘secret sharing’. Just like its classical counterpart,
this will play a remarkable role in ‘quantum cyber ethics’.
“The process of splitting a message into two or several parts in a way such
that no subset of parts is sufficient to read the message while the reading of
entire set is needed, is known as Secret Sharing” [12].
Hillery et. al [12] set the motivation for secret sharing in the following way.
Cliff, who is in one part of the world, is separated from two of her accomplices Alice and Bob who are situated at some other parts of the world. Cliff
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wants them to do some task on behalf of him. For this, he could have sent
the whole message to both Alice and Bob. But there lies one problem. Cliff
is not sure about the honesty of either Alice or Bob. So he did not send
the whole message to both of them as the dishonest one (if there be any)
could get hold of the message and could have sabotaged the plan. Rather he
decided to break it into two halves and sends each one of it to Alice and Bob.
The plan can only be carried out once Alice, Bob and Cliff jointly participate
in the task.
Although classical cryptography has already an answer to the problem [85],
the classical procedure becomes more and more untrustworthy, when the
number of subsets of the original set of message increases. An alternative
solution was then given by Hillery et. al using quantum mechanics [12]. For
this they have used the three particle maximally entangled state (GHZ state)
defined in eq. (2.47). The beauty of ‘secret sharing’ protocol lies in the fact
that neither Alice nor Bob can decode the final message without the help
from one another. The pictorial repesentation of the protocol is shown below.

Figure 2.1: After feeding the message into the quantum channel Cliff splits
it into two parts M1 and M2 and sends the respective parts to Bob and
Alice each. Bob and Alice agree to cooperate with each other to decode the
message.
Cliff, Alice and Bob, each one of them chooses randomly a particular direction
along which they decide to measure. The choices of direction is announced
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publicly by them but they abstain from disclosing their measurement result.
Cliff can develop a joint key with Alice and Bob as half the time Alice and
Bob, by combining the results of their measurements, can determine what
the result of Cliff’s measurement is. That joint key can be used by Cliff to
send his message. Corresponding to the choice of directions, one can define
the eigenstates. So if the choice of direction is either x or y, the x and y
eigenstates will be defined as

1
|x+ i = √ (|0i + |1i),
2
1
|x− i = √ (|0i − |1i),
2

1
|y + i = √ (|0i + i |1i),
2
1
|y − i = √ (|0i − i |1i).
2

(2.53)

With the help of these eigenstates the GHZ state of the form (2.47) can then
be re-written as

|GHZiABC =

1
√ {( |x+ iA |x+ iB + |x− iA |x− iB ) ( |0iC + |1iC )
2 2
+( |x+ iA |x− iB + |x− iA |x+ iB ) ( |0iC − |1iC )}. (2.54)

The justification of announcing the measurement directions by the parties
involved in the scheme is because when Cliff and Alice both measure their
particles in a specific direction, Bob will also have to measure his in the same
direction as that of Cliff and Alice. This will help Bob to identify whether
measurement results of Cliff and Alice are correlated or anti-correlated. Otherwise if Bob chooses his direction different from that of Cliff and Alice, he
gains nothing (i.e no information). The announcement part is done in the
following way. Alice and Bob both send to Cliff the direction of their measurements, who then sends all three measurement directions to Alice and Bob.
In the above scheme another problem may arise. The problem of eaves-
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dropping. That may happen in two ways. Either a fourth entity other than
Cliff-Alice-Bob trio, gets stuck with the information processing scheme to
get hold of the information en-route, without being noticed or any one of
Alice-Bob (recipients of partial information) is actually dishonest and somehow gains access to both of Cliff’s transmission. Eavesdropping problem can
however be tackled with quantum cryptographic protocols [14, 15]. Eavesdropping has also been discussed with secret sharing protocol by Hillery et.
al in [12].
In Chapter 6 a modified secret sharing protocol has been presented, the
basis of which is cloning.

2.16.6

Cloning:

‘Does a classical photocopying machine have any quantum counterpart?’ was
a fundamental question in quantum information science, until Wootters and
Zurek proved that the answer to this question was ‘NO!’. “No apparatus exists which will amplify an arbitrary polarization...” was the claim by Wootters and Zurek in their seminal paper of 1982, ‘Single quantum cannot be
cloned’ [25], famously known as No cloning theorem. More than a decade
later, Buzek and Hillery showed that quantum copying is indeed possible but
copy will not be an exact replica of the original [26], rather an approximate
one can be obtained. They designed universal quantum copying machine
(UQCM) to study the possibility of copying an arbitrary state of spin- 12 particle9 and they succeeded. In 1998 Buzek-Hillery wrote one another paper in
which they designed an universal optimal cloning machine which was meant
for copying states in arbitrary dimensions [28].
9

All known elementary fermions have a spin of 12 .
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Universal optimal cloning machine for copying quantum
states in arbitrary dimension:
The quantum machine constructed by Buzek and Hillery in [28] is an n−
dimensional quantum system where the Hilbert space of the cloning machine
has an orthonormal basis |Xi ix , i = 1, 2, ..., n. The cloner is initially prepared in a particular state |Xix . Unitary transformation acting on the basis
vectors of the tensor product space of the original quantum system |Ψi ia
, the copier, an additional n−dimensional system which becomes the copy
(initially prepared in a specific state |0ib ) together constitute the action of
the cloning transformation. Thus the transformation of the basis vectors is
given by
|Ψi ia |0ib |Xix → c |Ψi ia |Ψi ib |Xi ix + d

n
X

( |Ψi ia |Ψj ib

i 6= j

+|Ψj ia |Ψi ib ) |Xj ix ,

(2.55)

where c and d are real coefficients satisfying the condition
c2 + 2 ( n − 1 ) d 2 = 1 .

(2.56)

Using the transformation (2.55) it is seen that the particles a and b at the
output part of the cloner are in the same state (i.e. have the same reduced
density matrices). The density operators are therefore obtained as
ρ̂(out)
a

=

(out)
ρ̂b

=

n
X

| αi |2 [ c2 + ( n − 2 ) d2 ] |Ψi ihΨi |

i=1

+

n
X

αi αj∗ [ 2 c d + (n − 2) d2 ] |Ψi ihΨj | + d2 1̂.

(2.57)

i,j=1 , i6=j

Now for a universal cloning transformation, it is expected that the quality of
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the cloning should not depend on the state to be cloned. For this the output
reduced density matrix should be in the following form

ˆ
(out)

ρj

1−s
ˆ
(id)
1̂ ,
= s ρj +
n

(2.58)

ˆ
(id)
where ρj = |ΦihΦ| is the density operator describing the original state
which is going to be cloned and s is the scaling factor. Comparing the eqs.
(2.57) and (2.58) it is found that the real coefficients c and d must satisfy
the following relation

c2 = 2 c d.

(2.59)

Taking into account the normalization condition in eq. (2.56), it has been
shown in [28] that

d2 =

1
2 (n + 1)

s = c2 + (n − 2) d2 =

n+2
.
2 (n + 1)

c2 =

2
,
n+1

(2.60)

For qutrit system (or 3 ⊗ 3 dimensional system, i.e. when n = 3), the values
of the parameters c and d are respectively given by c2 = 21 and d2 = 18 so
that the maximum possible value of the scaling factor (s) is s = 85 . The
optimality of the cloner described by the unitary transformation (2.55) has
been numerically tested in [28] and also has been independently confirmed
by Werner in [86].

Chapter 3

MEMS and NMEMS in
Teleportation
“Besides the fact that teleportation does not work the way science-fiction
authors imagine, we have learned something much more important. We have
learned something whose relevance goes far beyond teleportation and science
fiction.”
- Anton Zeilinger, (extracts from “Dance of Photon”)

3.1

Introduction:

This chapter1 mainly concerns with ‘maximally entangled mixed states (MEMS)’
and ‘non-maximally entangled mixed states (NMEMS)’ as a resource for teleportation. Both of these types of states have already been defined in section
2.10 of Chapter 2. It is a known fact that not every mixed entangled state
1

The Chapter is mainly based on our work
S. Adhikari, A. S. Majumdar, S. Roy, B. Ghosh and N. Nayak, 0 Teleportation
via maximally and non-maximally entangled mixed states’, Quantum Information and Computation, Vol. 10, No. 5 and 6, 0398-0419, (2010), Rinton
Press.
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is useful for teleportation [87]. Therefore the following questions have been
addressed here.
• Is every maximally entangled mixed state useful for teleportation?
• Is there a relation between the amount of entanglement for a state and
its efficiency as a teleportation channel?
• Among all the MEMS discussed in section 2.10 of Chapter 2, which of
them can be regarded as best suitable for teleportation?
• Is there any other forms of non-maximally entangled mixed states, other
than Werner derivative (already discussed in section 2.10.5 of Chapter
2) which acts better as teleportation channel?
• Is there any NMEMS state which does not violate the Bell-CHSH inequality but is still useful for teleportation?
• Can one consider the magnitude of entanglement and violation of local
inequalities to be good indicators of their ability to perform quantum
information processing tasks such as teleportation?
The answers to the above questions have been investigated in this chapter.
For this a few more mathematical rudiments will first be described (which
have earlier been skipped in Chapter 2).

3.2

Teleportation Fidelity

The efficiency of a quantum channel used for teleportation is measured in
terms of its average teleportation fidelity given in [88] as,

T
fopt

Z
(ρφ ) =

d M (φ)
S

X

pk T r (ρk ρφ ),

(3.1)

k

where, ρφ is the input pure state and ρk is the output state provided the outcome k is obtained by Alice (Alice is the sender who possesses the unknown
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qubit which will supposed to be sent to Bob in the teleportation protocol). It
is also to be noted that in some specific cases of teleportation, the teleportation fidelity depends on the input states. For some input states, it gives better
results while for some other input states it does not. The formula for average
teleportation fidelity averaging over all input states has been considered here.
For specific cases of input states it is possible to perform a calculation for the
best (or the worst) teleportation fidelity (rather than the average optimum)
as we illustrate here now.
If one considers the input state to be teleported is of the form

ρin =

x
y
∗
y 1−x

!
,

(3.2)

and if the teleportation channel is given by ρmjwk of eq. (2.22), then the teleported state (using the standard approach) after performing suitable unitary
transformations corresponding to the four Bell - state measurement outcomes
|Ψ+ i, |Ψ− i, |Φ+ i and |Φ− i is given (for the following two cases) as
Case 1: C ≥ 32 .

out
ρout
B1 = ρB2 =

out
ρout
B3 = −ρB4 =

xC
2N
y∗ C
2N

yC
2N
x (2−3 C)+C
2N

(3 x−2) C+2 (1−x)
2 N1
y∗ C
2 N1

yC
2 N1
(1−x) C
2 N1

!

!
.

(3.3)

To determine the efficiency of the teleportation channel, the distances between the input and output state are calculated, using Hilbert Schmidt norm
(already defined in section 2.14.3) and they are given as
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DB1 = DB2 = x2 (1 −

C 2
C 2
) + 2 |y|2 (1 −
)
2N
2N

+[ (1 − x) −

DB3 = (x −

DB4 = (x +
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x (2 − 3 C) + C 2
],
2N

C 2
(3 x − 2) C + 2 (1 − x) 2
) + 2 |y|2 (1 −
)
2 N1
2 N1
C 2
+(1 − x)2 (1 −
),
2 N1
(3 x − 2) C + 2 (1 − x) 2
C 2
) + 2 |y|2 (1 +
)
2 N1
2 N1
C 2
+(1 − x)2 (1 +
),
2 N1

where N = x (1 − C2 ) +

(1−x) C
2

and N1 =

xC
2

(3.4)

+ (1 − x) (1 − C2 ).

Case 2: C < 32 .

out
ρout
/ = ρ / =
B
B
1

2

out
ρout
/ = −ρ / =
B
B
3

4

x
3N
y∗ C
2N
1
3 N1
y∗ C
2 N1

yC
2N
1
3N
yC
2 N1
(1−x)
3 N1

!

!
.

(3.5)

In this case, the distances between input and output state by Hilbert Schmidt
norm, are
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DB / = DB / = x2 (1 −
1

2

1 2
C 2
2
)
+
2
|y|
(1
−
)
3 N/
2 N/
+[ (1 − x) −

DB / = (x −
3
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1

1 2
],
3 N/

)2 + 2 |y|2 (1 −
/

3 N1

+(1 − x)2 (1 −

C
/
N1

2
1

/

)2

)2 ,

3 N1
DB4 = (x +

1
3

/
N1

C

)2 + 2 |y|2 (1 +

+(1 − x)2 (1 +

/
N1

2
1
3

where, N / =

2x
3

+

1−x
3

/

and N1 =

x
3

+

/
N1

)2

)2 ,

(3.6)

2 (1−x)
.
3

The teleportation fidelity (F ) can easily be calculated by using the formula
F = 1 − D. The quantity T r (ρk ρφ ), which is a measure of how the resulting state is similar to the input one, is averaged over the probabilities of
outcomes pk and then over all possible input states (M denotes the uniform
distribution2 on the Bloch sphere S).
Clearly, the fidelity depends on the input state and hence one can easily
calculate the best (or the worst) fidelity by choosing some particular input
state. However, the purpose of the present chapter is to evaluate the average
performance of various forms of MEMS and NMEMS class as teleportation
channel. To this end, it is therefore better to stick to the ‘optimal teleportation fidelity’ to carry on with the comparative study.
It has been shown in [87] that if a state ρ is useful for standard telepor2

Geometry of Quantum States: An Introduction to Quantum Entanglement, - I. Bengtsson and K. Zyczkowski, Cambridge University Press.
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tation, the optimal teleportation fidelity can be expressed as

T
fopt

1
(ρ) =
2



N (ρ)
1+
,
3

(3.7)

P √
where N (ρ) = 3i=1 ui and ui ’s are the eigenvalues of the matrix T † T . The
elements of the matrix T are given by

tnm = T r (ρ σn ⊗ σm ),

(3.8)

where σi ’s are the Pauli spin matrices. Now, in terms of the quantity N (ρ), a
general result [87] holds that any mixed spin- 21 state is useful for (standard)
teleportation if and only if

N (ρ) > 1.

(3.9)

T
Again the relation between the optimal teleportation fidelity fopt
(ρ) and the
maximal singlet fraction defined in eq. (2.18) is given in [49] as

T
fopt
(ρ) =

2 F (ρ) + 1
.
3

(3.10)

From equations (3.7) and (3.10) it follows that,

F (ρ) =

1 + N (ρ)
.
4

(3.11)
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Using the inequality [50]

F ≤

1+N
1+C
≤
,
2
2

(3.12)

where N denotes the negativity of the state (defined as eq. (2.35) in section
2.12.5) and C is the concurrence (defined in eq. (2.30) of section 2.12.2), the
following inequality is obtained.

N (ρ) ≤ 1 + 2 N.

(3.13)

Another important aspect is the violation of Bell - CHSH inequality by mixed
states. Any state described by the density operator ρ violates Bell - CHSH
inequality [47] if and only if the inequality

M (ρ) = maxi > j (ui + uj ) > 1,

(3.14)

holds, where ui ’s are the eigenvalues of the matrix T † T [87].
To attain the fulfilment of the objectives of this chapter, MEMS class will be
examined first.

3.3

Werner state as a teleportation channel

The Werner state is a convex combination of a pure maximally entangled
state and a maximally mixed state. Ishizaka and Hiroshima [53] showed that
the entanglement of formation [55] of the Werner state cannot be increased
by any unitary transformation. Therefore, the Werner state can be regarded
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as a maximally entangled mixed state.
Werner state can be represented in various ways. The particular form of
Werner state given in eq. (2.21) was actually proposed by Ishizaka and Hiroshima [53]. In computational basis, the density matrix of the state can
explicitly be written as


ρwerner



=



1−Fw
3

0

0

0
0
0

1+2 Fw
6
1−4 Fw
6

1−4 Fw
6
1+2 Fw
6

0
0
0

0

0

1− Fw
3




,



(3.15)

where |Φ− i, Fwerner have their usual meanings as already discussed in section
2.9 of chapter 2. In the matrix representation defined in (3.15), for simplicity,
Fwerner has been denoted by Fw . Fwerner is also related to the linear entropy
SL of eq. (2.39) as

Fwerner =

1+3

√

1 − SL
.
4

(3.16)

Using the formula given in eq. (2.30), the concurrence of the Werner state
ρwerner is found to be

C (ρwerner ) = max { 0 , 2 Fwerner − 1 },
(
=

0
2Fwerner − 1

0 ≤ Fwerner ≤ 12
.
1
<
F
≤
1
werner
2

(3.17)

When the Werner state is used as a quantum channel for teleportation, the
average optimal teleportation fidelity is given by [49, 89, 90].
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(ρwerner ) =
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2 Fwerner + 1
,
3

1
< Fwerner ≤ 1.
2

(3.18)

The relation between the teleportation fidelity and the concurrence of the
Werner state is thus obtained as

T
fopt
(ρwerner ) =

2 + C(ρwerner )
.
3

(3.19)

In terms of the linear entropy SL , eq. (3.18) can be re-written as

T
fopt

(ρwerner ) =

√

1 − SL
,
2
8
0 ≤ SL < .
9

1+

(3.20)

Further, it is noticed that

F (ρwerner ) =

1 + N (ρwerner )
.
4

(3.21)

Now using the inequality (3.13) and eq. (3.21), the following is observed.

F (ρwerner ) ≤

1
{1 + N ρwerner },
2

(3.22)

which is the upper bound of the singlet fraction for the Werner state in terms
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of negativity (N ρwerner is the negativity of the Werner state).
The status of the violation of the Bell-CHSH inequality by the Werner state
is now reviewed below.
Using eq. (3.8), the eigenvalues of the matrix (Tρ†werner Tρwerner ) are given
−1)2
, where (tw )nm = T r (ρwerner σn ⊗ σm ) denotes
by u1 = u2 = u3 = (4Fwerner
9
the elements of the matrix Tρwerner . The Werner state violates Bell-CHSH
inequality if and only if M (ρwerner ) > 1, where M (ρwerner ) is given by

M (ρwerner ) = 2

(4Fwerner − 1)2
.
9

(3.23)

Using eq. (3.17) it follows that the Werner state satisfies the Bell-CHSH
inequality although it is entangled when the maximal singlet fraction Fwerner
lies within the range
√
3+ 2
1
√ .
≤ Fwerner ≤
2
4 2

(3.24)

The optimal teleportation fidelity of the Werner state in terms of M (ρwerner )
is then given by

q
T
fopt

(ρwerner ) =

M (ρwerner )
2

2

+1
.

(3.25)

Thus, from eqs. (3.18) and (3.25) it follows that the Werner state can be used
as a quantum teleportation channel (average optimal teleportation fidelity
exceeding 32 ) even without violating the Bell - CHSH inequality in the said
domain.
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Munro-James-White-Kwiat (MJWK) state
in teleportation

The maximally entangled mixed state suggested by Munro et. al has already
been defined in (2.22) of Chapter 2. The form of linear entropy of (2.22) is

(
SL =

8
3
2
3

(C − C 2 )
( 34 − C 2 )

C≥
C<

2
3
2
3

.

(3.26)

The performance of the MEMS state (2.22) as a teleportation channel will
now be analyzed, for which it is necessary to know the fidelity of teleportation channel. The maximal singlet fraction of the state described by the
density operator ρmjwk using the definition (2.18) is found to be



Fmjwk

C 1
1
C
= max h(C) + , h(C) − , − h(C), − h(C)
2
2 2
2
C
= h(C) + .
2



(3.27)

Taking into account the result given in eq. (3.7) relating the optimal teleportation fidelity and the singlet fraction of a state ρ and thereby using eqs.
(3.7) and (2.23), the optimal teleportation fidelity is given by,

(
T
fopt
(ρmjwk ) =

2 C+1
3
5+3 C
9

C≥
C<

2
3
2
3

.

(3.28)

Now inverting the relation (3.26), i.e. expressing C in terms of SL , one can
re-write eq. (3.28) in terms of the linear entropy (SL ) as
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(
T
fopt

(ρmjwk ) =

2
3
5
9

√

+
+

2−3
√ SL
√3 2
8−9
√ SL
3 6

0 ≤ SL ≤
16
27

< SL ≤

55

16
27
8
9

.

(3.29)

It follows that the Munro-class of MEMS can be used as a faithful telepor.
tation channel when the mixedness of the state is less than the value SL = 22
27
The non-local properties of the Munro-class of MEMS ρmjwk will now be
analyzed.
Wei et. al [52] have studied the state ρmjwk from the perspective of Bell’s inequality violation. Here, the parametrization of the state given in (2.22)
has been focussed. The range of concurrence where the Bell-CHSH inequality is violated, is demarcated over here. In order to use the result (3.14), the
matrix Tρmjwk is constructed first as follows.



Tρmjwk


h(C) + C 0
0


=
0
−C
0
,
0
0 4h(C) − 1

(3.30)

The eigenvalues of the matrix (Tρ†mjwk Tρmjwk ) are given by

u1 = (h(C) + C)2 ,

u2 = C 2 ,

u3 = (4 h(C) − 1)2 .

(3.31)

In accordance with eq. (2.23), the eigenvalues (3.31) take two different forms
which are discussed separately now.
Case I: When h(C) =

C
,
2

2
3

≤ C ≤ 1.
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The eigenvalues (3.31) reduce to

u1 =

9 C2
,
4

u2 = C 2 ,

u3 = (2 C − 1)2 .

(3.32)

When C ≥ 23 , the eigenvalues can be arranged as u1 > u2 > u3 . So, we
have

M (ρmjwk ) = u1 + u2 =

13 C 2
.
4

One can easily see that M (ρmjwk ) > 1 when C ≥
the state ρmjwk violates the Bell-CHSH inequality.
Case II: When h(C) = 13 ,

(3.33)

2
3

and hence, in this case,

0 ≤ C < 32 .

The eigenvalues given by eq. (3.31) reduce to

(3 C + 1)2
1
u1 =
, u2 = C 2 , and u3 = .
9
9

(3.34)

The interval 0 ≤ C < 23 is now split into two sub-intervals, one is 0 ≤ C ≤ 31
and the other one is 13 < C < 23 , where the ordering of the eigenvalues are
different.
Subcase (i): 0 ≤ C ≤ 13 .
The ordering of the eigenvalues are u1 > u3 > u2 . In this case one
has

Chapter 3. MEMS and NMEMS in Teleportation

M (ρmjwk ) − 1 = u1 + u3 − 1 =

57

9 C2 + 6 C − 7
.
9

(3.35)

From eq. (3.35) it is clear that M (ρmjwk ) < 1, when 0 ≤ C ≤ 13 . Hence, the
Bell-CHSH inequality is satisfied by ρmjwk .
Subcase (ii):

1
3

< C < 23 .

The ordering of the eigenvalues here are u1 > u2 > u3 . Therefore, the
expression for (M (ρmjwk ) − 1) is given by

M (ρmjwk ) − 1 = u1 + u2 − 1 =

2 (9 C 2 + 3 C − 4)
.
9

(3.36)

√

From eq. (3.36), it follows that M (ρmjwk ) > 1, when, 153−3
< C < 23 and
18
hence the state ρmjwk violates the Bell-CHSH inequality. On the contrary,
√
M (ρmjwk ) ≤ 1 when 13 < C ≤ 153−3
, and subsequently the state ρmjwk
18
satisfies the Bell-CHSH inequality although it is entangled. It was noticed
earlier [91] that the MJWK state needs a much higher degree of entanglement to violate the Bell-CHSH inequality compared to the Werner states.
The above observations revalidate this fact.

3.5

Wei class of MEMS in teleportation

The maximally entangled mixed state proposed by Wei et. al has already
been defined in the section 2.10.4 and is defined by equation (2.24) there.
The entanglement of ρwei is quantified as
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√
a b, , 0).

Therefore, the state ρwei is entangled only if γ > 2
matrix for ρwei is given by

(3.37)
√

a b. The correlation



Tρwei


γ 0
0


=  0 −γ
0
.
0 0 x+y+γ−a−b

(3.38)

+
The eigenvalues of the symmetric matrix (Twei
Twei ) are then found as v1 = γ 2 ,
v2 = γ 2 and v3 = (x + y + γ − a − b)2 = (1 − 2 a − 2 b)2 . Now, for the quantity
M (ρwei ) two cases may arise.

√
Case a: M (ρwei ) = 2 γ 2 , when either γ > 2 (a + b) − 1 and γ > 2 a b,
√
for a + b > 21 or γ > 1 − 2(a + b) and γ > 2 a b for a + b < 12 .
√
Case b: M (ρwei ) = γ 2 +(1−2a−2b)2 when either 2(a+b)−1 < γ < 2 a b,
√
for a + b > 21 or 2 a b < γ < 1 − 2 (a + b) for a + b < 21 .
In either case the Bell-CHSH inequality is violated if M (ρwei ) > 1.
To find the condition when the state ρwei can be used as a teleportation
channel it is essential to find the condition under which N (ρwei ) > 1. Now
N (ρwei ) is given by

N (ρwei ) =

Therefore, we have

√

v1 +

√

v2 +

√
v3 = 1 + 2 (γ − a − b).

(3.39)
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N (ρwei ) > 1
√
⇒ γ > a + b > 2 a b.

59

(3.40)

It follows from eq. (3.39) that

T
fopt
(ρwei )



1
N (ρwei )
1+
=
2
3
2 1
=
+ (γ − a − b).
3 3

(3.41)

Writing the optimal teleportation fidelity in the above form enables a useful
comparison with the teleportation capability of the Werner state as channels.
It was noted that for either a = 0 or b = 0, one has C(ρW ) = γ. Hence,
it follows that the average optimal teleportation fidelity of the Werner state
can be written as

T
fopt
(ρwei ) =

2 γ
+ .
3 3

(3.42)

From eqs. (3.41) and (3.42) it immediately follows that

T
T
fopt
(ρwei ) < fopt
(ρwerner ).

(3.43)

This shows that the Werner state performs better as a teleportation channel
than the general MEMS.
After much have been talked about MEMS as teleportation channel, it is
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now time to look into the realm of NMEMS (as teleportation channels).

3.6

Werner derivative (an NMEMS) in teleportation

Hiroshima and Ishizaka [57] proposed the NMEMS known as Werner derivative (defined in the section 2.10.5). The aim here is to study the efficiency of
the Werner derivative as a teleportation channel. To begin with, the matrix
Tρwd for the state ρwd is first formed.


Tρwd

√
2

a (1−a) (4 Fw −1)
3


=


√
−

0
0

2

0

0

a (1−a) (4 Fw −1)
3

0



0
(4 Fw −1)
3


.


(3.44)

2

The eigenvalues of the matrix (Tρ†wd Tρwd ) are u1 = u2 = 4 a (1−a) (4 9Fwerner −1) , u3 =
(4 Fwerner −1)2
. The Werner derivative can be used as a teleportation channel
9
if and only if it satisfies eq. (3.9), i.e. N (ρwd ) > 1, where

N (ρwd ) =

√

u1 +

√

u2 +

√
u3

(4 Fwerner − 1) [1 + 4
=
3

p
a (1 − a)]

.

(3.45)

It follows that the Werner derivative can be used as a teleportation channel
if and only if
16 a2 − 16 a + α2 < 0,

where α =

4(1−Fwerner )
.
4Fwerner −1

Solving (3.46) for the parameter a, we get

(3.46)
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√

4 − α2
4
(
)
p
2
3 (4 Fwerner
− 1)
1
1
⇒ ≤a <
1+
.
2
2
4 Fwerner − 1
1
1
≤a < +
2
2
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(3.47)

Therefore teleportation can be done faithfully via ρwd when the parameter a
satisfies the inequality (2.26) of section 2.10.5.
The fidelity of teleportation is thus given by

T
fopt
(ρwd )



1
1
1 + N (ρwd )
=
2
3
p
1
=
[9 + (4Fwerner − 1) (1 + 4 a (1 − a))].
18

(3.48)

When a = 12 , the Werner derivative reduces to the Werner state and the
teleportation fidelity also reduces to that of the Werner state given in eq.
T
(ρwd ) is a decreasing function of
(3.18). From eq. (3.48), it is clear that fopt
a and hence from eq. (3.47), one obtains

2
2 Fwerner + 1
T
< fopt
(ρwd ) ≤
.
3
3

(3.49)

T
Further, we can express the teleportation fidelity fopt
(ρwd ) given in eq. (3.48)
in terms of linear entropy SL as

T
fopt
(ρwd )

p
√
9 + 3 1 − SL (1 + 4 a (1 − a))
,
=
18
8
0 ≤ SL < .
9

(3.50)
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It will now be investigated whether the state ρwd violates the Bell-CHSH
inequality or not. The real valued function M (ρ) for the Werner derivative
state is given by

M (ρwd ) = u2 + u3
(1 + 4a − 4a2 ) (4Fwerner − 1)2
=
.
9

(3.51)

It follows that

M (ρwd ) − 1 =

−(4Fwerner − 1)2
{(a − β) (a − γ)} ,
9

(3.52)

where

)
p
2 (4Fwerner − 1)2 − 9
1−
,
4Fwerner − 1
(
)
p
2 (4Fwerner − 1)2 − 9
1
γ =
1+
.
2
4Fwerner − 1

1
β =
2

(

(3.53)

√
3+√ 2
4 2

≤ Fwerner ≤ 1. From the expres

√
2
3 (4Fwerner
−1)
1
1
sion of β and eq. (2.25), it is clear that β ≤ 2 ≤ a < 2 1 + 4Fwerner −1
,
For β and γ to be real, one must have
√
3+√ 2
4 2

≤ Fwerner ≤ 1. Hence a − β ≥ 0. On the other hand, from the


√
2
3 (4Fwerner
−1)
1
expression of γ, it follows that γ ≤ 2 1 + 4Fwerner −1
.
as

The following three cases are now considered.
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Case 1: If γ < a <

1
2



√
2
−1)
3 (4Fwerner
1 + 4Fwerner −1
and

63
√
3+√ 2
4 2

< Fwerner ≤ 1,

then M (ρwd ) − 1 < 0. In this case the Bell-CHSH inequality is obeyed by
the state ρwd although the state is entangled there.
√

√ 2 < Fwerner ≤ 1, then M (ρwd ) − 1 > 0. Thus
Case 2: If 21 ≤ a < γ and 3+
4 2
in this range of the parameter a the Bell-CHSH inequality is violated by the
state ρwd .
√

√ 2 , then β = γ = 1 and
Case 3: In this situation however, when Fwerner = 3+
2
4 2 

√ √
1+ 1+2 2
hence M (ρwd ) ≤ 1 holds for 12 ≤ a < 12 1 +
. The equality sign
2
√

√ 2 , the
is achieved when a = β = γ = 12 . Therefore, in the case when Fw = 3+
4 2
Werner derivative satisfies the Bell-CHSH inequality although it is entangled.

3.7

A new class of NMEMS as teleportation
channel

A two-qubit density matrix ρnmems is now constructed by taking a convex
combination of a separable density matrix ρG
AB = T rC (|GHZiABC ) and an
W
inseparable density matrix ρAB = T rC (|W iABC ), where |GHZi and |W i
denote the three qubit GHZ state [82] and the W −state [92] respectively.
This construction is somewhat similar in spirit to the Werner state which is
a convex combination of a maximally mixed state and a maximally entangled pure state. The properties that the GHZ state and the W −state are
two qubit separable and inseparable states, respectively, when a qubit is lost
from the corresponding three qubit states has been exploited over here. By
constructing this type of a non-maximally entangled mixed state, the aim is
to show that it can act as a better teleportation channel compared to the
Werner derivative state.
The two qubit state described by the density matrix ρnmems can be explicitly
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written as

W
ρnmems = pρG
AB + (1 − p)ρAB ,

0 ≤ p ≤ 1.

(3.54)

The matrix representation of the density matrix ρnmems in the computational
basis is given by


ρnmems

p+2
6


 0
=
 0

0

0

0

1−p
3
1−p
3

1−p
3
1−p
3

0
0
0

0

0

p
2




.



(3.55)

Since the state described by the density matrix (3.55) is of the form




τ =



a 0 0 0
0 b c 0
0 c∗ d 0
0 0 0 e




,



(3.56)

its amount of entanglement [93] is given by

C(ρnmems ) = C(τ ) = 2 max ( |c| −
(
= 2 max

Therefore ρnmems is entangled only if
0.292.

1−p
3

√
a e, 0)

1−p
−
3

−

q

r

p(p+2)
12

p(p + 2
,0
12

)
.

(3.57)

> 0, i.e. when 0 ≤ p <
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In the limiting case of p = 0, however, the state ρnmems reduces to

ρW
AB =

1
2
|00ih00| + |Φ+ ihΦ+ |,
3
3

(3.58)

where |Φ+ i is one of the Bell states defined in (2.13). The state ρW
AB is
maximally entangled since it can be put into Ishizaka and Hiroshima’s [53]
proposed class of MEMS. The concurrence of this state is 32 . When this
state is used as a teleportation channel, the teleportation fidelity becomes
7
T
W
fopt
(ρW
AB ) = 9 . Moreover, it can be checked that the state ρAB satisfies the
Bell-CHSH inequality although it is an entangled state.
To obtain the teleportation fidelity for the state ρnmems , the matrix Tρnmems
is now built using eq. (3.8), which is given by,



Tρnmems = 

2 (1−p)
3

0

0
0

2 (1−p)
3

0
0

0

(4 p−1)
3



.

The eigenvalues of (Tρ†new Tρnew ) are given by u1 = u2 =
(4 p−1)2
.
9

(3.59)

4 (1−p)2
9

and u3 =

√
√
√
When p > 14 , one has N (ρnmems ) = u1 + u2 + u3 = 1. Therefore,

T
the teleportation fidelity becomes fopt
(ρnmems ) = 21 1 + 13 N (ρnmems ) = 32 .
Hence for p > 41 , the state ρnmems cannot be used as an efficient teleportation
channel since it does not overtake the classical fidelity. But when 0 ≤ p < 41 ,
p
N (ρnmems ) = 5−8
> 1 and hence ρnmems can be used as an efficient tele3
portation channel. In this case, the average optimal teleportation fidelity is
given by,
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T
fopt
(ρnmems ) =

7−4p
,
9

1
0 ≤p < ,
4

66

(3.60)

and it follows that,

2
7
T
< fopt
(ρnmems ) ≤ .
3
9

(3.61)

Consequently it is interesting to follow that the state ρnmems cannot be used
as an efficient teleportation channel when 0.25 < p < 0.292, although the
state is entangled there.
When ρnmems is used as a quantum teleportation channel the mixedness of
the state is given by,

SL =

2
(8 + 14 p − 13 p2 ),
27
1
0 ≤p < .
4

(3.62)

T
Therefore, the teleportation fidelity fopt
(ρnmems ), in terms of SL is given by,

T
fopt

(ρnmems ) =

7 −

4
26

(14 −

√

612 − 702 SL )
,
9
208
2223
≤ SL <
.
351
2808

(3.63)

The question as to whether the state ρnmems violates the Bell-CHSH inequality will be addressed now.
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The real valued function M (ρnmems ) for the state ρnmems for the two following cases is now calculated separately for two different domains of the state
parameter p.
2

Case A: When 0 ≤ p < 12 , M (ρnmems ) = u1 + u2 = 8+8 p9−16 p . Substituting
the values of p in the above range it is easy to see that M (ρnmems ) ≤ 1, i.e.
the Bell-CHSH inequality is satisfied.
2

p+5
. It
Case B: When 12 ≤ p < 1, M (ρnmems ) = u1 + u3 = 20 p −16
9
easily follows that for the given range of values of p, one has M (ρnmems ) ≤ 1.

Therefore, it is conclude that in any case (i.e. 0 ≤ p ≤ 1), the constructed state ρnmems does not violate the Bell-CHSH inequality although it
is entangled for 0 ≤ p < 0.292.
The above analysis on the new class of NMEMS can be shown pictorially
below in figure 3.1.

Figure 3.1: The figure clearly shows that for 0 ≤ p < 0.292, the state ρnmems
is only entangled, whereas when p ∈ (0, 0.25), then the state is useful in
teleportation. However the state satisfies Bell - CHSH inequality for entire
domain of the parameter p i.e. for p ∈ [0, 1].
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Comparison of teleportation fidelities of
different mixed states

So far the teleportation capacities of the various types of maximally as well
as non-maximally entangled mixed channels have been discussed. It would
be now in order to compare their performances in terms of the average optimal fidelities corresponding to their respective magnitudes of entanglement,
mixedness and also in relation to their non-locality properties manifested by
the violations of the Bell-CHSH inequality.
In this respect, the two MEMS, Werner (ρW ) and Munro state (ρM JW K )
are first taken into consideration. The average optimal teleportation fidelities of these two classes of MEMS in terms of their respective concurrences
are given by (eq. (3.19) and (3.28)) are given by,

T
fopt
(ρwerner ) =
T
fopt
(ρmjwk ) =

2 + C (ρW )
,
( 3
2 C+1
3
5+3 C
9

C≥
C<

2
3
2
3

.

(3.64)

T
versus C respectively for these two MEMS are
These optimal fidelities fopt
now plotted in figure 3.2. One can see that the Werner state performs better
as a teleportation channel compared to the Munro state for any given amount
of entanglement. It is also to be noted that, the MJWK state is useful for
T
teleportation (fopt
(ρmjwk ) > 23 ) only when C > 13 . whereas the Werner state
is able to serve as a quantum channel for teleportation for any amount of its
entanglement.

Next, the efficiency of teleportation of the two MEMS with respect to their
non-locality properties have been compared. The average teleportation fidelities corresponding to the Werner state and the MJWK state are plotted
versus the function M (ρ) in figure 3.3. We know that, M (ρ) > 1 signifies
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Figure 3.2: The average optimal teleportation fidelities for the channels
ρwerner and ρmjwk are plotted with respect to their respective magnitudes
of entanglement C. Munro class of MEMS performs as a quantum channel
only for C > 13 .
the violation of Bell-CHSH inequality. Although, it can be seen from the
figure that the Bell-CHSH inequality is being violated by MJWK state, yet
depending upon certain region of parameter space, the MJWK state can be
used as teleportation channel. This is in contrast to the behaviour of the
Werner state which can act as a quantum teleportation channel though it
satisfies the Bell-CHSH inequality.
In figure 3.4, however, a comparison of the Werner state and the generalized
MEMS state (i.e. Wei class of state ρwei ) has been brought forward, by respectively plotting their average teleportation fidelities versus the function
M (ρ). It is observed there that the Werner state and ρwei are both useful for
teleportation whether they violate the Bell - CHSH inequality or not. But
the Werner state always performs better as a teleportation channel compared
to the general MEMS ρwei , except at the value of M (ρ) = 1.7672 where the
teleportation fidelities for both the states are the same.
The relationship between the mixedness of a channel and its ability to perform quantum teleportation has been one of the focal points of exploration
in this chapter. For this purpose, once again the expressions (3.20), (3.29),
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Figure 3.3: The average optimal teleportation fidelities for the channels
ρwerner and ρmjwk are plotted with respect to the quantity M (ρ) indicating the non-local property of the channel. M (ρ) > 1 signifies the violation
of the Bell - CHSH inequality.

Figure 3.4: The average optimal teleportation fidelities for the channels
ρwerner and ρwei are plotted with respect to the quantity M (ρ) indicating
the non-local property of the channel. M (ρ) > 1 signifies the violation of the
Bell-CHSH inequality.
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(3.50) and (3.63) for the teleportation fidelities in terms of the linear entropy
for all the four types of states (Werner state ρwerner , Munro class of MEMS
ρmjwk , Werner derivative ρwd and proposed NMEMS ρnmems ) are written
down in eqs. (3.65) and (3.66) respectively.

(
T
(ρmjwk )
fopt

=

2
3
5
9

√

+

2−3
√ SL
√3 2
8−9
√ SL
3 6

16
27

+
√
1 + 1 − SL
T
.
fopt (ρwerner ) =
2

4
(14
26

≤

8
0 ≤ SL < .
9

(3.65)

√

612 − 702 SL )
,
9
208
2223
≤ SL <
.
351
2808
p
√
9
+
3
1
−
S
(1
+
4
a (1 − a))
L
T
fopt
(ρwd ) =
,
18
8
0 ≤ SL <
9
T
fopt
(ρnmems ) =

7−

16
27
SL ≤ 98

0 ≤ SL ≤

−

(3.66)
First the comparison between the two maximally entangled mixed states, viz.
the Werner state and MJWK state has been made. From the above expresT
T
T
sions of fopt
for these two states it follows that fopt
(ρwerner ) = fopt
(ρmjwk )
T
only for SL = 0. For all the other finite degrees of mixedness, fopt
(ρwerner ) >
T
fopt (ρmjwk ). The two respective fidelities are plotted versus the linear entropy
in figure 3.5. The MJWK state can be used as a quantum teleportation chan22
. Although both these
nel only when the mixedness of the state is less than 27
states could be used as quantum teleporatation channels for a range of values
of mixedness, one observes that the Werner state outperforms the MJWK
state for all finite values of mixedness even though the latter is more entan-
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gled for specific values of linear entropy [52]. This is an interesting result
implying the fact that all the entanglement of the MJWK class of states is
less useful as a resource for teleportation.

Figure 3.5: The average optimal teleportation fidelities for the channels
ρwerner and ρmjwk are plotted with respect to the linear entropy SL . The
horizontal line represents the maximum classical fidelity.
From the above eqs. (3.65) and (3.66), the two non-maximally entangled
mixed states ρwd and ρnmems , which have been investigated in this chapter,
can also be easily compared. Using the relationship between the teleportation fidelity and the quantity N (ρ) [87] given by eq. (3.7), the ranges for the
parameters for which the condition N (ρnmems ) > N (ρwd ) holds such that the
teleportation fidelity via channel ρnmems will be greater than that of ρwd , are
derived. It is already shown that

p
(4Fwerner − 1) (1 + 4 a (1 − a))
,
N (ρwd ) =
3
1
< Fwerner ≤ 1,
2

(3.67)
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and
5−8p
,
3
1
0 ≤p < ,
4

N (ρnmems ) =

(3.68)

where the parameter a of eq. (3.67) lies within the range specified in eq.
(2.26). The state ρnmems performs better as a quantum teleportation channel compared to the state ρwd only when N (ρnmems ) > N (ρwd ) from which
using eqs. (3.67) and (3.68), it follows that,

(
p < 1−

1 + 2Fwerner (4Fwerner − 1)
+
4
2

)
p
a(1 − a)

.

(3.69)

It can be easily verified that the condition (3.69) on the value of p is compatible with the upper bound on p in the expression of eq. (3.68). However,
consistency with the lower bound (p > 0) imposes the following conditions
on the parameters Fwerner and a.

(
)
p
p
2
(F
+
1)
(3F
−
2)
3(
4F
−
1)
1
1
werner
werner
werner
+
< a <
1+
,
2
4Fwerner − 1
2
4Fwerner − 1
Fwerner >

2
.
3
(3.70)

Therefore, when the parameters Fwerner , a and p satisfy the relations given
T
T
in equations (3.69) and (3.70), then one can say that fopt
(ρnmems ) > fopt
(ρwd ).
It can therefore be concluded that, for ρnmems to perform better than ρwd , one
T
T
must have fopt
(ρnmems ) > fopt
(ρwd ), which in turn implies that N (ρnmems ) >
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N (ρwd ), since N (ρ) is related to the teleportation fidelity of a channel by
T
T
T
(ρnmems ) > fopt
(ρwd )
fopt
(ρ) = 12 [1 + N 3(ρ) ]. It has also been proved that fopt
holds true only when the inequality (3.69) is satisfied with appropriate choices
of a and Fwerner which are the parameters of the state ρwd and also with the
choice of p, the parameter of the newly proposed NMEMS state ρnmems .
Another perspective of this comparative study is that, ρwd violates the BellCHSH inequality but ρnmems satisfies it and that in this case too, the teleT
(ρwd ) could still be less than the teleportation fidelity
portation fidelity fopt
T
fopt (ρnmems ).
In the beginning of this chapter a few issues regarding the maximally and
non-maximally entangled mixed states, their utility in teleportation and the
nature of their Bell-violation were raised. So before bringing curtain down
to this chapter the answers to those questions have been summarized below.
• The maximally entangled mixed states (MEMS) are not always useful
for teleportation. One of the examples is Munro class of MEMS, ρmjwk
[56], which is not useful as quantum teleportation channel when its
mixedness exceeds certain bound.
• The results show that a state which is less entangled for a given degree
of mixedness, e.g. the Werner state [54], could act as a more efficient
teleportation channel compared to a state that is more entangled like
Munro class of MEMS. The result that the Werner state acts better as
quantum channel for teleportation compared to the other MEMS class
of states can also be understood in terms of their respective negativities
N ρ , i.e. N ρmjwk < N ρwerner [52].
• The average teleportation fidelities in terms of the respective concurrences of the states like Werner and MJWK have been shown here.
In spite of the fact that both these states fall into the category of
maximally entangled mixed states, one of them viz. the Werner state,
outperforms the other viz. the Munro state for either any fixed degree
of mixedness or any specified magnitude of entanglement.
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• A new class of non-maximally entangled mixed state ρnmems have been
proposed here. This NMEMS is a convex combination of a separable
state and an entangled state. The Werner derivative state which is
also an NMEMS, can act as an efficient quantum teleportation channel
(with its average fidelity of teleportation exceeding the classical bound
of 23 ). The new class of NMEMS, however, outperforms the Werner
derivative in terms of their efficiency as a teleportation channel.
• For MEMS state, the analysis shows that the Werner state satisfies the
Bell-CHSH inequality and yet performs as a quantum teleportation
channel efficiently for a certain range of parameter space. In this context the conditions on the parameters for which the Werner derivative
state satisfies the criterion of non-locality by violating the Bell-CHSH
inequality is derived. It has been found then that the constructed
NMEMS (ρnmems ) could perform as a quantum teleportation channel
in spite of satisfying the Bell-CHSH inequality. Moreover, the state
ρnmems yields a higher teleportation fidelity compared to the Werner
derivative even for a range of parameter values where the latter violates
the Bell-CHSH inequality.
• With all the above observations in mind, it can easily be concluded that,
for both maximally and non-maximally entangled mixed states neither
the magnitude of entanglement nor the violation of local inequalities
may be good indicators of their ability to perform quantum information
processing tasks such as teleportation.

Chapter 4

Cloning a qutrit and
Information Processing Tasks
“Computers are famous for being able to do complicated things starting from
simple programs.”
- Seth Lloyd

4.1

Introduction:

Quantum teleportation was first proposed in 1993 where quantum inseparability could be used as a resource. The basic idea of the task is to use a pair
of particles in a singlet state shared by distant partners Alice and Bob to
perform successful communication of an unknown qubit from the sender Alice to the receiver Bob. In the previous chapter, this interesting direction has
been studied by taking into account two qubit maximally and non-maximally
entangled mixed states as teleportation channels. Mixed states are obtained
in various ways. One such way to generate the mixed states is via quantum
cloning machine. In this case, when one tries to get approximate copy by
76
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passing a pure input state through the cloning machine, the state interacts
with the surroundings, which are nothing but the machine parameters here.
The output thus obtained by tracing out the machine parameters is a mixed
state. With the advent of quantum cloning machines [26–33] and with the
knowledge of the existing entanglement between the input and the output
states in hand, it is quite expected to presume the idea of utilising these
cloned output states as quantum teleportation channels. In this direction
the first step was taken by Adhikari et.al [36], in which they showed that the
two qubit entangled state which comes as an output from the Buzek-Hillery
(BH) cloning machine [26] can be efficiently used as quantum teleportation
channel. In this chapter1 it has been shown that indeed in higher dimensional system (in this case it is 3 ⊗ 3), the entangled output from a universal
quantum cloning machine [28] can also be used as a resource for quantum
teleporation [8]. Since teleportation and dense coding are inverse procedures
to one another, therefore these qutrit output states have also been considered
in studying dense coding [10]. Buzek’s universal quantum cloning machine
(BH-UQCM) designed for arbitrary dimensions [28] has been used for the
purpose. The following questions have therefore been addressed accordingly.

• What are the different types of outputs one obtains from the BHUQCM?
• Can one use these types of outputs in teleportation as well as in dense
coding?
• Can these outputs be distilled?
• After distillation, which of the distilled output types become suitable
for information processing tasks such as teleportation and dense coding?
1

The Chapter is mainly based on our work
S. Roy, N. Ganguly, A. Kumar, S. Adhikari and A. S. Majumdar, 0 A cloned
qutrit and its utility in information processing tasks’, Quantum Information
Processing, Vol. 13, No. 3, 629-638, (2014), Springer.
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Central to this investigation, is the usefulness of mixed states of two qutrits,
obtained as an output from BH-UQCM [28], as resources for quantum teleportation as well as for dense coding. Analysis of teleportation and dense
coding using higher dimensional systems provides some interesting aspects
about the outputs obtained from the cloning machine when used as a information processing resource.

4.2

Two qutrit output state from BH-UQCM
and their entanglement properties:

The transformation structure provided by the BH-UQCM has already been
discussed in section 2.16.6 of chapter 2. If a single qutrit input |ϕi =
√1 (|0i + |1i + |2i) is fed into the cloning machine, the corresponding two
3
qutrit output obtained after tracing out ancilla states is given by

2
2
2 2 X
(1 − 4 d2 ) X
|i, iihi, i| + d
{ hi, j| + hj, i| }
=
3
3
i=0
i 6= j
( 2
)
√
2
X
X
( 1 − 4 d2 )
+
d
|i, ii (hi, j| + hj, i| ) +
|i, ji (hi, i| + hj, i|)
3
i 6= j
i 6= j
)

ρout
ab

d2
+
3

( 2
X

|i, ji ( hi, j + 1| + hj + 1, i| + hi + 1, j + 1| + hj + 1, i + 1| ) (mod 2)

i 6= j

(. 4.1)

Positive partial transposition criteria [64] shows that, with respect to the
system a, at least one of the two eigenvalues

1 + 4d2 1
e1 =
−
6
6

q
p
1 + 24 d2 − 104 d4 + 32 −(2d − 1)(2d + 1) d3 , (4.2)
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and

e2 =

1 − 5d2 1
−
6
6

q
p
1 − 6 d2 + 25 d4 − 16 −(2d − 1)(2d + 1) d3 ,

(4.3)

are always negative when the machine parameter d ∈ (0, 21 ]. The eigenvalue
√
e1 is negative when d ∈ (0, 6+17 2 ) and the eigenvalue e2 is negative when
1
1
either d ∈ (0, 2 √
] or d ∈ ( 2 √
, 1 ]. Thus the state (4.1) is an (negative partial
2
2 2
transposition) NPT state for d ∈ (0, 12 ], which consequently motivates one
to analyze the state’s utility for quantum information tasks. It has already
been pointed out in section 2.16.6 that for d2 = 81 , the output is of optimal
type while for other values of parameter d in the range (0, 12 ], the output will
be treated as of non-optimal type.

4.3

Output states of BH-UQCM in teleportation and dense coding:

4.3.1

Optimal output:

The two qutrit output state, (which is denoted here as ρopt
ab ) from the cloning
machine, shown in the previous section, will be an optimal one, for d2 = 81
and using equation (4.1) and reference [64] one can easily interpret that such
an output state would be an NPT state.
A qutrit system, however, can be used as a teleportation channel, if its fully
entangled fraction is greater than 13 [94]. Now for an arbitrary state ρ, the
fully entangled fraction or sometimes known as maximal singlet fraction, has
been defined in equation (2.18) of section 2.9 of Chapter 2.
The maximally entangled orthonormal basis for two qutrit system can be
represented as [95]
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2
1 X jy
√
ξ |j, j + xi, x, y = 0, 1, 2,
|φx, y i =
3 j=0

(4.4)

2πi

where, ξ := e 3 and {|0i, |1i, |2i} is an orthonormal basis for the space of
one qutrit. The states (4.4) are maximally entangled and are mutually orthogonal.
Now considering the optimal output state ρopt
ab and using (2.18) and (4.4)
and the following property,

hφij |ρ|φij i = T r ( ρ |φij ihφij | ),

opt
it is found that the fully entangled fraction of ρopt
ab , i.e. F (ρab ) =
Hence the state ρopt
ab cannot be used as a resource for teleportation.

(4.5)

1
6

<

1
.
3

Also for any 3 ⊗ 3 dimensional system, the capacity of dense coding for
any arbitrary given shared state ρab is defined as

χ = log2 3 + SV (ρb ) − SV (ρab ),

(4.6)

where, SV (ρb ) is the von-Neumann entropy (already defined in section 2.13.1
of Chapter 2) of the reduced system ρb and SV (ρab ) is the von-Neumann entropy for the joint state ρab . Now the states which can effectively be used in
dense coding are known as dense-codeable [96] states. It is also known that
a shared quantum state ρab is said to be dense-codeable, if the corresponding
capacity χ is more than log2 (3). It is easily implied from (4.6) that such
states are precisely those for which SV (ρb ) − SV (ρab ) > 0.
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opt
opt
It is also observed that, for the state ρopt
ab , the quantity SV (ρb ) − S(ρab ) =
−0.43872 < 0 and therefore, the state ρopt
ab is not dense-codeable.

4.3.2

Non-optimal Output:

The output generated from BH-UQCM depends on the machine parameters c
and d. For all the values of the parameter d ∈ (0, 21 ], (except for d2 = 18 ), the
output state ρnon−opt
is of non-optimal type. Although in this range of the
ab
parameter d, the state ρnon−opt
is always an NPT state, yet when d ∈ (0, 12 ],
ab
2
the fully entangled fraction (2.18) of the state F (ρnon−opt
) = 4 3d which conab
is
sequently never exceeds 13 . Therefore the the non-optimal state ρnon−opt
ab
also not useful as quantum teleportation channel.
Also, the state ρnon−opt
is not useful in dense coding as the quantity SV (ρnon−opt
)−
ab
b
non−opt
non−opt
SV (ρab
) < 0, where ρb
is the reduced density operator of the two
non−opt
qutrit output state ρab
and is given by



ρnon−opt
=
b

where, k = d (2

√

1
3
1
3
1
3

k
k

1
3

k
1
3

1
3

k

1
3
1
3


k

k ,

(4.7)

1
3

1 − 4 d2 + d).

SV (ρnon−opt
) − SV (ρnon−opt
) against the machine parameter d is plotted in
b
ab
the figure 4.1. It is clear from figure 4.1, that the two qutrit non-optimal
output state ρnon−opt
is not useful for dense coding when d ∈ (0, 21 ].
ab
From the above two observations, it is perceived that, neither the optimal
nor the non-optimal form of the output directly obtained from the cloning
machine is useful either as teleportation channel or in dense coding.
It is known that a given inseparable mixed state may conatin entanglement.
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Figure 4.1: The figure shows that the difference S(ρnon−opt
) − S(ρnon−opt
)
b
ab
always lies in the fourth quadrant of the cartesian plane with respect to the
values d in the range (0, 21 ].
To benefit from the entanglement present in the mixed state, one must convert it into the active siglet form by means of LOCC between the parties
sharing the pairs of particles in the mixed state. Such a process is known
as purification or distillation of the noisy entanglement [97–100]. Can the
output states of BH-UQCM be distilled? Reduction Criteria has the answer
to this question, which states that ‘any state of n ⊗ n system violating the
criteria can effectively be distilled ’ [94].

4.3.3

Teleportation and dense coding with distilled optimal state:

Horodecki et. al [94] showed that any state violating the reduction criteria is
distillable. In reduction criteria, given a state ρab , the state ρa = T rb (ρab ), is
the reduction of the state of interest. To check whether a given state satisfies
this criteria, one should check the non negativity of the eigenvalues of the
operator i.e. one should have the conjunction of the following two conditions
to be satisfied.

ρa ⊗ I − ρab ≥ 0,

(4.8)
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and
I ⊗ ρb − ρab ≥ 0.

(4.9)

It is easy to find that the optimal state ρopt
ab violates the reduction criteria
and hence is distillable.
The distilled ρopt
ab can be obtained by calculating the eigenvector correspondopt
ing to the suitable negative eigenvalue of the state (ρopt
a ⊗I −ρab ) and thereby
subjecting the state to the appropriate filter. For this, one needs to calculate the eigenvector corresponding to the negative eigenvalue of the operator
PN
opt
(ρopt
a ⊗ I − ρab ). If the form of such an eigenvector is |Φi =
i,j=1 aij |ii |ji,
then the filter A is nothing but an operator which can simply be represented using a matrix where the element of the matrix can be given as
√
Aij = N aij [94].
Also, it is known that if ρ is any state and A is a filter then the distilled
form of the state ρ (say, ρdistilled ) is given by

ρdistilled =

A† ⊗ I ρA ⊗ I
.
T r( ρA A† ⊗ I)

(4.10)

By following the procedures described in [94], the filter for the optimal state
ρopt
ab is now constructed. The filter is denoted by Aopt and is given by

Aopt

 √ 3
3( 2 −
 √ 7
=  3( 2 −
√ 5
3( 2 −

√

29
)
√2
29
)
√2
29
)
2

√
3(− 27 +
√
3(− 23 +
√
3(− 25 +

√

29
)
√2
29
)
√2
29
)
2

√ 
− 3
√ 
3 .
0

(4.11)

Using (4.11), the distilled form of the optimal state ρopt
ab is attained. Let it
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be denoted by ρopt
and consequently it is of the form
distilledab

ρopt
distilledab

=

A†opt ⊗ I ρopt
ab Aopt ⊗ I
†
T r(ρopt
ab Aopt Aopt ⊗ I)

.

(4.12)

Interestingly, it is seen that the fully entangled fraction of ρopt
i.e.
distilledab
F (ρopt
) = 0.38789 > 31 implying that the distilled optimal output state
distilledab
(4.12) is now useful in teleportation. Moreover, the optimal teleportation
fidelity for any arbitrary state ρ in n− dimensional system is defined as [94]

f (ρ) =

n F (ρ) + 1
.
n+1

(4.13)

Therefore in this case the optimal teleportation fidelity of the state ρopt
distilledab
is obtained as

 opt
3
F
ρdistilledab + 1
f (ρopt
)=
= 0.5409.
distilledab
4

(4.14)

On the other hand, using (4.6), one can easily verify that SV (ρopt
distilleda ) −
opt
SV (ρdistilledab ) = −0.3327 < 0. Therefore, the distilled optimal state (4.12) is
still not useful for dense coding.

4.3.4

Teleportation and dense coding with distilled nonoptimal state:

Similar to the optimal output state, the non optimal form of the output state
i.e. ρnon−opt
violates the reduction criteria also [94]. So as before one can
ab
non−opt
distill ρab
by calculating the eigenvector corresponding to the suitable
negative eigenvalue of the state, (ρnon−opt
⊗ I − ρnon−opt
), subjecting the state
a
ab

Chapter 4. Cloning a qutrit and Information Processing Tasks

85

to the appropriate filter. The eigenvalue which is negative for any values of
√
parameter d ∈ ( 6+17 2 , 12 ] is found and is given by
1 − 3d2 1 p
+
−(2d − 1)(2d + 1) d
6
3
q
p
p
1
−
1 − 18d2 + +4 −(2d − 1)(2d + 1) d + 113 d4 − 44 d3 −(2d − 1)(2d + 1).
6
(4.15)
e=

√

By taking d ∈ ( 6+17 2 , 12 ] and following the procedures described in [94] a filter
is constructed then, which is shown in the following,



Anon−opt

where the parameter r =


1 −r −r
√ 

= 3  −r 1 −r  ,
−r −r 1

11 d2 −2

√

(4.16)

√
1−4d2 d+

√
√
1−18d2 +4 1−4d2 d+113 d4 −44 d3 1−4 d2
.
2
4d

The filter (4.16) will transform the non optimal state ρnon−opt
to its disab
non−opt
tilled form τdistilledab , which is given by

non−opt
τdistilled
ab

=

A†non−opt ⊗ I ρnon−opt
Anon−opt ⊗ I
ab
T r(ρnon−opt
Anon−opt A†non−opt ⊗ I)
ab

non−opt
Now the fully entangled fraction of τdistilled
ab is given as

.

(4.17)
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non−opt
F (τdistilled
ab ) =

4[d2 (2(1 − t1 ) + d2 (22t1 − 31) + t2 (10 − 110d2 − 6t1 ) + 198d4 )]
,
3[(1 − k) + t2 (6 − 68d2 + 94d4 − 4t1 + 12t1 d2 ) + d2 (6t1 − 9 − 5d2 + 23t1 d2 )]
(4.18)

where t2 = d

√
√
1 − 4 d2 and t1 = 1 − 18 d2 + 4 t2 + 113 d4 − 44 d2 t2 .
√

It is evident from the above eq. (4.18) that, for 6+17 2 < d ≤ 12 , the state
non−opt
τdistilled
ab is not suitable for teleportation even after distillation of original non-optimal form of the output, since in this case too it is found that
non−opt
1
F (τdistilled
ab ) < 3 . This is also clear from the following figure 4.2.

Figure 4.2: The ordinate of the figure represents the maximal singlet fraction
of the distilled non-optimal
output state which has been plotted against the
√
parameter d ∈ ( 6+17 2 , 12 ].
non−opt
However, it is interesting to see that though the state τdistilled
ab is not useful
non−opt
for teleportation, the state τdistilledab can be used in dense coding, which is
clear from the figure 4.3.
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non−opt
A plot of capacity of dense coding of the state τdistilled
ab against the parameter d is shown in figure 4.3. The figure confirms that the non-optimal output
from BH-UQCM is not dense-codeable while after the distillation process the
distilled form of the non-optimal output state can, however, be used in dense
non−opt
coding when d = 21 , as the capacity of dense coding χ(τdistilled
ab ) > 2.

Figure 4.3: In the figure the dotted line represents the capacity of dense
non−opt
coding i.e. χ(τab
) of the non-optimal state before filtering and dashed
non−opt
line represent the capacity of dense coding i.e. χ(τdistilled
ab ) of the distilled
√
non-optimal state with respect to the state parameter d ∈ ( 6+17 2 , 12 ].
The answers to the questions that were raised in the beginning, are now
summarized below.

• The output states generated from Buzek - Hillery universal quantum
cloning machine are indeed negative partial transposed states (the characteristic of the state depends on the machine parameters), which implied that these states could be tested in the quantum information
processing tasks like teleportation and dense coding.
• Two types of outputs were focussed here viz. the optimal form and the
non-optimal form of the output. The utility of both these types were
examined in information processing.
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• Both the optimal and non-optimal forms of the output directly obtained
from BH-UQCM were initially not useful in teleportation and dense
coding.
• It was then shown that both optimal and non-optimal cloned outputs
from the machine violated reduction criteria [94] and that they could
be distilled. To distill these states, appropriate forms of the filters were
found which were shown in eqs. (4.11) and (4.16).
• The distilled forms of the outputs (optimal and non-optimal) can then
be shown to be entangled resource for the information tasks for a cer√
tain range of machine parameters i.e. for d ∈ ( 6+17 2 , 12 ]. The distilled
form of the optimal output is shown to be useful in teleportation but
cannot be used in dense coding. It is however, interesting to note
down that, though the distilled non-optimal output is still not useful
√
in teleportation for d ∈ ( 6+17 2 , 12 ], yet for d = 12 , the state (4.17) is
dense-codeable.

Chapter 5

Controlled Dense Coding
“... And a new philosophy emerged called quantum physics, which suggests
that the individual’s function is to inform and to be informed. You really
exist only when you are in a field sharing and exchanging information. You
create the realities you inhabit...”
- Timothy Francis Leary, (American Psychologist)

5.1

Introduction:

In earlier chapters, the discussions about information processing schemes
such as teleportation and dense coding have been made, where efficacies of
teleportation channels portrayed by states like MEMS, NMEMS (in Chapter
3) were proved. Also it was shown how the mixed entangled outputs from a
cloning machine could be utilized in the domains of teleportation and dense
coding (detailed discussion was made in Chapter 4). In all these cases one
thing was common i.e. the entanglement present in the states shared by the
parties involved in the quantum information processing tasks. The entanglement was used as a resource for doing those tasks.
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One of the many surprising applications of shared entanglement in the domain of quantum information is dense coding originally proposed by Bennett
et. al [10]. In the protocol, two parties Alice and Bob shared initially a pair
of entangled qubits in a Bell-state. Once Alice performed any of the four
unitary operations (identity I or the Pauli spin operators σ x , σ y and σ z ) on
her qubit, the initial state of two qubits was mapped to a different member
of Bell-basis. These Bell-basis states are mutually orthogonal and are fully
distinguishable which were used to encode two bits of classical information.
Then after encoding her qubit Alice sent it to Bob, who on his end would
extract those two bits of classical information by performing a joint measurement on his qubit and the qubit which he got from Alice.
The question is, instead of two parties, if there are three parties who share a
pure (tripartite) maximally entangled state, then can any one of these three
sharing the state control the environment in such a way so that he will modulate the entanglement retained by the other two parties, thereby controlling
the information transfer between them as well as the success probability of
the scheme? The scheme of sharing bits of classical information between
sender and the receiver under such modulated environment by a third party
is known as Controlled dense coding scheme. Likewise any teleportation
scheme performed in controlled settings is known as controlled teleportation
scheme. Many works have been carried out on controlled teleportation so
far [101–108]. Although the concept of controlled dense coding (CDC) is
not new to the domain of quantum information processing, some more study
regarding this protocol need to be discussed to get the essence of how entanglement plays central role in the theory of quantum information.
First pioneering step on CDC was initiated by Hao et. al [81], where the
three parties Alice, Bob and Cliff shared a tripartite pure maximally entangled state (called GHZ state). The details of their scheme have already been
discussed in section 2.16.4. Some other notable works have also been done
in this arena of CDC [109–113].
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In this chapter1 a few further questions have been raised.
• Are there any other types of multi-partite entangled states that can be
used in CDC?
• Can W - class of states be used in controlled dense coding?
• How does CDC work in 3 ⊗ 3 system?

5.2

3 and 4 qubit GHZ states:

5.2.1

CDC with GHZ-class of states:

Controlled dense coding was successfully achieved with Greenberger-HorneZeilinger state by Hao et. al [81]. Various other orthogonal states can be cre√
[114].
ated on application of unitary operations on initial GHZ state |000i+|111i
2
One can call such states obtained from initial GHZ state as members of GHZclass of states. Some of these states are illustrated below.

State Obtained after orthogonal transformation to the GHZ state
G1
G2
G3
G4
G5
G6
G7

√1 (|010iABC
2
√1 (|010iABC
2
√1 (|001iABC
2
√1 (|001iABC
2
√1 (|100iABC
2
√1 (|100iABC
2
√1 (|000iABC
2

+ |101iABC )
− |101iABC )
− |110iABC )
+ |110iABC )

,

− |011iABC )
+ |011iABC )
− |111iABC )

where subscripts A, B and C are the parties Alice, Bob and Cliff respectively. Following the scheme that was followed throughout the work of [81]
The Chapter is mainly based on our work. S. Roy and B. Ghosh, 0 Study of
Controlled Dense Coding with some Discrete Tripartite and Quadripartite
States’, International Journal of Quantum Information, Vol. 13, No. 5,
1550033-(1-20), (2015), World Scientific.
1
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and which was reviewed in section 2.16.4 of Chapter 2, proper choice of measurement basis {|+iC , |−iC } by controller Cliff decided whether sender Alice,
indeed, was capable of transmitting bits to the receiver Bob. After confirming
from Cliff about his measurement outcome, Alice performed a joint unitary
operation on her qubit from the shared state and on the auxiliary qubit (this
qubit was introduced into the system by Alice herself) together. Alice’s vonNeumann measurement on the auxiliary qubit, the sending of the qubits then
to Bob and Bob’s subsequent CNOT2 operation on his qubit paved the way
for the success of CDC. In the same way, however, it can easily be shown
that the average number of bits transmitted for states like G1 , G4 and G6 is
1 + 2 | sin θ |2 and for states like G2 , G3 , G5 and G7 , it is 1 + 2 | cos θ |2 . So the
Hao et. al scheme is also successful with members of GHZ class of states.
This is clear from the following pictorial representation (figure 5.1) also.

Figure 5.1: The figure represents average number of bits transmitted against
the angle θ. The solid line represents (1 + 2 sin2 θ) bits are transmitted for
some GHZ forms for 0 6 θ 6 π4 . The dashed line represents (1 + 2 cos2 θ) bits
are transmitted for some other GHZ forms for π4 6 θ 6 π2 whereas optimum
value of bit transmission is 2.
When Alice shares Bell-states with Bob, then she can send 2 − bits of classical information to Bob by sending a single qubit, while if they share GHZ
2

CNOT operation is also known as CONTROLLED NOT operation and has been
discussed in Appendix.
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state then Alice is able to send only log2 8 = 3 bits of classical message to
Bob by sending two qubits, instead of 4 − bits of message which was quite
expected [115]. This proves that dense coding with GHZ state is not as efficient as dense coding with Bell-state. But, controlled dense coding with
GHZ state and with its various classifications are constructive from the view
point of modulation of controlled environment by any of the parties.

5.2.2

GHZ type states in CDC:

√
It is a well known fact that the states like √13 ( 2 |000iABC + |111iABC )
cannot be used for perfect super dense coding [116]. Pati et. al showed in
reference [117] that with such states dense coding is performed probabilistically. A general form of such states is now considered here.

|P iABC = L (|000iABC + l |111iABC ),

(5.1)

l
where, L = √1+l
2 and l > 0 (considering l to be real) are the parameters
of the state. The normalization condition however shows that the desirable
value of the parameter l is 1 and consequently L = √12 so that the state (5.1)
takes the form of well-known GHZ state.

Cliff here chooses his measurement basis from eq. (2.48). With respect
to these basis, the state (5.1) can be expressed as

1
|P iABC = √
( |p1 iAB |+iC + |p2 iAB |−iC ),
1 + l2

where

(5.2)

Chapter 5. Controlled Dense Coding

94

|p1 iAB = cos θ |00iAB + l sin θ |11iAB ,
|p2 iAB = sin θ |00iAB − l cos θ |11iAB .

(5.3)

If von-Neumann measurement of Cliff gives the readout as |+iC , the nonmaximally entangled state shared between Alice and Bob will be |p1 iAB
(while for the readout |−iC , it is |p2 iAB ). After Alice introduces auxiliary
qubit |0iaux and considers the unitary operator



sin θ
cos θ

0


0
1

U1 = 

0
 q 0
2
sin θ
1 − cos
0
2 θ

q

1−

sin2 θ
cos2 θ

0

0
0

0
−1

sin θ
− cos
θ

0





,



(5.4)

the collective unitary operation U1 ⊗IB transforms the state |p1 iAB ⊗|0iaux to

|p1 iA B aux =

sin θ
{ L (|00iAB + l |11iAB ) } ⊗ |0iaux +
L
r
sin2 θ
1−
cos θ |10iAB ⊗ |1iaux .
cos2 θ

(5.5)

Alice’s von-Neumann measurement of |1iaux shows that the qubits of Alice
and Bob are un-entangled and only one bit is transferred from Alice to Bob.
The measurement outcome of |0iaux however justifies that Alice and Bob
shares L ( |00iAB + l |11iAB ). The average number of bits transmitted is then
2
1
1 + | sinL2θ| , and the scheme is successful only if θ = sin−1 (± √1+l
2 ). Alice apx
y
z
plies any one of the four unitary operators {I, σ , iσ , σ }. The shared state
between Alice and Bob then may take anyone of the following forms, given as
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L(|00iAB + l |11iAB ),
L(|10iAB + l |01iAB ),
L(−|10iAB + l |01iAB ),
L(|00iAB − l |11iAB ).

(5.6)

Alice sends her qubit to Bob. Bob performs a projection on to the basis
spanned by the basis states {|00i, |11i} and {|01i, |10i}. Bob can extract
2 l2
two bits of classical information with a success probability of 1+l
2 . Thus for
maximally entangled state, i.e. for l = 1, the success probability is unity. It
is also clear that for maximally entangled state, Cliff’s measurement angle is
therefore ± π4 . The above analysis is shown in the table below
l

θ

0

± π2

1

± π4

shared state

Success probability =

|00iAB
√1 [|00iAB
2

+ |11iAB ]

2 l2
1+l2

0
1

It is seen that with states of the form (5.1), controlled dense coding is thus
achieved with unit probability of success only when Cliff chooses a proper
measurement angle θ and with proper choice of state parameter (which is in
this case l = 1). A relation between the parameter l and angle θ can then be
formulated as,

1
θ = tan−1 .
l

(5.7)

The relation (5.7) has been shown graphically in figure 5.2.
The entanglement of a bipartite state is given by concurrence, a measure
which was first introduced in [55] and has been discussed in the section 2.12.2.
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Figure 5.2: The figure shows that for π4 ≤ θ ≤ π2 , we have 1 ≥ l ≥ 0. The
scheme of CDC is successful when θ = π4 and l = 1.
Using eq. (2.30), the concurrence C of the shared state L ( |00iAB + l |11iAB )
is found to be

C = |2 L2 l |.

(5.8)

Also using (5.7) and (5.8), a relation between C and θ is obtained that is
given by

C = | sin 2 θ |.

(5.9)

Figure 5.3 is hence plotted to show the relation (5.9) pictorially.
The above analysis shows that, before dense coding is executed between Alice
and Bob, what state will they share, is also controlled by Cliff. The protocol
of dense coding is done successfully provided Cliff fixes his measurement angle to θ = π4 , as in this case only Alice and Bob shares maximally entangled
state and the success probability is therefore 1.
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π
4

≤ θ ≤

π
,
2

we have 1 ≥ C ≥ 0.

Four particle GHZ state and CDC:

Fu et.al have utilised the protocol of controlled dense coding with a nonmaximally entangled state of the form shown in [118]. In this section Fu
protocol of CDC is discussed for four particle GHZ state. The state is defined as follows:

1
|GHZiP ABC = √ { |0000iP ABC + |1111iP ABC }.
2

(5.10)

where P , A, B and C respectively represents Paul, Alice, Bob and Cliff.
Cliff chooses his measurement basis as given in (2.48). The state (5.10) is
therefore expressed as

1
|GHZiP ABC = √ [ |ςiP AB |+iC + |τ iP AB |−iC ],
2

such that

(5.11)
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|ςiP AB = cos θ |000iP AB + sin θ |111iP AB ,
|τ iP AB = sin θ |000iP AB − cos θ |111iP AB ..

(5.12)

When Cliff chooses a basis

{ |+iC = cos ε |0iC + sin ε |1iC ,
|−iC = sin ε |0iC − cos ε |1iC },

(5.13)

and carries out a unitary operation on his qubit and if Cliff’s measurement
result gives |+iC , then Paul, Alice and Bob shares the state |ςiP AB . If a
similar basis like (5.13) is chosen by Paul, then the state, |ςiP AB can be expressed in the form

|ςiP AB = |µiAB ⊗ |+iP + |νiAB ⊗ |−iP ,

(5.14)

where

|µiAB = cos θ cos ε|00iAB + sin θ sin ε|11iAB ,
|νiAB = cos θ sin ε|00iAB − sin θ cos ε|11iAB .

(5.15)

For Paul’s local measurement result |+iP , the shared state between Alice and
Bob is |µiAB . Alice then introduces an auxiliary qubit |0iaux and considering
the unitary operator
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sin θ sin ε
cos θ cos ε



0

U2 =  q
 − 1 − sin2

cos2
0

θ sin2 ε
θ cos2 ε

0
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q
1−

sin2 θ sin2 ε
cos2 θ cos2 ε

1

0

1

sin θ sin ε
cos θ cos ε

0

0

0




0 

,
0 

−1

(5.16)

and henceforth using the collective unitary operation U2 ⊗IB , she transforms
|µiAB ⊗ |0iaux to the following

|µiA B aux = sin θ sin ε [|00iAB + |11iAB ] ⊗ |0iaux
r
−

1−

sin2 θ sin2 ε
cos θ cos ε |00iAB ⊗ |1iaux .
cos2 θ cos2 ε

(5.17)

The von-Neumann measurement outcome |0iaux of Alice shows that the
non-maximally entangled state shared between Alice and Bob is therefore
sin θ sin ε (|00iAB + |11iAB ) (while the readout |1iaux shows qubits of Alice
and Bob are un-entangled).
Using [55], the concurrence C1 of the shared state sin θ sin ε(|00iAB +|11iAB )
is shown to be

C1 = 2 sin2 θ sin2 ε.

(5.18)

The above relation (5.18) is shown graphically below in figure 5.4.
Hence when Paul fixes his measurement angle to ε = π2 , the state shared
between Alice and Bob is sin θ [|00iAB + |11iAB ] . When θ = π4 , Alice and
Bob shares maximally entangled state and two bits are transferred. What
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Figure 5.4: Here 0 ≤ C1 ≤ 1 whereas 0 ≤ θ ≤ π4 and 0 ≤ ε ≤ π2 . It is clear
that when θ = π4 and ε = π2 , concurrence is maximum i.e. 1.
state will be shared by Alice and Bob is controlled both by Paul and Cliff.
The bit transmission between Alice and Bob is controlled by them too.

5.3

W-class of States:

The pure maximally entangled tripartite states can be classified into two
categories with respect to their genuine tripartite entanglement viz. GHZ
state and W state [119]. The entanglement properties of the GHZ state are
very fragile under loss of particles while entanglement of W state is maximally robust under the loss of any one of the three qubits. The utility of
GHZ state has already been proved in controlled dense coding. Will Alice,
Bob and Cliff be able to utilize the entanglement characteristic of W state
in controlled dense coding?
The following two states belong to W − class of states viz.

1
|W (1) iABC = √ {|100iABC + |010iABC + |001iABC } ,
3
n
o
√
1
|W (2) iABC =
|100iABC + |010iABC + 2 |001iABC .
2

(5.19)
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It is very interesting to note down that the although |W (1) iABC (prototypical W − state) cannot be used in teleportation and dense coding, |W (2) iABC
(non-prototypical W − state) can, however, be [120] used in both teleportation as well as in dense coding. Below it has been shown that the prototype
W − state i.e. |W (1) iABC is also not useful in CDC.

5.3.1

CDC with W state:

When Cliff chooses his basis as given in (2.48), the prototype W − state can
be expressed as

1
|W (1) iABC = √ [ |+iC |$1 iAB + |−iC |$2 iAB ],
3

(5.20)

where

|$1 iAB = cos θ |10iAB + cos θ |01iAB + sin θ |00iAB
|$2 iAB = sin θ |10iAB + sin θ |01iAB − cos θ |00iAB .

(5.21)

If Cliff’s von-Neumann measurement readout is |+iC , Alice and Bob will
share non maximally entangled state |$1 iAB . Alice introduces auxiliary
qubit |0iaux as before and she considers unitary operator defined in equation (5.4), such that the collective unitary operation U1 ⊗ IB transforms the
state |$1 iAB ⊗ |0iaux to


sin2 θ
|$ iA B aux = sin θ |01iAB +
|00iAB + cos θ |10iAB ⊗ |0iaux
cos θ
(r
)
r
2
2
sin θ
sin θ
+
1−
cos θ|11iAB + 1 −
sin θ|10iAB ⊗ |1iaux .(5.22)
2
cos θ
cos2 θ
1
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If now Alice gets her projective measurement outcome as |0iaux , this will
2θ
|00iAB + cos θ |10iAB ].
make Alice and Bob to share [ sin θ |01iAB + sin
cos θ
Using (2.30), the concurrence (C2 ) of this shared state is measured and consequently it is found that

C2 =

√
2 | cos θ sin θ|

(5.23)

It is clear from the figure below (figure 5.5) that for θ assuming values from π4
2θ
to π2 , concurrence of the shared state [sin θ|01iAB + sin
|00iAB +cos θ|10iAB ]
cos θ
never reaches its maximum value i.e. 1. When Cliff’s measurement angle is
π
, the concurrence C2 takes its highest value, which is 0.7. In other words
4
Alice and Bob never share maximally entangled state for any value of θ.
Hence the prototypical W − state is not suitable for controlled dense coding.

Figure 5.5: For θ belonging to the range of [ π4 , π2 ], we get 0.7 ≥ C2 ≥ 0.
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Four particle W-state:

It is known that all even qubit entangled states are not suitable for maximal
dense coding e.g. maximal dense coding is not possible in 4− qubit prototype
W − state [114]. This is also the scenario when such states are taken into
consideration for controlled dense coding.
A four qubit W − state of the form defined in [116] is shown below.

1
|W (1) iP ABC = √ [|1000iP ABC + |0100iP ABC + |0010iP ABC + |0001iP ABC ],
4
(5.24)

where P , A, B and C respectively are Paul, Alice, Bob and Cliff as before. The state (5.24) is then expressed in terms of Cliff’s measurement basis
{ |+iC , |−iC } and is shown in the following

1
|W iP ABC = √ [|t1 iP AB |+iC + |t2 iP AB |−iC )].
2

(5.25)

where

cos θ(|100iP AB + |010iP AB + |001iP AB ) + sin θ |000iP AB
√
,
2
sin θ(|100iP AB + |010iP AB + |001iP AB ) − cos θ |000iP AB
√
=
. (5.26)
2

|t1 iP AB =
|t2 iP AB

Again when Paul chooses his basis { |+iP , |−iP } then the state (5.25) can
be re-expressed as,
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|W 1 iP AB = √ [|+iP |t3 iAB + |−iP |t4 iAB ],
2
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(5.27)

where

|t3 iAB = sin (θ + ε)|00iAB + cos θ cos ε (|10iAB + |01iAB ),
|t4 iAB = − cos (θ + ε)|00iAB + cos θ sin ε (|10iAB + |01 iAB ).
(5.28)

The forms of the measurement basis chosen by both Cliff and Paul are of
the type (2.48), the only difference is that the measurement angle of Cliff is
denoted by θ and that by Paul is ε. Further if Paul’s von-Neumann measurement outcome results in |+iP , then the shared state between Alice and Bob
is |t3 iAB . Alice introduces auxiliary qubit |0iaux and takes into consideration
the unitary operator (5.16) such that the collective unitary operation U2 ⊗ IB
transforms the state |t4 iAB ⊗ |0iaux as before and subsequently when Alice’s
von-Neumann measurement outcome is |0iaux , then shared state between Alice and Bob is given by

(

|t3 1) iAB = sin θ cos ε |01iAB + cos θ cos ε |10iAB
sin2 θ cos ε
)|00iAB .
+(sin θ sin ε +
cos θ

(5.29)

Using (2.30), the concurrence (C3 ) of the state (5.29) is calculated and is
shown graphically below in figure 5.6.
In figure 5.6, the first plot represents the concurrence C3 against {ε, θ }. The
second plot shows the variation of C3 against θ whereas ε = π4 . It is clear
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we have 0 ≤ C3 ≤ 0.5.
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π
4

to

π
2

and consequently

from the figure that, the state (5.24) is also not suitable for controlled dense
coding as because when Paul and Charlie varies their parameter ε and θ, the
concurrence of the state shared between Alice and Bob reaches its maximum
value 0.5 and therefore the shared state is never maximally entangled. Hence
both tri-partite and quadri-partite prototypical W − states are not suitable
in CDC.

5.3.3

Non- prototypical W − state

Pati et. al showed that [120] a particular class of W − state is suitable for
perfect teleportation and dense coding, which is of the following form

|Wn iABC = √

√
√
1
( |100iABC + n ei γ |010iABC + n + 1 ei δ |001iABC ),
2+2n
(5.30)

The above state (5.30) is a general form of non-prototypical W − state. Li
and Qiu in their paper [116] proved that, any state of W − class is suitable
for perfect teleportation and superdense coding if and only if it can be converted from state |GHZiABC state by a unitary operation which is the tensor
product of a two qubit unitary operation and a one qubit unitary operation.
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A special non-prototypical W − state is now considered here. The state which
is being considered in this section was defined by Li and Qiu

1
|Wn iABC = √ [ |φiAB |0iC + |00iAB |1iC ],
2

(5.31)

√
1
[ |10iAB + n|01iAB ].
|φiAB = √
n+1

(5.32)

where

This state can be converted from |GHZiABC =
shown below

|000iABC +|111iABC
√
2

[116] as

|Wn iABC = (UAB ⊗ IC ) |GHZiABC ,

(5.33)

while UAB is a unitary operator acting on particles A and B given as

UAB = |φih00| + |11ih01| + |φ⊥ ih10| + |00ih11|.

(5.34)

Phase factors have not been considered here. Simple observation reveals that
Pati states (5.30) are indeed equivalent to the states defined in (5.31).
The controller Cliff decides to inform about his measurement outcome to
both sender (Alice) and the recipient (Bob). If Cliff gets his outcome as |1iC
and informs both Alice and Bob, then they know that they share a separable
state and only one bit can be transferred. If, however, Cliff gets his measurement outcome as |0iC and informs Alice and Bob, then they know that
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they share the state |φiAB of eq. (5.32). The state (5.32) is equivalent to the
state given in eq. (5.6). Such states have already been used in dense coding
and have been discussed in section 5.2.2. It is obvious that, when n = 1, the
shared state between Alice and Bob is the Bell-state.

5.4

Three party qutrit state and CDC:

A state of N qudits of the form

1
|Ξ(N ) iA1 A2 ··· AN = √ [ |0 0 · · · 0i + |1 1 · · · 1i + · · · + |d d · · · di ], (5.35)
d

is a maximally entangled state for the N particles, a special case of which is
a tripartite qutrit state given by [121]
1
|Ξ(3) iABC = √ [ |0 0 0iABC + |1 1 1iABC + |2 2 2iABC ].
3

(5.36)

Here, three parties are A, B and C, each of them holding three respective
qubits |0i, |1i and |2i respectively. This state is basically a natural generalization of GHZ state in three level systems with full rank of all reduced
density matrices [122].
Party 3 now considers the following basis

| ↑iC = sin θ |0iC + cos θ |2iC ,
| %iC = |1iC ,
| ↓iC = cos θ |0iC − sin θ |2iC .

Under this basis (5.37), the state (5.36) takes the form

(5.37)
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|Ξ(3) iABC = ( sin θ |00iAB + cos θ |22iAB ) | ↑iC
+( cos θ |00iAB − sin θ |22iAB ) | ↓iC + |11iAB | %iC .

(5.38)

When Cliff’s projective measurement yields | %iC , Alice and Bob will share
|11iAB and only one bit is transferred from Alice to Bob in that case. But
when Cliff’s measurement results in one from the set { | ↑iC , | ↓iC }, then a
non-maximally entangled state is shared between them, which is (sin θ|00iAB +
cos θ |22iAB ) (w.r.t | ↑iC ) or (cos θ |00iAB − sin θ |22iAB ) (for | ↓iC ).
However, it is assumed that Cliff’s measurement result is | ↑iC and he informs
about his outcome to Alice only while Bob is left to guess. Alice introduces
an auxiliary qubit |0iaux and performs an unitary operation on her qubit A as
well as on the auxiliary qubit with respect to the collective operation under
the basis { |i ji }2i, j= 0 .
The unitary operator which Alice chooses is the 9 × 9 unitary Braid matrix defined as [123].



cos θ
sin θ



0



0



0
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0
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(5.39)
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The collective unitary operation V1 ⊗ IB transforms the state (sin θ |00iAB +
cos θ |22iAB ) ⊗ |0iaux to the state

|ΦiAB aux = (cos θ |00iAB − sin θ |22iAB ) ⊗ |0iaux +
(

r
cos θ

sin2 θ
1−
|02iAB + sin θ
cos2 θ

r

sin2 θ
1−
|20iAB
cos2 θ

)
⊗ |2iaux .
(5.40)

For Alice’s von - Neumann readout |0iaux , the non-maximally entangled state
shared between Alice and Bob is cos θ|00iA1 A2 − sin θ|22iA1 A2 . It immediately follows that when θ = π4 , then Alice and Bob share the maximally
AB
). After performing the operations identity I or
entangled state ( |00iAB√−|22i
2
the Pauli spin operators σ x , σ y and σ z ) on her qubit, she sends her qubit to
Bob.
In other words, Alice applies the projection operators |0ih0| + |2ih2|, |0ih2| +
AB
|2ih0|, |0ih2|−|2ih0| and |0ih0|−|2ih2| respectively to the state ( |00iAB√−|22i
),
2
and she obtains the following states.

|00iAB − |22iAB
√
,
2
|20iAB − |02iAB
√
,
2
|02iAB + |20iAB
√
,
2
|00iAB + |22iAB
√
.
2

(5.41)

Once she sends her qubit to Bob, he then uses a projection operator |00ih00|+
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|22ih20| + |02ih02| + |20ih22|, to his qubit. In this way, usual dense coding
will be performed by Alice and Bob as well.
If, however the shared state between Alice and Bob is (cos θ|00iAB −sin θ|22iAB ),
then Alice may consider the following form of the Braid matrix [123]
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.









(5.42)

Applying the protocol as described above, 2− bits of classical information
again can be transferred from Alice to Bob.
The findings of this chapter may be summarized below.

• It has been observed here that just like the GHZ state, it’s similar
other classifications can suitably be used in the controlled dense coding scheme. In all these cases the average number of bits transmitted is
dependent on the Controller’s choice of basis as well as on his measurement outcomes i.e. there is an inter-dependence between the average
number of bits transmitted from the sender to the receiver and the
measurements induced by the controller of the scheme. The general
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form of GHZ type states like L ( |000i + l |111i ) is then considered
1
where, L = √1+l
2 for real positive l. It is found that the parameter
of the state is inversely proportional to the measurement angle of the
controller. This means that for the successful completion of the scheme
the parameter of the state should be so chosen that it has to be at par
with polarization angle of the controller. More precisely with high values of the parameter l the angle of polarization θ has to be decreased
accordingly and vice - versa. However the success probability of the
scheme of CDC is unity when l = 1 and when Cliff modulates his polarization angle to π4 . The preparation of the state L ( |000i + l |111i )
is made in a way by carefully choosing the parameter l so that Cliff
can manipulate his polarization angle θ so that the success probability,
2 l2
which is given by 1+l
2 , is maximized. It has also been shown that four
party GHZ state is also authentic to carry with the scheme of CDC.
• Prototypical three and four party W state are however not useful for
controlled dense coding. These states are intrinsically different from
GHZ state with respect to their entanglement properties. It has been
observed that for any sort of modulation from controller’s end, the
sender and the receiver never share bipartite maximally entangled state
if the pre-assigned tripartite state shared among controller, sender and
receiver is prototypical W state. But if they share a special type of
W − class of states of the form (5.31), then the scheme of controlled
dense coding works.
• In 3 ⊗ 3 dimensional system, the 3 party qutrit state of the form (5.36)
can be taken into consideration in CDC. Using Hao protocol of CDC
there and with a proper choice of unitary Braid matrix by the sender
(in this case it was Braid matrix [123]) as well as by the choices of
the projection operators (both by sender and the receiver) it has been
confirmed that controlled dense coding can be performed well with the
state.

Chapter 6

Controlled Secret Sharing using
Cloning
“Scientific discovery and scientific knowledge have been achieved only by
those who have gone in pursuit of it without any practical purpose whatsoever
in view.”
- Max Planck

6.1

Introduction:

In chapter 4 it was shown that the output of the cloning machines could be
used in information processing protocols like teleportation and dense coding.
This indicated an additional appeal to the cloning machine. Apart from this,
cloning machines also play an important role in secret sharing. This feature
of cloning machines will now be addressed.
The fundamental idea behind secret sharing has already been summarized
in Chapter 2 (section 2.16.5). Let us begin by recapitulating what has already been discussed. In a nutshell, in quantum secret sharing, quantum
112
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information encoded in a qubit is split among several parties such that only
one of them is able to recover the information exactly, provided all the other
parties agree to cooperate [12]. Quantum secret sharing protocol was carried out using a bipartite pure entangled state in [124] and using tripartite
pure entangled states in [125–129]. Quantum secret sharing has also been
experimentally realized in [130–133]. Although, a semi quantum secret sharing protocol was proposed using maximally entangled GHZ state that was
secured against eavesdropping [134], however in real experimental set ups,
the entangled resource shared by the users would be a mixed entangled state
due to the noise induced by eavesdropping. The present context1 proposes a
situation in which there are two secret agents, one loyal and another treacherous. The treacherous one’s motive is to pass classified data to an agency
for which he works, while the loyal one, by any means, wants to prevent him
in fulfilling his objective.

• Can the loyal agent stop the disloyal in sharing secret information to
the unwanted recipients?
• How can the disloyal agent send the information to his associates? How
does entanglement play as an aid to the loyal agent in achieving the
goal?
• What sort of quantum processing will the trustworthy agent apply in
this case? What is the role of cloning machine in this respect?

These are the questions which we will try to answer by defining a new protocol
of secret sharing, where quantum cloning machine will take pertinent role.
1

The Chapter is mainly based on our work
S. Adhikari, S. Roy, S. Chakraborty, V. Jagadish, M. K. Haris and A. Kumar, 0 Controlled Secret Sharing Protocol using a Quantum Cloning Circuit’,
Quantum Information Processing, Vol. 13, No. 9, 2071-2080, (2014).
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The Protocol

In the proposed secret sharing protocol there are four parties viz. Alice,
Bob, Charlie and Cliff. Here Alice and Bob are the two accomplices of Charile
(who is the dishonest guy). Charlie wants to prepare and encode the classical
information in a maximally entangled pure state and consequently will try to
send one qubit to one of the accomplices Alice and at the same time the other
qubit to Bob. Cliff on the other hand will try to foil Charile’s attempt and in
the due process will take the help of quantum cloning circuit so that he can
clone the individual qubits, those which are en-route through the channel to
the un-intended recipients (Alice and Bob). Such an attempt by Cliff will
create a noise (or the de-coherence) into the system thus generating a mixed
state.

6.3

Mixed state creation via quantum cloning
circuit:

A bipartite pure state |ψiin in an n ⊗ n− dimensional system can be written
in the Schmidt polar form as

in

|ψi =

n p
X

λi |ii1 ⊗ |ii2 ,

(6.1)

i=1

where, λi ≥ 0, i = 1, 2, ..., n are the Schmidt coefficients and satisfy the
P
condition ni=1 λi = 1. Once Charlie prepares the bipartite entangled state,
he sends particle 1 to Alice and particle 2 to Bob through insecure channels
where Cliff attempts to clone the particles 1 and 2 respectively.
Now the operation of the cloning circuit that Cliff applies to the individual
particles can be accomplished by Buzek -Hillery universal quantum cloning
machine [28]. The characteristics of the said machine have been reviewed in
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Chapter 2 (section 2.16.6). The expediency of the machine has already been
proved in the domain of quantum information protocols like teleportation
and dense coding in Chapter 4.
Using the cloning transformation (2.55) it can be easily seen that, the state
(6.1) transforms as follows

in

|ψi

out

→ |ψi

n p
X
λi { |i, ii13 ⊗ |i, ii24 |Xi i |Xi i }
= c
2

i=1

+c d
+c d

n p
X
i 6= j
n
X

p

λi |i, ii13 ⊗ { |i, ji24 + |j, ii24 } |Xi i |Xj i
λi { |i, ji13 + |j, ii13 } ⊗ |i, ii24 |Xj i |Xi i

i 6= j
n p
X
+d2
λi

(

n
X

)
( |i, ji13 + |j, ii13 ) ⊗

i 6= j

i=1

X

( |i, li24 + |l, ii24 ) |Xj i |Xl i

.

i 6= l

(6.2)

where |i3 and |i4 are the qubits of the environment.
After tracing out the ancilla qubits, the four qubit states would be described
by the density operator ρ1324 . Moreover, as the sent qubit 1 (2) interacts
with its corresponding cloned qubit 3 (4), the state described by the density
operator ρ13 (ρ24 ) can be designated as local output(s) and would be given by,

ρlocal
13

=

ρlocal
24

=c

2

n
X
i=1

λi |i, iihi, i| + d

2

n
X

{ |i, ji + |j, ii } {hi, j| + hj, i| }.

i 6= j

(6.3)

Since the state described by the density operator ρ14 (ρ23 ) is formed between
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the original qubit 1 (2) and the cloned qubit 4 (3) which are located at two
distant locations, the state can be termed as a non-local state such that

ρnon−local
= ρnon−local
14
23
n
n
X
X
p
λi λj |i, iihj, j|
= P
λi |i, iihi, i| + Q
i 6= j

i=1

+

R

n
X

( |i, jihi, j| + |j, iihj, i| ) + S

i 6= j

X

λi |j, lihj, l|,

l,j 6= i

(6.4)

where,

P = (c2 + (n − 1) d2 )2 ,
Q = d2 (4 c2 + 4 c d (n − 2) + (n − 2) d2 ),
R = d2 (c2 + (n − 1) d2 ),
S = d4 .

(6.5)

The following figure 6.1 will make the situation clear.
After intercepting into the channel and cloning the qubits, Cliff resends the
particles 1 (2) and 4 (3) to Alice and Bob respectively. Alice and Bob then
will share a joint mixed state described by the density operator ρ14 (ρ23 ). It
is important to mention here that Cliff could also send the particles 1 (3) and
2 (4), respectively, to Alice and Bob. However, without any loss of generality,
it can be assumed that for Alice and Bob to share an entangled state, Cliff
sends particles 1 and 4 or 3 and 2 to Alice and Bob, respectively. This is
obvious by the way local and non-local density operators are defined through
equations (6.3) and (6.4).
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Figure 6.1: The figure depicts how Alice and Bob share their respective qubits sent to
them by Charlie through insecure channels and Cliff attempts to foil it being a eavesdropper. The two local (ρ13 /ρ24 ) and the two non-local (ρ14 /ρ23 ) outputs are generated.
In computational basis and for 2 ⊗ 2 dimensional system, the local and nonlocal outputs of (6.3) and (6.4) can be re-expressed as,


ρlocal
13

=

ρlocal
24



=



c2 λ 1 0 0
0
0
d2 d2
0
2
2
0
d d
0
0
0 0 c2 λ 2




,



(6.6)

and


ρnon−local
14

where

=

ρnon−local
23



=



√
P λ1 + S λ2 0 0 Q λ1 λ2
0
R 0
0
0
0 R
0
√
Q λ1 λ2
0 0 P λ2 + S λ 1




,



(6.7)
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P = (c2 + d2 )2 ,
Q = 4 c2 d 2 ,
R = c2 d2 + d4 ,
S = d4 .

(6.8)

It is important however to note down that, when Cliff clones the qubits enroute to Alice and Bob using the cloning circuit, the shared mixed state (6.4)
may or may not be entangled. Using the concurrence [55] and optimal witness operators [135], for two qubit systems, it is obtained that the shared
state (6.4) would be entangled if there exists a critical value of concurrence
which measures the initial entanglement present in the two qubit pure system. If the concurrence of initially prepared state is less than this critical
value, then the shared state is separable.
Such an optimal witness operator for a two qubit system is given, in matrix form, as [135]


Wa(1)

0


 0
=
 0


−1
√
3

0

0

√1
3

0

0

√1
3

0

0

−1
√
3




0 
.
0 

0

(6.9)

would be entangled if and only if
The non-local output ρnon−local
= ρnon−local
14
23
(1)
T r (Wa ρ14 ) < 0. It is easy to show that

) = T r (Wa(1) ρnon−local
)
T r (Wa(1) ρnon−local
14
23


p
−2
√
=
( Q λ1 λ2 − R).
3

(6.10)
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Hence the condition of entanglement of the non-local output gives

Q

p
λ1 λ2 − R > 0

=⇒ 2

p

λ1 λ2

=

C (|ψiin )

>

C critical (|ψiin ) =

1 + c2
1
, √ < c ≤ 1.
2
4c
3
(6.11)

It is clear from (6.11) that the critical value of the concurrence is a decreasing function of the cloning parameter c which means that as c increases,
the critical value of concurrence (i.e. C critical ) decreases . The lower value
of concurrence (of initially prepared entangled state), however, would ensure that the non-local shared state is entangled if the quantum cloning
circuit parameter c tends towards unity. On the other hand, the local
is separable as
= ρlocal
shared state described by the density matrix ρlocal
24
13
(1) local
(1) local
1
> 0.
T r (Wa ρ13 ) = T r (Wa ρ24 ) = 3 √
3
Using optimal witness operator [136] proposed by Sanpera et. al, similar
types of conclusion as above can be drawn. The witness is defined as

Wa(2) =

1
( I − ι),
2

(6.12)

while ι = σ x ⊗ σ x − σ y ⊗ σ y + σ z ⊗ σ z , (σ x , σ y , σ z are Pauli matrices.)
If Charlie initially prepares a maximally entangled state
q by taking λ1 =
1
2
λ2 = 2 , then for a specific value of parameter c =
, the shared state
3
between Alice and Bob takes the form of a maximally entangled mixed state
(MEMS) represented by,
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ρnon−local
23

=

ρnon−local
14

13
36

0


 0
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 0


5
36

4
18

=

0
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4
18



5
36

0
0

0

13
36







0
0

5
4 +
|Ψ ihΨ+ | +
I4 .
9
36

(6.13)

|Ψ+ i is Bell-state from eq. (2.13). Thus if maximally entangled pure state
sent through insecure channels is cloned by Cliff using transformations defined in (2.55), then there exists a value of the quantum cloning circuit parameter c, for which the maximally entangled pure state transforms to a maximally mixed entangled state that belongs to the family of Werner state [54].

6.4

Two qubit bipartite mixed state in the
quantum secret sharing protocol:

The secret sharing protocol, the main central point of investigation in this
chapter, where Cliff wants to stop Charlie from leaking information (encoded
in the two-qubit mixed entangled state (6.4)) to his counterparts Alice and
Bob, is now described here in this section.

Maximally entangled pure state prepared by Charlie:
To split the information between Alice and Bob, Charlie prepares a two qubit
maximally entangled pure state either in |Ψ+ i or in |Ψ− i (the Bell-states from
eq.(2.13)) form. Which of these states to prepare is decided by Charlie classically, either by simply tossing a coin (or by seeing a cat ‘dead’ or ‘alive’ or
by any classical means with two possible outcomes). If however, ‘head’ (des-
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ignated as ‘0’) appears (or Cat comes out to be ‘dead’) then Charlie decides
to prepare |Ψ+ i and if ‘tail’ (designated as ‘1’) appears (or Cat is ‘alive’)
then he prepares |Ψ− i. Charlie, in this way, encodes one bit of information
into the prepared state. Once the information is encoded, Charlie sends the
qubits to Alice and Bob. Cliff then intercepts, and clones these qubits using
a quantum cloning circuit. For both the qubits, Cliff applies the symmetric
quantum cloning circuit described by (2.55). The protocol then proceeds
with Cliff resending any one of the two qubits to Alice and Bob provided the
state is entangled. The mixed state shared by Alice and Bob can thus be
−
described by either of the following density operators (ρ+
AB or ρAB )

ρ±
AB =

Q
P +S
( |00ih00| + |11ih11| ) ± ( |00ih11| + |11ih00| )
2
2
R ( |01ih01| + |10ih10| ),

(6.14)

where,
P = ( c2 + d2 )2 , Q = 4 c2 d2 , R = d2 ( c2 + d2 ), S = d4 and c2 + 2 d2 = 1.

A single qubit measurement performed by Alice:
Alice
performs omeasurement on her qubit in the Hadamard basis HB =
n
|0i+|1i |0i−|1i
√
. The single qubit state received by Bob would depend on
, √2
2
the measurement outcome of Alice’s qubit.
If the shared state between Alice and Bob is ρ+
AB and Alice’s measurement
|0i±|1i
+0
outcome is √2 , then Bob receives either ρB or ρ+1
B accordingly, where
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ρB


= T r1

=
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|0i ± |1i h0| + ±h1|
|0i ± |1i h0| ± h1|
+
√
( √
)(
) ⊗ I2 ρAB ( √
)( √
) ⊗ I2
2
2
2
2

1
[I2 ± Q(|0ih1| + |1ih0|)].
2

(6.15)

If the shared state between Alice and Bob is ρ−
AB and Alice’s measurement
|0i±|1i
−0
outcome is √2 , then Bob receives either ρB or ρ−1
B , which are as follows

−0 (1)
ρB


= T r1

=




|0i ± |1i h0| ± h1|
|0i ± |1i h0| ± h1|
−
)( √
) ⊗ I2 ρAB ( √
)( √
) ⊗ I2
( √
2
2
2
2

1
[I2 ∓ Q(|0ih1| + |1ih0|)],
2

(6.16)

where I2 denotes the identity operator in 2 ⊗ 2 dimensional Hilbert space.
Similarly, one can find the state obtained by Alice, if Bob chooses to perform
measurement on his qubit. The equations (6.15) and (6.16) clearly explain
that it is neither possible for Alice nor for Bob alone to decode Charlie’s encoded information. They would only be able to decode Charlie’s information
if they both agree to collaborate with each other (which is quite expected
from the very definition of ‘secret sharing’). Now if they convince themselves
to collaborate, then the protocol may be brought forward to the next level.

Declaration of measurement outcome by Alice:
Once Alice and Bob agree to cooperate with each other, Alice sends her measurement outcome to Bob.

1. If the measurement outcome is
bit ‘0’ and

|0i+|1i
√
,
2

then she sends Bob a classical

Chapter 6. Controlled Secret Sharing using Cloning

2. If the measurement outcome is
to Bob.

|0i−|1i
√
,
2
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then she sends classical bit ‘1’

Positive operator valued measurement (POVM) performed by Bob:
At this stage the positive operators are introduced to unambiguously discrim−0
+1
−1
inate between Bob’s mixed state ρ+0
B and ρB (or ρB and ρB ) corresponding
to Alice’s measurement outcome |+i (or |−i). For this, three element positive operator -valued measurements (POVM), denoted by E1 , E2 and E3 are
defined in the following

E1 =
E2 =

!

Q
2

1

0

Q
2

Q
2

−1

0

Q
2

,
!
,

E3 = 1 − E1 − E2 ,

(6.17)

where, Q ∈ [ 0, 21 ]. If Bob receives the classical bit ‘0’, then Alice’s measurement outcome would be |+i and correspondingly Bob will receive either ρ+0
B
−0
or ρB . Using the operators defined in (6.17), Bob can successfully discrimi−0
nate between the two states ρ+0
B and ρB as

+0
T r ( E1 ρ−0
B ) = T r ( E2 ρB ) = 0,
−0
T r ( E1 ρ+0
B ) = T r ( E2 ρB ) = Q.

(6.18)

In a similar way, if Bob receives the classical bit ‘1’, then also he can discrim1
−1
inate the single qubit states ρ+
B and ρB using POVM operators defined in
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(6.17).
The success probability of the protocol can thus be expressed as

Psuccess =

1
1
T r [ ρ+0 E1 ] + T r [ ρ−0 E2 ].
2
2

(6.19)

The above equation can be re-expressed as

Psuccess = Q = 4 c2 d2 ,

(6.20)

where, Q ∈ [ 0, 12 ]. Clearly, the success probability depends on the cloning
circuit parameters c and d such that Psuccess ≤ 21 . So, the success probability
Q of the protocol can be controlled by Cliff and Q ∈ [ 0, 12 ].
For universal quantum cloning machine where the cloning parameters c and
d assume the values √23 and √16 , respectively, Psuccess = 0.45, which is very
close to the maximum success probability 12 , that can be achieved using this
protocol. However, if Cliff wants to stop Charlie from communicating the
secret information to Alice and Bob, he will use Wootters-Zurek cloning
machine [25] where the cloning parameters c and d take values 1 and 0, respectively and hence, the success probability of the protocol would be zero.
In this way Cliff can stop Charlie from leaking the secret information.
The findings can now be summarized below.

• A secret sharing protocol have been discussed here, where, the noise
is introduced into the system through eavesdropping using a quantum
cloning circuit. Certain interesting facts emerged out regarding the
relation between the cloning parameters and the success probability
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of the protocol. Four parties were involved in this scheme. Out of
them the loyal one (named ‘Cliff’, the controller) would be able to stop
the disloyal one (called, ‘Charlie’, the encoder) from sharing a secret
message with his accomplices (‘Alice’ and ‘Bob’) and Cliff can do this
with certainty using appropriately chosen cloning parameters.
• The disloyal agent Charlie can achieve his goal by preparing a maximally entangled state which will be expected to be shared by his associates Alice and Bob. It has been shown that the bipartite state (sent
by Charlie with the encoded classical information) received by Alice
and Bob will be an entangled resource if and only if the concurrence of
the initially prepared pure state surpasses a certain threshold value.
• The trustworthy agent (Cliff) takes the help of quantum cloning machine (BH-UQCM) to clone the secret information encoded and sent to
the un-intended recipients by un-trustworthy agent (Charlie). Interestingly, for a specific quantum cloning machine (like if he uses Wootters
Zurek cloning machine), Cliff would succeed in preventing Charlie from
doing any transgression with the secret information.

Chapter 7

Conclusions
In this chapter we summarize the findings of this thesis and discuss some possible future directions. The theory of quantum information promises to bring
radical changes into the domain of technology. The central feature of this
possibility relies on quantum entanglement. Quantum entanglement is the
fundamental building block on which many information theoretic protocols
such as teleportation, dense coding, secret sharing, cryptography and many
more depend. A few aspects of these protocols which rely on the structure
of entanglement present in various states have been discussed in this thesis.
The properties of these states, used in quantum information theory, are interesting and need in depth analysis.
In Chapter 3, different types of mixed entangled states have been analysed
with respect to their utility in teleportation protocols. The states which
achieve maximum possible entanglement for specified degree of mixedness
or vice versa are known as Maximally Entangled Mixed States or in short
MEMS and the states which are not MEMS are Non Maximally Entangled
Mixed States or NMEMS. The teleportation fidelities of a few kinds of MEMS
(such as Werner state and Munro class of states) have been studied and a
new class of NMEMS has been defined. A comparative study between the
126
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teleportation fidelity of the new NMEMS and that of an existing NMEMS
viz. Werner derivative state has been made.
A class of two qutrit state, [specifically, mixtures of the maximally mixed
state, like (S9 = 19 I ⊗ I), with a maximally entangled state in qutrit system
(as for example, |φi = √13 (|00i+|11i+|22i)] can be studied as well from information processing protocol’s point of view. Such mixtures can be constructed
by taking convex combination of S9 and |φi e.g. ρc = (1 − c) S9 + c |φihφ|
and the separability criteria of this state has been discussed in [137]. The
state has been shown to be separable if and only if c ≤ 41 . In contrast
to this (ρc ), the corresponding qubit state i.e. the Werner state is separable if and only if c ≤ 31 . This clearly indicates that maximally entangled
states of two qutrits are more entangled than maximally entangled states of
two qubits [137]. In qutrit system, the efficacy of such MEMS, as quantum
teleportation channel, may be examined. The study can further be generalized to d− dimensional system. Little has been accomplished in extending
the characterization of MEMS because measures of genuine multi-partite entanglement have been identified recently [138, 139]. A first important step
towards identifying MEMS for n qubits (n > 2) was pioneered by Rafsanjani
et. al [140]. These multi-partite MEMS can also be taken into consideration to check their effectiveness in quantum information processing tasks like
teleportation.
The mixed entangled states can be generated through cloning. In Chapter 4, therefore, Buzek-Hillery quantum cloning machine designed for higher
dimensional (n ⊗ n) system has been taken into consideration to generate
mixed entangled states as outputs. By passing a single qutrit through this
machine and by tracing out the ancilla states the two qutrit output state has
been obtained. Both the optimal as well as non-optimal form of this output
has been considered and their utilities in teleportation and in dense coding
have been discussed. In 2⊗2 system Adhikari et. al inspected the efficacy of
the outputs of Buzek-Hillery quantum cloning machine in teleportation [36].
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Bruβ et al analyzed both universal 1 → 2 quantum cloners and state dependent cloners [29]. There, the maximal fidelity of cloning was shown to
be 65 for universal cloners. Such a universal cloning machine can also be
considered and the outputs obtained from the cloning machine when a qubit
is used as an input state to the cloning machine may be checked in protocols like teleportation and dense coding. Several classes of state dependent quantum cloners for three-level systems was investigated by Cerf [141].
BH-UQCM which remained as the central figure throughout chapter 4 is
state-independent universal cloning machine. Cerf [141] spotlighted on state
dependent cloning machine of non-universal type. In some cases the original
qutrit may be prepared in a state that is selected from a known ensemble of
states. Such a situation motivates to design state dependent cloners. Cerf
cloners can also be taken into consideration to study the effectiveness of the
outputs in information processing tasks. For multi-party system a study similar to that of chapter 4 may be conducted. Multi-partite quantum states
can be generated in a sequential manner . Universal sequential quantum
cloning machine of this type which would produce m → n (m ≤ n) copies
was discussed in [34]. Another advantage of this type of machine is that,
it can consider d− level quantum states also. The outputs of this type of
machine can also be checked in teleportation and dense coding.
Chapter 5 focuses on the study of controlled dense coding using pure entangled states. Various types of tripartite and four partite entangled states
like GHZ state, W - state etc. have been mainly studied with respect to this
interesting protocol of quantum information science. CDC is a type of information processing where number of parties involved share an entangled state
among them and one or many parties (who are known as controllers) will
decide the fate of information which is supposed to be sent to the receiver by
the sender. For tripartite scenario one party acts as the controller whereas
for quadripartite case two parties are made controllers of the scheme. In line
with this a qutrit case has also been discussed with respect to CDC.
It would be interesting to generalize the concept of controlled dense cod-
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ing when the number of parties involved is N ≥ 3 or when the bases
of the parties involved are considered in arbitrary d− dimensions. When
in a quantum dense coding protocol there are many senders and receivers
the protocol is generally known as distributed quantum dense coding [96].
By making a few of them as controllers, who will be jointly modulating
the entangled states shared by the remaining parties, controlled distributed
dense coding can be studied. Recently Das et. al showed that in case of
many senders and two receivers the Generalized GHZ (GGHZ) states possess higher capacity of dense coding as compared to a significant fraction
of pure states having the same multipartite entanglement [142]. So GGHZ
states i.e. sin θ |000 · · · 0iA1 A2 ···AN + cos θ |111 · · · 1iA1 A2 ···AN , where θ is the
state parameter, can be utilized in CDC under controlled environment for
studying how controller’s joint readouts will affect the sharing of bits between
the senders and the receivers. How channel capacity affects multi-partite entanglement may further be analyzed and their relationships with capacity of
dense coding can also be observed. Apart from the existence of two contrasting genuine tripartite entangled states viz. GGHZ class of states and W class
of states, there exist many other non-trivial types tripartite entangled states
in nature [119]. Such non-trivial class of tripartite entangled states have been
tested with respect to controlled dense coding [110–113]. Recently controlled
dense coding has also been performed with maximal sliced states [143]. We,
in future, may try to define an operational criteria to classify those non-trivial
tripartite entangled states which are actually used in CDC.
Lastly, in chapter 6 another interesting application of quantum information science has been explored. The concept of secret sharing though dates
back to ancient era, quantum information theory promises to enhance the
security of secret sharing protocols. One such secret sharing protocol has
been developed here, where, BH-UQCM has played a vital role. It has been
shown that a dishonest agent can be prevented by an honest one from sending
secret messages to his (dishonest agent’s) associates. The message en-route
to the unintended recipients of the disloyal agent are cloned by the trustworthy agent using BH-UQCM to minimize the success probability. If the loyal
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agent uses Wootter-Zurek quantum cloning machine, then he can stop the
dishonest one in communicating the message at all.
Absolutely maximally entangled, (in short AME), states are pure multipartite states. For such states, when half or more of the parties are traced
out, the maximum entropy mixed state is obtained [144]. With AME states,
quantum secret sharing was first studied in [145]. The protocol discussed in
chapter 6, can be built for multi-party system keeping AME states as the
central point and where a number of senders and receivers will be involved
into the scheme. This secret sharing scheme can also be generalized and studied for qutrit system. As the loyal agent, by cloning the message en-route
using BH-UQCM, was successful in controlling the success probability of the
disloyal agent in sharing secret information to his associates, it can further
be analyzed whether the scheme is successful in 3 ⊗ 3 dimensional system.

Chapter 8

Appendix:

Quantum Gates:
A gate basically transforms the input state, on which it acts, to its corresponding
output state according to the rules hard-wired into the truth table. Quantum
gates are the building blocks of quantum computers. The physical reality is that,
the quantum gate transforms the state of a quantum system into a new state.
Some of the quantum gates are presented below.

One qubit quantum gates:
• Identity gate: Identity operator (I) leaves a qubit unchanged. It is
defined as I = |0ih0| + |1ih1|.
• X or N OT gate: This gate transposes the components of a qubit and
is defined as X = σx = |0ih1| + |1ih0|.
• Y gate: This gate multiplies the input qubit by i and flips the two
components of the qubit. It is defined as Y = σy = −i |0ih1| + i |1ih0|.
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• Z gate: This gate changes the phase (flips the sign) of a qubit and is
defined as Z = σz = |1ih0| − |0ih1|.
• Hadamard gate: The Hadamard gate H, when applied to a pure state,
|0i or |1i, creates a superposition state, i.e. H |0i = √12 ( |0i + |1i )
and H |1i = √12 ( |0i − |1i ).

Two qubit quantum gates:
• Controlled-NOT or CN OT : It is the prototypical multi-qubit quantum logic gate. This gate has two input qubits, known as the control
qubit and the target qubit respectively. The action of such gates is
that, if the control qubit is set to 0, then the target qubit is left alone.
If the control qubit is set to 1, then the target qubit is flipped. This is
shown below.

|00i → |00i, |01i → |01i, |10i → |11i, |11i → |10i.

(8.1)

Three qubit quantum gates:
• Fredkin Gate: Three qubit quantum gates and their classical counterparts have three inputs a, b and c and three outputs a/ , b/ and c/ .
One or two of the inputs are referred to as control qubit(s) and are
transferred directly to the output. The other input(s) are referred to
as target qubit (s). The matrix representation of the gate is shown
below.
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• Toffoli Gate: While the Fredkin gate had only one control input, the
Toffoli gate has two control inputs a and b, and one target input c. The
outputs are a/ = a, b/ = b and c. The Toffoli gate is a universal gate.
The matrix representation of this gate is shown below.
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